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Reviewing some basics Character tables

G a finite group
Irr(G) = {x1,- .., xr} the set of complex irreducible characters
of G (trace functions of complex irreducible representations)

The character table (CT) of G is a square r x r-table:

the entry at the intersection of the row of x; € Irr(G) and the
column labeled by the conjugacy class ng of Gwith a
representative g; € G is xi(g;)-



Reviewing some basics Character tables

G a finite group
Irr(G) = {x1,- .., xr} the set of complex irreducible characters
of G (trace functions of complex irreducible representations)

The character table (CT) of G is a square r x r-table:

the entry at the intersection of the row of x; € Irr(G) and the
column labeled by the conjugacy class ng of Gwith a
representative g; € G is xi(g;)-

Example 1.1 (Finite abelian groups)

(i) Fundamental theorem on finite abelian groups: Each finite
abelian group is a direct product of cyclic subgroups.

(if) CT(Cp): You know it, and it looks like a Vandermonde
determinant.
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The other extreme class of finite groups: non-abelian simple
groups.

Example 1.2 (As)
If you ask GAP for CT(As), then this is what you get:

X1 1 1 A
X2 3 -1 0 A *A
X3 3 -1 0 «xA A
X4 4 0 1 -1 -1
X5 5 1 -1 0 0

A=—E(B)— E(B)*=-b5=(1-5)/2.




Reviewing some basics Character tables

The other extreme class of finite groups: non-abelian simple
groups.

Example 1.2 (As)
If you ask GAP for CT(As), then this is what you get:

X1 1 1 A
X2 3 -1 0 A *A
X3 3 -1 0 «xA A
X4 4 0 1 -1 -1
X5 5 1 -1 0 0

A=—E(B)— E(B)*=-b5=(1-5)/2.

Of course you know how to construct it. But we will do it again...
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Reviewing some basics Why CT?

What does CT(G) tell you about the structure of G?
CT(G) determines:

o |Gl =", xi(1)?, hence the order of Sylow p-subgroups of
G for all p.

* ICa(9)l = X1 Ixi(9)? and [9€| = [G : Ca(9)]-

e The complex group algebra CG = &/_;M,,1)(C).

* Z(G) = Nyem(a)Z(x), where Z(x) := {x € G| [x(x)| = x(1)}-
e The derived subgroup [G, G] = Nj.y(1)=1 Ker(x;)-

¢ All normal subgroups of G: each being the intersection of
some Ker(x;).

e Hence the simplicity of G . ..



Reviewing some basics Why CT?

e ... The solvability of G.

Recall (Galois): The polynomial equation f(x) = 0 for f € Q[{]
can be solved by radicals if and only if the Galois group Galy(f)
is solvable.

e CT(G/N)if N« G.

e The nilpotency of G.
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Reviewing some basics Why CT?

e ... Whether P € Syl,(G) is abelian.

This was Problem 12 in Richard Brauer’s List of Problems
(1963), solved by Camina-Herzog (for p = 2, 1980),
Navarro-T. (for p # 3,5) and Navarro-Solomon-T. (for
p=23,5)in 2015.

e Whether G admits abelian or nilpotent Hall subgroups.

H < Gis a Hall subgroup if (|H|,[G: H]) = 1.

This was part of Problem 11 in Brauer’s List. Solved last year
by Beltran-Felipe-Malle-Moreto-Navarro-Sanus-Solomon-T.
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Reviewing some basics Why CT?

... Warning: But CT(G) does not determine:
e The isomorphism type of G: CT(Dg) = CT(Qs).
e |g|: see the previous example.

e The Frattini subgroup of G.



Reviewing some basics Operations on group characters/representations

e Sums of characters o, 3 of G: (e + 5)(9) = a(g) + 5(9)-
Corresponds to direct sum of G-modules: (U, V) — U V.

e Product of characters o, 3 of G: (- 8)(9) = «(9)5(9)-
Corresponds to tensor product of G-modules:
(U,V) = U®c V.

e Restriction from G to a subgroup H < G: x — xH.
Corresponds to letting H act on G-module V.

e Inflation from quotient G/N to G: v — Infg / n(7), Where

mfg y(7)(9) =¥(Ng), Vg€ G.

Corresponds to letting g act on W as Ng act on G/N-module
W (so that N acts trivially on W).



Reviewing some basics Operations on group characters/representations

e Induction from a subgroup H < G to G: v — Ind§(v) := ~@.
Corresponds to letting G act on CG ®cy W for H-module W.

10



Reviewing some basics Operations on group characters/representations

e Induction from a subgroup H < G to G: v — Ind§(v) := ~@.
Corresponds to letting G act on CG ®cy W for H-module W.

e Harish-Chandra restriction from G to L, where U x L < G:
x = *RE(x), with
1
RECO() = g o x(ul), Vi€ L.

uel

Letting L act on the subspace of U-fixed points on G-module V.

e Harish-Chandra induction from L to G, where U x L < G:
§ — RE(6) := Ind§ (Inf?L(5)).

Similarly for modules.

10



Reviewing some basics Operations on group characters/representations

Properties:
e @ and ® turn C(G) into a commutative ring, with identity 1.

e (H-C) restriction and (H-C) induction respect &.
e frobenius reciprocity:

o ® Ind§j(y) = nd§(aly @), [o,d§()]g = [oln,2h-
In the module language:
VeIndG(U) = Indé(V|yoU), Homg(V,Indé(U)) = Homy(V|g, U).
e Mackey formula: If H; K < G then

MGk = 3 Iy (@9)lgrg10k)-
HgKeH\G/K

In the module language:

(dG(U)k = P Wdf (U9l grg-1k):
HgKeH\G/K

11



Reviewing some basics Operations on group characters/representations

So how do we construct CT(As)?

X1 1 1 1 1 A
X2 3 -1 0 A +A
X3 3 -1 0 A A
X4 4 0 1 -1 -1
X5 5 1 -1 0

12



Reviewing some basics Operations on group characters/representations

e A5 has five conjugacy classes: those of 1, (12)(34), (123),
(12345), and (12345)2 = (13524).

e The first row is 1.

e The equation x? + y? 4+ z2 + 1> = 59, subject to x, y, z, t € N,
x<y<z<tandx,y,z, t60, has only one solution
(3,3,4,5). So we know the first column.

e The natural action of G = As on Q = {1,2,3,4,5} is doubly
transitive, with point stabilizer H = A4. Consider the
corresponding permutation character

p(9) = {ae Q] g(a) = a}l.

The 2-transitivity implies that [p, 1] = 1 and [p, p] = 2, whence
p — 1 € Irr(G). This yields the row with x(1) = 4.

13



Reviewing some basics Operations on group characters/representations

e H=A, =V x L, where
V =1{1,(12)(34),(13)(24), (14)(23)} = V4.

L = C5 has a faithful linear character .
RE() yields the row with x(1) = 5.

e |t remains to find two characters «, 5 of degree 3.
They have 3-defect 0, so vanish at (123). Orthogonality
relations yield the remaining values.

14



Reviewing some basics Operations on group characters/representations

If we knew how to decompose tensor powers of chars ...
then knowing just one character would be enough to find
CT(G):

Proposition 1.3

Let p be a faithful character of G taking n distinct values
a; = p(1),a,...,an. Then each x € Irt(G) is an irreducible
constituent of some p¥,0 < k <n—1.
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Reviewing some basics Operations on group characters/representations

If we knew how to decompose tensor powers of chars ...
then knowing just one character would be enough to find
CT(G):

Proposition 1.3

Let p be a faithful character of G taking n distinct values
a; = p(1),a,...,an. Then each x € Irt(G) is an irreducible
constituent of some p¥,0 < k <n—1.

Proof.

p is faithful means that if g # 1 then p(g) # p(1) = a;. Hence
D ITia(p — @i - 16)] = x(1) [Tio (a1 — &)/|G]| # 0. H

Heide-Saxl-T.-Zalesski: If G is simple, not an alternating
group, and not PSU,(q) with n > 3 odd, then there is an
irreducible ¢ € Irr(G) such that each x € Irr(G) is an irreducible
constituent of 2.



Reviewing some basics Operations on group characters/representations

By the Jordan-Hélder theorem, any finite group can be built
up from simple groups.

Hence the knowledge of irreducible representations of all
simple groups is of fundamental importance in representation
theory and structure theory of finite groups.

So, given such a simple group G, how can one construct all
irreducible complex representations of G, or at least, CT(G)?

16



Reviewing some basics Operations on group characters/representations

By the Jordan-Hélder theorem, any finite group can be built
up from simple groups.

Hence the knowledge of irreducible representations of all
simple groups is of fundamental importance in representation
theory and structure theory of finite groups.

So, given such a simple group G, how can one construct all
irreducible complex representations of G, or at least, CT(G)?

A popular saying: If something is true for S, and GLx(q) (and
for all solvable/sporadic groups), it is true for all finite groups . . .

16



Complex representations of GL,(q)

Outline of Section 2

B Complex representations of GL»(q)
m Some subgroups of GL(q)
m Conjugacy classes of GL,(q)
m Character table of GL»(q)

17



Complex representations of GL,(q) Some subgroups of GL(q)

We aim to construct the character table of
G- {(i 3) |a,b,c,d € Fq, ad—bc;«éo}.

This will illustrate the aforementioned techniques as well as
some basic ideas of the Deligne-Lusztig theory.

18



Complex representations of GL,(q) Some subgroups of GL(q)

We aim to construct the character table of

a b
Gz{(c d) | a,b,c,d ey, ad—bc;«éo}.

This will illustrate the aforementioned techniques as well as
some basic ideas of the Deligne-Lusztig theory.

Need a Borel subgroup B with unipotent radical U and a (split)
maximal torus Ty of order (q — 1)?:

2= {(2 ) cal-vn,
{6 ek {6 9 oo}

18



Complex representations of GL,(q) Some subgroups of GL,(q)

We also need another (non-split) maximal torus T, of order

g% —1.

To this end, view G = GL(V) where V = (ey, e2)r,. Consider
the action of T, = ]F;2 (via multiplications) on F. and then
identify F . with V.

This gives an embedding T, — G, since the multiplications are
Fq-linear.

Forz € IE‘;Z, let d, denote the corresponding element in G.

Check that d is conjugate to diag(z, z9) over F,, and
Cg(dz) = Trif z ¢ Fy.

19



Complex representations of GL,(q) Conjugacy classes of GL(q)

Some more elements in G:

. 1 1
ay = diag(x, x), by = x (0 1) )
CX,y = diag(x,y), X,y € FX) X 7£y
Check that
[Ca(bx)l = q(q—1), CalCxy) = Ti.

Cx,y and ¢y x are G-conjugate. The same for d; and dxa.

20



Complex representations of GL,(q) Conjugacy classes of GL(q)

Some more elements in G:

. 1 1
ay = diag(x, x), by = x (0 1) )
CX,y = diag(x,y), X,y € FX) X 7£y
Check that
[Ca(bx)l = q(q— 1), Calexy) = Tx.

Cx,y and ¢y x are G-conjugate. The same for d; and dxa.

The elements listed in the table are pairwise non-conjugate (by
JCF). But since

— _ 2 _
g1+ 1)(a- a8 NI=2 g 1) T 9 g

we have found all conjugacy classes and their representatives.

20



Complex representations of GL,(q) Character table of GL,(q)

Table 1. Character table of GL»(q)

Classes ay bx Cx.y dz
Lenat ! F-1 | alg+1) (- 1)
Number g—1 q-—1 W q(a; 1)
U, O((Xz) Oz(XQ) a(Xy) Oz(Zq+1)
q — 1chars
p= Vi, q 0 1 1
V, qu(Xz) 0 a(xy) 7a(zq+1)
g — 1chars
Was (@+Natse | a(X)B(x) +Zg gg 8(’ ; 0
W chars
@ Jal@-1h) | 0 0 NEERTED)
T (@ —1)(x) —~(x) 0 —y(z) — 4(29)
q(q2_1) chars

21



Complex representations of GL,(q) Character table of GL,(q)

e For each a € Irr(F; ), we get
U, =aodet: G— C*,

yielding g — 1 linear characters.
e G acts 2-transitively on g + 1 1-spaces of V, with point
stabilizer B.

The corresponding character is 15 + p with p € Irr(G) of degree
g. p is known as Steinberg character.

This yields g — 1 irreducible characters V,, := p- U, of degree q.

22



Complex representations of GL,(q) Character table of GL,(q)

e Each pair (a, 8) with «, 8 € Irr(F; ) defines a character L, g of
T1 = IFZ; X F;Z
Lag(Cxy) = a(x)B(y).

As B = U x T4, we can consider
Was = RE (La,s)-
Note that W,, o = U, + V,, and W, 3 = W5 ,. Check that

1, Ae, B} ={d, 5}
W W1 = { o) 1) 2t )

whenever o # 3, o # .
Get (g — 1)(g — 2)/2 irreducible characters of degree g + 1.

23



Complex representations of GL,(q) Character table of GL,(q)

The characters of degree 1, g, and g + 1 all have the property
that [xu, 1u] > 0; they belong to the principal series of G.

24



Complex representations of GL,(q) Character table of GL,(q)

The characters of degree 1, g, and g + 1 all have the property
that [xu, 1u] > 0; they belong to the principal series of G.

e Need to find (g? — g)/2 more irreducible characters.
For each v € Irr(T,), compute ~€:

It vanishes at by and cx,,: no conjugates of them belong to To.
If g = ay then g¢nN T, = {g}, hence
v8(ax) = q(g — 1)v(x).

Next, if g = d, with z € Fg \ Fq, then, by looking at
eigenvalues, we see that g¢ N T, = {d;, dzq}.
Since Cg(d;) = T> = Cr,(d), it follows that

v8(dz) = 7(2) +v(29).

In particular, (y9)¢ = ~C.

24



Complex representations of GL,(q) Character table of GL(q)

Assuming in addition that v # ~9, check that [y%,~%] = g — 1,
so 7@ is reducible.

25



Complex representations of GL,(q) Character table of GL,(q)

Assuming in addition that v # ~9, check that [y%,~%] = g — 1,
so 7@ is reducible.

For a = 7, consider the virtual character
T’Y =p® Wa,1 - Wa,1 - VG-

Check that T,,(1) = g — 1 and

! q
mora- {3 1Eh

Thus we have obtained the missing (g? — q)/2 characters.
They all belong to the discrete series, i.e. satisfy [xy, 1u]u = 0.

25



Complex representations of GL,(q) Character table of GL,(q)

Character table of GL,(q), again!

Classes ay bx Cx.y dz
Lenat ! F-1 | alg+1) (- 1)
Number g—1 q-—1 W q(a; 1)
Ua O((Xz) Oz(XQ) a(Xy) Oz(Zq+1)
q — 1chars
p= Vi, q 0 1 1
V, qu(Xz) 0 a(xy) 7a(zq+1)
g — 1chars
Was (@+Natse | a(X)B(x) +Zg gg 8(’ ; 0
W chars
& Tala=1nt)] 0 0 N R )
( 7)-w (@ —1)(x) —~(x) 0 —y(z) — 4(29)
g q2_1 chars
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Complex representations of GL,(q) Character table of GL,(q)

Notice a certain symmetry between conjugacy classes and
complex characters of G.

Reason: Gis a “Langlands dual” of itself.

Can one get a version of Harish-Chandra induction that would
give the characters from the discrete series?

27



Complex representations of GL,(q) Character table of GL,(q)

Notice a certain symmetry between conjugacy classes and
complex characters of G.

Reason: Gis a “Langlands dual” of itself.

Can one get a version of Harish-Chandra induction that would
give the characters from the discrete series?

How to generalize all this story to all finite groups of Lie type:
Deligne-Lusztig theory.

Also note that CT(GLz(q)) depends on g but is uniform for all
g. To generalize to all types: the main task of Chevie.
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Complex representations of SLy(q)
Outline of Section 3

El Complex representations of SLy(q)
m Relating SL,(q) to GL2(q)
m Conjugacy classes of SLy(q)
m Character table of SL,(q)
m Irreducible representations of SLy(q)

28



Complex representations of SL,(q) Relating SL(q) to GL»>(q)

GLx(q) usually behaves in an “ideal” way in many respects.
To better understand what happens with other finite groups of
Lie type, consider the group

S=Sl2(q) ={gcG|det(g) =1} =[G, G],

with G = GL(Q).

If 2|g: G = S x Z(G).
Hence all irreducible characters of S can be obtained by
restricting those of G.

29



Complex representations of SL,(q) Relating SL(q) to GL»>(q)

Will now assume q = p’ with p an odd prime.
Keep notations ay, by, cx,y, and d, as in §2.

. 1 1
ay = diag(x, x), bx = x <O 1> ,
Cxy = diag(x,y), X,y € Fy, x #y.
Since det(g) = 1 for g € S, can consider only
® a,, by for x = &1,

® Cx := Gy 1 for x e Fy ~ {#1}, and
e d,forze ]F;2 S A{E) 29 =1,

30



Complex representations of SLy(q) Conjugacy classes of SL,(q)

e a, = xl, are still central.
e [Cs(bx)| = 2, so |bS| = (g7 — 1)/2 = |bF|/2.

Hence b® = b° L (b)S, with b/ = x G) i) where
e € Fy \Fg2.
e Check that |g€| = |g®| if g = ¢ or d.
-1 g-3 —1
2+2. T 249 2 q(ar1)+ 95 a(a-1) = a(@®-1) = S|,

So we have found all conjugacy classes in S.
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Complex representations of SLy(q)

Character table of SL,(q)

Table 2. Character table of SL»(q)

Classes ay by b}, Cx d-
Length 1 (P —1)/2 (P —1)/2 a(g+1) q(q — 1)
Number 2 2 (g —3)/2 (q—1)/2
U i 1 1 i 7
v q 0 0 1 —
Wo, a2 # 15 (q+ a(x) a(x) a(x) a(x) + a(1/x) 0
(q — 3)/2 chars
7.7 #1¢ (@- 1) ) ) 0 —1(2) = 5(2)
(q — 1)/2 chars
Wy a(x)(q+1)/2 Aag(X) (0 —Axx) a(X) 0
w_ ag(X)(q+1)/2 | (1= Aag(x) Aag(X) a(X) 0
Ty Y(X)(q —1)/2 —Avo(x) (A— 1)) 0 —0(x)
T yo(X)(@=1)/2 [ (A= DX —Av(x) 0 —70(x)
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Character table of SL,(q)

Complex representations of SLy(q)

Restrict irreducible characters of Gto S.
Needtwotori F:=T1NS=Cy_1,C:=ToNS = Cgyq.

e All U, restrictto U = 1s.
e All V, restrict to the same irreducible character V of S.

o Let W, := W, 1|s. Check that W, = W;, and

In particular, the W,, with o? # 1¢ yield (g — 3)/2 characters of
degree g+ 1.

33



Complex representations of SL,(q) Character table of SL,(q)

e Write v for v|c and T, for (T,)|s. Check that T, = T, and
0, 0#7,7,
[T, Tsls=q 1, 0=7#7,
2, d=v=4.

Thus the T, with v2 = 1 yield (g — 1)/2 characters of degree
q-—1.
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Complex representations of SL,(q) Character table of SL,(q)

e Write ~ for v|¢ and T, for (T,)|s. Check that T, = T5, and

07 575’77’77
[T Tsls =4 1, d=7v#7,

2, d=v=4.

Thus the T, with v2 = 1 yield (g — 1)/2 characters of degree
q-—1.

Still need to find 4 more characters of S.

Let af = 1F # ap, 7§ = 1¢ # 7.

Shown above: W,y =W, +W_, T,/ =T, + T_.

Clifford theory applied to S <« G and orthogonality relations
yield the remaining character values.
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Complex representations of SLy(q)

Irreducible representations of SL,(q)

Character table of SL,(q), again!

Classes ay by b}, Cx d-
Length 1 (P —1)/2 (P —1)/2 a(g+1) q(q — 1)
Number 2 2 (g —3)/2 (q—1)/2
U i 1 1 i 7
v q 0 0 1 —
Wo, a2 # 15 (q+ a(x) a(x) a(x) a(x) + a(1/x) 0
(q — 3)/2 chars
7.7 #1¢ (@- 1) ) ) 0 —1(2) = 5(2)
(q — 1)/2 chars
Wy a(x)(q+1)/2 Aag(X) (0 —Axx) a(X) 0
w_ ag(X)(q+1)/2 | (1= Aag(x) Aag(X) a(X) 0
Ty Y(X)(q —1)/2 —Avo(x) (A— 1)) 0 —0(x)
T yo(X)(@=1)/2 [ (A= DX —Av(x) 0 —70(x)
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Complex representations of SL,(q) Irreducible representations of SL,(q)

The representations affording U, V, W,,, and W, (principal
series) can be constructed by Harish-Chandra inducing
1-dimensional representations of Ty (and decomposing them,
and some more work for W.).

36
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The representations affording U, V, W,,, and W, (principal
series) can be constructed by Harish-Chandra inducing
1-dimensional representations of Ty (and decomposing them,
and some more work for W.).

It is harder to construct the ones for T, and T — the discrete
series.

T+ and W, are also known as Weil representations.
Alperin-James showed that they can be constructed using
certain analogues of Bessel functions.

36



Complex representations of SL,(q) Irreducible representations of SL,(q)

The representations affording U, V, W,,, and W, (principal
series) can be constructed by Harish-Chandra inducing
1-dimensional representations of Ty (and decomposing them,
and some more work for W.).

It is harder to construct the ones for T, and T — the discrete
series.
T+ and W, are also known as Weil representations.
Alperin-dJames showed that they can be constructed using
certain analogues of Bessel functions.
Drinfeld (1974, when he was 20 !): The ones of degree g — 1
for SLo(q)) can be realized using /-adic cohomology HZ (Xg, Q)
of the curve

Xq:x9y —xy9=1

on which SLy(q) acts naturally.
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Finite and algebraic groups

Outline of Section 4

Bl Finite and algebraic groups
m Linear algebraic groups
m Connected reductive groups
m Finite groups of Lie type
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Finite and algebraic groups Linear algebraic groups

The “correct” framework to study groups like GL,(q), SLn(q):
view them as certain subgroups of linear algebraic groups.
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Finite and algebraic groups Linear algebraic groups

The “correct” framework to study groups like GL,(q), SLn(q):
view them as certain subgroups of linear algebraic groups.
Fix a field k = k of characteristic p > 0.

Zariski topology on k": closed sets are the zero sets for (finite)
collections of polynomials in k[ty, ..., t;].
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The “correct” framework to study groups like GL,(q), SLn(q):
view them as certain subgroups of linear algebraic groups.

Fix a field k = k of characteristic p > 0.

Zariski topology on k": closed sets are the zero sets for (finite)
collections of polynomials in k[ty, ..., t;].

An affine (algebraic) variety: a closet subset X C k",
considered with the induced Zariski topology.
J={feklt,....,tq] | f=00n X}

k[X] = Kk[t, ..., tn]/J —the algebra of regular functions on X.
Morphisms between affine varieties f : X — Y —maps that can

be defined by polynomial functions in the coordinates of X and
Y.

38



Finite and algebraic groups Linear algebraic groups

A linear algebraic group (LAG): an affine variety G endowed
with a group structure such that the multiplication
p:GxG—= G, (x,y)— xy
and the inversion
j:G—G, j(x)=x""

are morphisms.
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A linear algebraic group (LAG): an affine variety G endowed
with a group structure such that the multiplication

p:GxG—= G, (x,y)— xy
and the inversion
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Example 4.1
(i) The additive group G4 = (k, +): k[G4] = K[t].
Here p(x,y) =x+y, j(x) = —x.
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A linear algebraic group (LAG): an affine variety G endowed
with a group structure such that the multiplication

p:GxG—= G, (x,y)— xy
and the inversion
j:G—G, j(x)=x""
are morphisms.
Example 4.1
(i) The additive group G4 = (k, +): k[G4] = K[t].
Here p(x,y) =x+y, j(x) = —x.

(if) The multiplicative group Gm = (k*, -).
Then u(x,y) = xy. But j(x) = x~1 222
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Finite and algebraic groups Linear algebraic groups

A linear algebraic group (LAG): an affine variety G endowed
with a group structure such that the multiplication

p:GxG—= G, (x,y)— xy
and the inversion
j:G—G, j(x)=x""

are morphisms.

Example 4.1

(i) The additive group G4 = (k, +): k[G4] = K[t].
Here pu(x,y) = x +y,j(x) = —x.

(if) The multiplicative group Gm = (k*, -).
Then u(x,y) = xy. But j(x) = x~1 222
Consider G, = {(x,y) € k? | xy = 1}.
Then n((x, y), (x,y')) = (xx', yy’) and j((x, ¥)) = (¥, X).
Also, k[Gm] = K[x, y]/(xy —1).
39
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Example 4.2

(i) The general linear group

GL, = {(A,y) € k™" x k | det(A)y = 11.

The rule for matrix multiplication shows that 1 is a morphism.
The Cramer’s rule shows

(A~ = (1) det(Ay)y. det(4) )

S0 j is a morphism.
Also, kK[GLn] = k[Tjj,y [ 1 < i,j < n]/(det(Ty)y —1).
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Finite and algebraic groups Linear algebraic groups

Example 4.2

(i) The general linear group

GL, = {(A,y) € k™" x k | det(A)y = 11.

The rule for matrix multiplication shows that 1 is a morphism.
The Cramer’s rule shows

(A y)™" = (1) det(Ay))y. det(A)) ,
S0 j is a morphism.
Also, kK[GLn] = k[Tjj,y [ 1 < i,j < n]/(det(Ty)y —1).
(if) Any closed subgroup of GL, is a LAG.
(iii) Any finite group!

G — Sy — GLy

with N := |G|. w0



Finite and algebraic groups Linear algebraic groups

Morphisms between LAGs: maps f : G — H that are both group
homomorphisms and variety morphisms.

Fact 4.3

Any LAG is isomorphic to a closed subgroup of some GL,.
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Morphisms between LAGs: maps f : G — H that are both group
homomorphisms and variety morphisms.

Fact 4.3
Any LAG is isomorphic to a closed subgroup of some GL,.

So we can view a given LAG G inside GLj,.
ge@Gis
e semisimple if it is diagonalizable in GL,

e unipotent if it is conjugate to an upper unitriangular matrix in
GL.

Fact 4.4 (Jordan decomposition)

For any LAG G and g € G, there is a unique pair (s,u) € G x G
such that s is semisimple, u is unipotent, and g = su = us.

Lie algebra version: x = s + n with s semisimple, n nilpotent,
and [s,n] = 0.
41



Finite and algebraic groups Linear algebraic groups

Irreducibility and connectedness

An affine variety X is

e connected, if it can’t be decomposed as disjoint union Xj LI X,
of proper closed subsets («+ k[X] contains no non-identity
idempotents)

e irreducible, if it can’t be decomposed as union X; U X5 of
proper closed subsets (++ k[X] contains no zero divisors)

Note: {(x,y) € k? | xy = 0} is connected but reducible.
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Irreducibility and connectedness

An affine variety X is

e connected, if it can’t be decomposed as disjoint union Xj LI X,
of proper closed subsets («+ k[X] contains no non-identity
idempotents)

e irreducible, if it can’t be decomposed as union X; U X5 of
proper closed subsets (++ k[X] contains no zero divisors)

Note: {(x,y) € k? | xy = 0} is connected but reducible.
For LAGs, connected = irreducible.

Any LAG G has a unique irreducible component G° that
contains 1, which is a closed normal subgroup of finite index.

If H< G is a closed normal subgroup, then G/H is a LAG.
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Example 4.5

(i) Ga, G, and GL,, are connected.
(i) The special linear group SL, :={X € GL, | det(X) =1} is
connected. SL, < GLp, and GL,/SL, = Gp.
(iii) Suppose char(k) # 2. Then the general orthogonal group

GOn = {X € GLn ‘ tXX = In}
is disconnected. The connected component is the special
orthogonal group

SOn = GOn N SLn

(iv) Let J, = < OI g’) Then the symplectic group
—In

is connected.
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A LAG G is called unipotent, if all g € G are unipotent.

A LAG G has a unique

e maximal closed connected solvable normal subgroup R(G)
(the solvable radical);

e maximal closed connected unipotent normal subgroup R,(G)
(the unipotent radical).

A connected G is called

e reductive if R,(G) =1,

e semisimple if R(G) = 1, and

e simple if it has no nontrivial proper closed connected normal
subgroup.

A semisimple LAG G is a central product of simple components.
If G is reductive, then G = [G, G]Z(G)°, where [G, G] is
semisimple and Z(G)? is a torus (i.e. a finite direct product of
copies of Gp).
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Structure of any LAG

Example 4.6
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Structure of any LAG

Example 4.6

(i) G4 is unipotent. To see: embed G, in GL; !
(i) G is a torus, reductive, but not semisimple.

(iii) GL, is reductive, but not semisimple:
[GLn, GLn] - \SLn7 GLn = Z(GLn)SLn

(iv) SLp, SOp, and Spo, are simple.

Any LAG G has a chain of closed normal subgroups
1< Ry(G) < R(G) < G° <G,

with R,(G) unipotent, R(G)/R,(G) a torus, G°/R,(G)
reductive, G°/R(G) semisimple, and G/G finite.
45



Finite and algebraic groups Connected reductive groups

Tori and Borel subgroups

Fact 4.7

Let G be a LAG.

(1) G has a maximal torus, and all maximal tori of G are
conjugate.

(i) G has a maximal closed connected solvable subgroup,
called a Borel subgroup B. All Borel subgroups of G are
conjugate. If G is connected, then Ng(B) = B, and G is the
union of its Borels.

(iii) Suppose G is connected reductive. If T < G is a maximal
torus, then Cg(T) =T and W = Ng(T)/T is a finite group,
called the Weyl group of G. Any semisimple s € G is contained
in a maximal torus of G.
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Finite and algebraic groups Connected reductive groups

Fact 4.8

Let G be connected.

(1) G is solvable iff it has a chain of closed connected normal
subgroups with all successive quotients isomorphic to G, or
Gm.

(ii) If G is solvable, then G = R,(G) x T for some maximal torus
T of G.
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Fact 4.8

Let G be connected.

(1) G is solvable iff it has a chain of closed connected normal
subgroups with all successive quotients isomorphic to G, or
Gm.

(ii) If G is solvable, then G = R,(G) x T for some maximal torus
T of G.

Example 4.9

G=GL,>B=UxT>T, where

e B upper triangular,

e U upper unitriangular,

e T diagonal, Ng(T) monomial, and the Weyl group W = S,.
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Finite and algebraic groups Connected reductive groups

Parabolic and Levi subgroups

Let G be a connected LAG.

Parabolic subgroups P of G: any closed subgroup that contains
a Borel.

Any such P has a Levi decomposition: P = U x L, with

U := Ry(P) and L a closed complement to U.

L is called a Levi subgroup of P and equals Cg(Z(L)?).

Any two Levi subgroups of P are U-conjugate.

In general, a Levi subgroup of G is any subgroup of the form
Cg(T) for some torus T.
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Finite and algebraic groups Connected reductive groups

Example 4.10

Identify G = GL,, with GL(V) for V = K". Then any parabolic of
G is the stabilizer of a flag

O=WwcVicWcCc...CcVy=V,

thus conjugate to

Gla, + % -+
P — 0 GLaz * .. *
0 0 - 0 Gla,

with n =, a;. Its Levi is conjugate to
GLa, x GLg, x ... x GLa,.

If the flag is maximal, i.,e. m = n: P is a Borel andL is a
maximal torus.
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Finite and algebraic groups Connected reductive groups

Characters and cocharacters

Let T = G7, be a torus.

Group of characters X(T) := Hom(T,Gp) = Z'

Group of cocharacters Y(T) := Hom(Gp,, T) = Z*

If x € X(T)and~ € Y(T), then xy oy € Hom(Gp, G) and so is
of form t — t" for some n € Z. The map (x,v) — (x,7) :=n
gives a perfect pairing between X(T) and Y(T).

50



Finite and algebraic groups Connected reductive groups

Characters and cocharacters

Let T = G7, be a torus.

Group of characters X(T) := Hom(T,Gp) = Z'

Group of cocharacters Y(T) := Hom(Gp,, T) = Z*

If x € X(T)and~ € Y(T), then x oy € Hom(Gnm, Gn) and so is
of form t — t" for some n € Z. The map (x,v) — (x,7) :=n
gives a perfect pairing between X(T) and Y(T).

Let G be connected reductive with a Borus B O T.

There is a unique Borel B~ (the opposite Borel) such that
BNB =T.

Example 4.11 (G = GL))

T diagonal torus, B upper triangular

X(T) = {xay,..a : diag(ty, ..., ty) = [[[. t7¥ | @i € 2} 2 Z"
Y(T) S {731,“-,3" o t'_> dlag(ta1 P tan) ’ a, € Z} = Zn

B~ lower triangular
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Finite and algebraic groups Connected reductive groups

Root systems and root data

Let ¢/ be the set of minimal nontrivial closed subgroups X,
where X < Ry(B) or X < Ry(B™), and X is normalized by T.
Each X € U is isomorphic to G and so can be written as

U, = {x.(c) | ¢ € k} with tx,(¢c)t™" = x,(a(t)c) forall t €T
and for some o € X(T).

¢ = {a| U, €U} —root system,and G = (T,U, | a € P).

For each a € ¢ (a root), there is a unique a¥ € Y(T) (a coroot)
such that Im(a") = TN (U,, U—-,) and (a, o) = 2.

oV := {a" | a € ®} — coroot system.

(X(T), @, Y(T),®") — root datum of G.
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Root systems and root data

Let ¢/ be the set of minimal nontrivial closed subgroups X,
where X < Ry(B) or X < Ry(B™), and X is normalized by T.
Each X € U is isomorphic to G and so can be written as

U, = {x.(c) | ¢ € k} with tx,(¢c)t™" = x,(a(t)c) forall t €T
and for some o € X(T).

¢ = {a| U, €U} —root system,and G = (T,U, | a € P).

For each a € ¢ (a root), there is a unique a¥ € Y(T) (a coroot)
such that Im(a") = TN (U,, U—-,) and (a, o) = 2.

¢V .= {a" | @ € &} — coroot system.

(X(T), @, Y(T),®") — root datum of G.

Theorem 4.12 (Chevalley)

Connected reductive algebraic groups are uniquely determined
by their root data.
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Example 4.13 (G = SL,)

B upper triangular, T diagonal.
X = Zry, v : diag(x,x ) = x, Y =175, 6: x> diag(x,x ).

Then & = {a, —a}, with U :{(8 T)} U_a:{<l ?)}

o = 2y : diag(x, x") = x2,
¥ =6t diag(t, t7"), (a,aV) = 2.
7oV =Y, so G is called simply connected.
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Example 4.13 (G = SL,)

B upper triangular, T diagonal.
X = Zry, v : diag(x,x ) = x, Y =175, 6: x> diag(x,x ).

Then & = {a, —a}, with U :{(8 T)} U_a:{<l ?)}

o = 2y : diag(x, x") = x2,
¥ =6t diag(t, t7"), (a,aV) = 2.
7oV =Y, so G is called simply connected.

Example 4.14 (G = PGLy)

B upper triangular, T diagonal.
X =2y, ~ : diag(x,1) — x, Y =170, § : x — diag(x,1)

Then & = {a, —a}, with U _{<(1) ’;)} U_a—{(l ?)}

o = v : diag(x,1) — x, oV = 26 : t — diag(t, t), (o, ") = 2.
7.9 = X, so G is called adjoint.
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Finite and algebraic groups Finite groups of Lie type

Frobenius maps

Let char(k) = p > 0 and G < GL, a closed subgroup.
Standard Frobenius map:

Fq: GLp — GLn, Fo(ay) = (a]) with g = p’.
Frobenius map: any morphism F : G — G such that some
power of F is some Fy.

Example 4.15

() F = Fq4 is Frobenius, and the fixed point subgroup
G :={geG|F(g9) =g}

is GLn(Q).

(i) Let 7(X) = X~'. Then F = 7F4 is a Frobenius map, as
2 = Fee.

GF = GU,(q), the finite general unitary group.
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Fact 4.16

If G is connected semisimple, then a morphism F : G — G is
Frobenius iff it is onto and GF is finite.

But: false for connected reductive groups.

But: false for disconnected groups !!
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Fact 4.16

If G is connected semisimple, then a morphism F : G — G is
Frobenius iff it is onto and GF is finite.

But: false for connected reductive groups.

Theorem 4.17 (Lang-Steinberg)

Let G be connected LAG and F : G — G be surjective with finite
GF. Thenthe Lang map £ : G — G, g — g~ 'F(g), is onto.

But: false for disconnected groups !!
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Fact 4.16

If G is connected semisimple, then a morphism F : G — G is
Frobenius iff it is onto and GF is finite.

But: false for connected reductive groups.

Theorem 4.17 (Lang-Steinberg)

Let G be connected LAG and F : G — G be surjective with finite
GF. Thenthe Lang map £ : G — G, g — g~ 'F(g), is onto.

But: false for disconnected groups !!

Definition 4.18

A finite group of Lie type in characteristic p > 0 is G for some
connected reductive G and a Frobenius map F : G — G.
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Theorem 4.17 is of fundamental importance in the study of
finite groups of Lie type.

Proposition 4.19

Let F : G — G be a Frobenius and H be an F-stable normal
closed connected. Then (G/H)" = GF /HF,
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Theorem 4.17 is of fundamental importance in the study of
finite groups of Lie type.

Proposition 4.19

Let F : G — G be a Frobenius and H be an F-stable normal
closed connected. Then (G/H)" = GF /HF,

Proof.

Suppose the coset xH is F-stable. Then x~'F(x) € H. By 4.17
appliedto F : H — H, x~'F(x) = h='F(h) for some h € H. Now
xH = xh~"H has an F-stable representative xh~—'. This implies
that the map

7 : GF/HF = (G/H)F, gHf — gH

is onto. Check that 7 is an isomorphism. O
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Definition 4.20

Let F : G — G be Frobenius. Then g, h € G are F-conjugate, if
h = xgF(x)~" for some x € G.

A similar application of Theorem 4.17 yields
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Finite and algebraic groups Finite groups of Lie type
Definition 4.20

Let F : G — G be Frobenius. Then g, h € G are F-conjugate, if
h = xgF(x)~" for some x € G.

A similar application of Theorem 4.17 yields

Fact 4.21

Let F : G — G be Frobenius.

(1) G admits F -stable Borel subgroups, and any two such are
G’ -conjugate.

(i1) If Bq is an F-stable Borel of G, then it contains an F-stable
maximal torus To of G. All such F-stable Bori By D Ty are

G’ -conjugate. Moreover, there is a bijection

G’ -conjugacy classes F-conjugacy classes
of F-stable maximal tori in W = Ng(Tp)/To,

induced by gTog~' +— g 1F(9)To € W.
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Rational maximal tori in GL,(q)

Let G = GL,and F = Fysothat G= GF = GLn(q), and Ty the
diagonal torus.

(i) Recall W = S,,. By 4.17, can find g € G with g~ F(g)
inducing an n-cycle in S,,. Check that

Tiny) = (9Tog™ ") = Cyn_1.

gTog ' is Coxeter torus.

One obtains T, by viewing Fg¢n as n-dimensional vector space
V over Fq, G as GL(V), and taking
Tiny={d::v—vz|zeFy} (recalling §2!)
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Rational maximal tori in GL,(q)

Let G = GL, and F = Fg so that G = GF = GLu(q), and Ty the
diagonal torus.

(i) Recall W = S,,. By 4.17, can find g € G with g~ F(g)
inducing an n-cycle in S,. Check that

Tiny) = (9Tog™ ") = Cyn_1.

gTog ' is Coxeter torus.

One obtains T, by viewing Fg¢n as n-dimensional vector space
V over Fq, G as GL(V), and taking
Tiny={d::v—vz|zeFy} (recalling §2!)

(if) F-conjugacy classes in W are conjugate classes, hence
labeled by partitions A= (ny > no > ... > np > 1) of n.

For a corresponding F-stable maximal torus T, one has

(TYF 2 Tinyy % Tingy X - % Tiny-
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Root data of finite groups of Lie type

Let G be connected reductive with Frobenius F.
Fix an F-stable Borus B O T of G, W = Ng(T)/T.
(X =X(T),®,Y = Y(T),dV) the root datum of G.
F acts on X via (F - x)(t) = x(F(t)).

Fact 4.22

There is some § € N and some fractional power q of
p = char(k) such that F® = q’1x, and F = q¢ on X for some
¢ € Aut(X ®z R) of order §.
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Root data of finite groups of Lie type

Let G be connected reductive with Frobenius F.
Fix an F-stable Borus B O T of G, W = Ng(T)/T.
(X =X(T),®,Y = Y(T),dV) the root datum of G.
F acts on X via (F - x)(t) = x(F(t)).

Fact 4.22

There is some § € N and some fractional power q of
p = char(k) such that F® = q’1x, and F = q¢ on X for some
¢ € Aut(X ®z R) of order §.

Theorem 4.23

The complete root datum (X, ®, Y, oV, g, W¢) completely
determine GF up to isomorphism.

58



Finite and algebraic groups Finite groups of Lie type

Recall from 4.21 that G contains an F-stable “Borus” B O T of
F-stable Borel and F-stable maximal torus. Such a T is called
maximally split (for GF). Then the Gf-conjugacy classes of
F-stable maximal tori in G are labeled by F-conjugacy classes
of the Weyl group W = Ng(T)/T.

Example 4.24 (GLn(q))

Let G = GLj. Then T is conjugate to {diag(x,...,*)} = G}, and
W =S,.

T C B, the upper triangular Borel.

Let F = Fq, so that G© = GL,(q). Then B is F-stable, T is
maximally split, and TF = CJJ_,.

Check: F = gon X, so ¢ = 1x in the root datum of GL,(q).
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Example 4.25 (GU,(q))

Let F' = 7Fq, with 7(X) = -1,
But then B is not F’-stable...
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Example 4.25 (GU,(q))

Let F' = 7Fq, with 7(X) = -1,
But then B is not F’-stable...

00 ... 01
00 ... 10
Define w := , 0(X) =wr(X)w—" and
01 ... 00
10 ... 00

Check that GF =~ GU,(q).
Now B D T is F-stable, so T is maximally split.

Writing n = 2m+ x with & € {0, 1}, one has TF = C7} | x C5 ;.

g2 -1
Check that F = —wg on X, so that W¢ = —Ww = (—1x)W in
the root datum of GU,(q).

Finite and algebraic groups Finite groups of Lie type
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Deligne-Lusztig induction

Outline of Section 5

H Deligne-Lusztig induction
m Bimodules and functors
m /-adic cohomology
m Lusztig functors
m Deligne-Lusztig characters
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Deligne-Lusztig induction Bimodules and functors

Let G and H be finite groups.
Let M be a (G, H)-bimodule, i.e. M is a left CG-module and
right CH-module. Then M gives rise to the functor

RS : left H-modules — left G-modules, W — M ®cy W,

with G acting on M @cy W on the left. Similarly,
M* = Hom(M, C) is a (H, G)-bimodule, and so it gives rise to
the functor

*RY : left G-modules — left H-modules, V — M* ®@¢g V.
The two functors are adjoint to each other:
Homg(RE(W), V) = Homp(W, *RE(V)).
At the level of characters:

[. Rf(@)]e = [RE(): alw.
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Proposition 5.1

Let M be a (G, H)-bimodule and W a left H-module. Then for
geaG

Tr(g | RG(W)) = HIT' Y Tr((g,h™") | M)Te(h | W).
heH

Proof. Let H? denote the group opposite to H, with multiplication
h« k = kh. Then M is a left H°®>-module, with h- m = mh. Consider

=|H|7"Y h7'®he C[H™ x H] = CH* @ CH.
heH

It is an idempotent: 72 = 7, because

Zh ® h) - Zk ®k)=> k'h'@hk="> (hk)~" @ hk.
h,k h,k
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Hence 7 defines a projection on the left H? x H-module M @¢ W:
T Mo W — Mo W =Ker(r) @ Im(n).
Forany ke HLme M,and x € W:
> h'@h(mkox—mekx) = mkh~'@hx—> " mk(hk)~"'@(hk)x = 0.
h h h

Conversely, if Y-, m; © x; € Ker(w), then 3=, , mih~" @ hx; = 0, and so

Z m; ® X; = |H|_1 ZZ ((m,-h_1)h® Xj — m,-h_1 ® hX,') .
i h i
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Hence 7 defines a projection on the left H? x H-module M @¢ W:
T Mo W — Mo W =Ker(r) @ Im(n).
Forany ke HLme M,and x € W:
> h'@h(mkox—mekx) = mkh~'@hx—> " mk(hk)~"'@(hk)x = 0.
h h h

Conversely, if >, m; ® x; € Ker(r), then Zi’h mih~' @ hx; = 0, and so
S omiexi=HTY Y ((mh he X — mh™' @ hx;) .
i h i

Thus Ker(r) is spanned by the elements of the form
mh® x — m® hx. But the quotient of L := M ® W by the span of the
latter elements is exactly M ®@cy W. Hence M @cy W = Im(7), and

Te(g | RE(W)) = Tr(g | 7L) = Te(gr | 7L) = Tr(gr | L) =

=Tr <|H|—1 > (gh'@h)| L) = [HI7") " Tr(gh™" | M)Tr(h | W).O

h h
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Example 5.2

(i) Suppose H < G and M = CG, with G acting by left translations
and H acting via right translations. Then RS is the induction, and *RS
is the restriction.
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Example 5.2

(i) Suppose H < G and M = CG, with G acting by left translations
and H acting via right translations. Then RS is the induction, and *RS
is the restriction.
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Example 5.2

(i) Suppose H < G and M = CG, with G acting by left translations
and H acting via right translations. Then RS is the induction, and *RS
is the restriction.
(i) Suppose G > H = U x L, and take M = (1,)¢ — the permutation
module of G on left U-cosets gU € G/U. Then G acts on M via left
translations, and L acts on M via right translations, since L normalizes
U. Note that
Tr((g, 7" | M) = |{xU € G/U | gxUI~! = xU}|
=|{xU|x'gxe Ul}| =|U"{xeG|x"gxe U
So by 5.1,
Te(g | RE(W)) = |LI7" 300, Te((g, I7") | M)T(1 | W)
= ‘UL|71 ZXEG, x—1gx=ule UL Tr(l| W)
=Tr (g | IndﬁL(Inf‘LJL(W)>
Thus RE is the Harish-Chandra induction, and similarly *R¢ is the
Harish-Chandra restriction.
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Example 5.3

Let G = GL, and F = F,. Then G = GF = GL(q).
For n = a+ b, one has an F-stable parabolic subgroup

_ GLa % . : ) .
P= {( 0 GLb>} with an F-stable Levi and radical

o GLa O o la *
=157 ) o=1(e 1))
Now PF = Uf x LF, and one can define RE and *RE for

L :=LF = GLa(q) x GLp(q), which do not depend on the
choice of the parabolic P containing L (as we will see).
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Example 5.4

Now consider G = GL, and F = 7Fg4, where 7(X) = X', so
that G = GF = GU,(q). Again for n = a+ b one has F-stable
LeviL = { (G2 O\ L yith LF = GUa(g) x GU(q).

0 GL
However, there is no F-stable parabolic P containing L as its
Levi.

So how can one define RF and *RZ?
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Example 5.4

Now consider G = GL, and F = 7Fg4, where 7(X) = X', so
that G = GF = GU,(q). Again for n = a+ b one has F-stable
LeviL = { (G2 O\ L yith LF = GUa(g) x GU(q).

0 GL
However, there is no F-stable parabolic P containing L as its
Levi.

So how can one define RF and *RZ?
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Example 5.4

Now consider G = GL, and F = 7Fg4, where 7(X) = X', so
that G = GF = GU,(q). Again for n = a+ b one has F-stable

. [(GLs O U F A
LeviL = {( 0 GLb>} with L" = GU,(q) x GUK(q).

However, there is no F-stable parabolic P containing L as its
Levi.

So how can one define RF and *RZ?

The fundamental idea of Deligne-Lusztig:
Associate to P a variety X and then define R as the functor
corresponding to the virtual (GF, LF)-bimodule H(X).

Here, H; is the ¢-adic cohomology with compact support.
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Let ¢ £ p. ¢-adic cohomology was introduced by M. Artin and
A. Grothendieck, with the goal to approach Weil’s
conjectures on the number of points of an algebraic variety
over a finite field of characteristic p.
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Let ¢ £ p. ¢-adic cohomology was introduced by M. Artin and
A. Grothendieck, with the goal to approach Weil’s
conjectures on the number of points of an algebraic variety
over a finite field of characteristic p.

Let X be an algebraic (affine, projective, quasi-projective, etc.)
variety over k = F,,. Then one associates to X the ¢-adic
cohomology groups with compact support H:(X, Q,), which are
finite dimensional vector spaces over Q.

If X is projective, one can drop “with compact support”.

68



Deligne-Lusztig induction ¢-adic cohomology

Let ¢ £ p. ¢-adic cohomology was introduced by M. Artin and
A. Grothendieck, with the goal to approach Weil’s
conjectures on the number of points of an algebraic variety
over a finite field of characteristic p.

Let X be an algebraic (affine, projective, quasi-projective, etc.)
variety over k = F,,. Then one associates to X the ¢-adic
cohomology groups with compact support H:(X, Q,), which are
finite dimensional vector spaces over Q.

If X is projective, one can drop “with compact support”.

We collect some necessary results on ¢-adic cohomology.

Fact 5.5

(i) HL(X, Q) = 0 unless 0 < i < 2dimX.
(ii) Each automorphism of X induces an invertible linear map
on H.(X,Qy), so that H.(X,Q,) is an Aut(X)-module.
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Define Hx(X) := >.22,(—1)'HL(X, Qy), a virtual Aut(X)-module.

Fact 5.6

(i) If g € Aut(X) is of finite order, then the Lefschetz number
£(9,X) = Tr(g | Hz(X)) = >i(=1)"Tr(g | Ho(X, Q)

is a rational integer, independent from ¢ #+ p. Moreover, if

g = us = su with pt|s| and |u| a p-power, then

£(9,X) = £(u, X®), where X° := {x € X | s(x) = x}.

(ii) If X is finite, then H(X) is isomorphic to the permutation

module of Aut(X) acting on X. In particular, £(g, X) = |X9| for

g € Aut(X).

(i) £(F,X) = |XF| for a Frobenius map F : X — X.

(iv) £(g, X) behaves “well” w.r.t. decompositions X = LU]_, X;

and X = X; x Xo.
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From now on, let G be a connected reductive algebraic group
over k, with a Frobenius map F : G — G and the Lang map
L£(g) =g 'F(g). Let G := GF.

Definition 5.7 (Deligne-Lusztig, Lusztig)

Let P be a possibly non-F-stable parabolic of G, with radical U
and an F-stable LeviL. Let L := LF. Then G x L° acts on the
affine variety

L7 (U)={xeG|L(x)eU}

via (g,/) - x = gxI. Hence H:(£~"(U)) is a virtual left

G x L°P-module, whence a virtual (G, L)-bimodule.

Then the Lusztig induction RS, is the functor associated to the
(G, L)-bimodule Hz(£~1(U)).

The adjoint functor is Lusztig restriction *Rg_p.
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Theorem 5.8

Let P be a (possibly non-F -stable) parabolic of G, with radical U
and F-stable LeviL. For any GF -character x, any LF -character
v, g € G, €L, one has

() RE-p(@) = ILF| 7 Xperr Tr (g, 1) | HS(L71(U)) (1),
(i) "Alpx(N) = 1GF|7! Y gear Tr (9, 1) | He(£71(U))) x(g7 ).
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Theorem 5.8

Let P be a (possibly non-F -stable) parabolic of G, with radical U
and F-stable LeviL. For any GF -character x, any LF -character
v, g € G, €L, one has

() RE-p(@) = ILF| 7 Xperr Tr (g, 1) | HS(L71(U)) (1),
(i) "Alpx(N) = 1GF|7! Y gear Tr (9, 1) | He(£71(U))) x(g7 ).

Proof.
(i) follows from Definition 5.7 and Proposition 5.1.

For (ii), note by 5.6 that Lefschetz numbers are integers. Thus
the character of the virtual bimodule H;(£~"(U)) is real. One
then shows that the character of H:(£~'(U)) is a — 8, with a, 8
being real true characters (or 0). Thus the virtual bimodule is
self-dual. Hence the claim follows from 5.1. O
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Fact 5.9

Letw : X — Y be an epimorphism of varieties whose fibres are
all isomorphic to k" for same n. Let g € Aut(X) and h € Aut(Y)
be of finite order such that g = hr. Then £(g, X) = £(h,Y).
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Fact 5.9

Letw : X — Y be an epimorphism of varieties whose fibres are
all isomorphic to k" for same n. Let g € Aut(X) and h € Aut(Y)
be of finite order such that g = hr. Then £(g, X) = £(h,Y).

Corollary 5.10
Suppose P is F-stable parabolic with F-stable Levi L.
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Fact 5.9

Letw : X — Y be an epimorphism of varieties whose fibres are
all isomorphic to k" for same n. Let g € Aut(X) and h € Aut(Y)
be of finite order such that g = hr. Then £(g, X) = £(h,Y).

Corollary 5.10
Suppose P is F-stable parabolic with F-stable Levi L.

(i) Lusztig induction RE_p is the same as the Harish-Chandra
induction RE.
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Fact 5.9

Letw : X — Y be an epimorphism of varieties whose fibres are
all isomorphic to k" for same n. Let g € Aut(X) and h € Aut(Y)
be of finite order such that g = hr. Then £(g, X) = £(h,Y).

Corollary 5.10
Suppose P is F-stable parabolic with F-stable Levi L.

(i) Lusztig induction RE_p is the same as the Harish-Chandra
induction RE.

(ii) Lusztig restriction *RE_p is just the Harish-Chandra
restriction *RE.
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Proof of Corollary 5.10

Since P is F-stable, U = R, (P) is F-stable.
Suppose g € £L7'(U). Then g~'F(g) € U, and so by 4.17
appliedto U, g~ 'F(g) = u~"F(u) for some u € U, whence
gu'eGf =Gandge GU It follows that gU ¢ £~1(U).
We thus get a map 7 : £~1(U) — G/U with 7(x) = xU.
The fibres of 7 are U-cosets, hence isomorphic to k4mUY,
The above computation shows
7:L71(U) -» Y := (G/U)F = GF /UF, cf. 4.19.
As Y is finite, H3(Y) = the permutation module on the
U’ -cosets in G by 5.6. Now Fact 5.9 and Example 5.2 imply
that

RLCP - RLG'

The same for the adjoint functor. O
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Let L be an F-stable Levi of some parabolic P = UL.

Then the actions of GF and (LF)°P on H:(£~"(U)) commute.
Hence Theorem 5.8 shows for ¢ € Irr(LF) and x € Irr(GF):

o Rfcp(z/;) is the GF-character afforded by the y-component of
the (LF)°P-module H:(£~1(U));

o *Rfcp(x) is the LF-character afforded by the y-component of
the GF-module H:(£~'(U)).

In particular, if L = T is an F-stable maximal torus and

0 € Irr(TF), then RE_g(0) is the GF-character afforded by the
9-component H:(L£~'(U)), of the TF-module Hz(£~1(U)).
Note: TF is commutative, so left and right TF-modules are the
same!
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Corollary 5.11

IfL is an F-stable Levi of G, G = GF, L = LF, then
*RE p(1c) = 1.
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Corollary 5.11

IfL is an F-stable Levi of G, G = GF, L = LF, then
*RE p(1c) = 1.

Proof

Trivial for Harish-Chandra restriction!

General case: as noted above, *Rfcp(1 ) is the L-character
afforded by the virtual module H;(£~1(U))€.

The latter can be shown to be isomorphic to Hx(£~'(U)/G).
The map sending Gx € £~'(U)/G to x~'F(x) induces a variety
isomorphism £-1(U)/G = U, whence £~'(U)/G = k9mY,
Hence £(g, £~'(U)/G) = 1 for any finite automorphism g. [
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Theorem 5.12 (Mackey formula)

Let L be an F-stable Levi of a parabolic P and let M be an
F-stable Levi of a parabolic Q of G. Then

*QG G _ L *«xMx—1
RLCPORMCQ - Z FfLﬁxMx*‘chxQx*1 ° HLﬁxMx*‘cPﬁxMx*1 oad(X),
X

if at least one of the following holds:

(1) (Harish-Chandra) both P and Q are F-stable;
(ii)(Deligne—Lusztig) at least one of L, M is a maximal torus;
(iii) (Bonnafé—Michel) G is defined over Fq withq > 2;

(iv) (Bonnafé-Michel) No F-stable component of G is Eg 7 8.
Here, x runs over a set of representatives of LF\S(L, M)F /M, with
S(L,M) :={y € G | LnyMy~" contains a maximal torus of G}.
Furthermore, if W is an MF-module, then ad(x)W is the

xMF x—1-module with underlying space W and xmx=" - v = mv for all
meMFandveWw.
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Mackey formula 5.12 has important consequences.

Corollary 5.13

For a given F-stable Levi L of an F-stable parabolic P,
Harish-Chandra induction RE_, and Harish-Chandra restriction
*RE_p do not depend on the choice of the F-stable parabolic P
having L as its Levi.

Note that RE(6) is only a virtual character!
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Mackey formula 5.12 has important consequences.

Corollary 5.13

For a given F-stable Levi L of an F-stable parabolic P,
Harish-Chandra induction RE_, and Harish-Chandra restriction
*RE_p do not depend on the choice of the F-stable parabolic P
having L as its Levi.

Definition 5.14

If T is an F-stable maximal torus and 6 € Trr(TF), then R$(9) is
called a Deligne-Lusztig character.

Note that RE(9) is only a virtual character!
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Next we explain the reason we can write RS instead of RS p.

Corollary 5.15

LetT c B and T c B’ be two F-stable maximal tori of G, with
Borel B and B'.

() For6 € Irr(TF) and ¢’ < Irr(T'F),

GF Tn! T s i
[RFs(0). Rf e (9)lar = pneE o n\TF\ ,64l() b

(ii) RE_g does not depend on the choice of the Borel B
containing T.
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Proof of Corollary 5.15

For (i), note that S := S(T, T')F = {x € GF | T = xT’x~"}. Next, if
x€ S, teTF seTF then xsx~! € (xT'x~")F =TF, and so
xsx~' =t; € TF, whence txs = tt; x with tt; € TF. Thus the double
coset TP xT'F equals to TF x and so has size [TF|.

By Mackey formula 5.12 and adjointness, we then have

erS[ad(X)elv e]TF
TF|

[Hﬁ,cB,(G’), R'(I';cB(e)]GF = [*RchOR%chw/)’@]TF =

The claim now follows by labeling n = x~1.
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Proof of Corollary 5.15

For (i), note that S := S(T, T')F = {x € GF | T = xT’x~"}. Next, if
x€ S, teTF seTF then xsx~! € (xT'x~")F =TF, and so
xsx~' =t; € TF, whence txs = tt; x with tt; € TF. Thus the double
coset TP xT'F equals to TF x and so has size [TF|.

By Mackey formula 5.12 and adjointness, we then have

> _xeslad(x)¢’, Olrr
[ T’CB’(G) RTcB(e)]GF =['R cBOHG'cB/(‘g/)’a]TF = =8 |TF| .
The claim now follows by labeling n = x~1.
For (ii), consider another Borel By O T. By (i) we have
[RF-8(0), Rf-(9)ler = [RT-s(0). Rfcs, (Oler = [Rics, (0) RTce, (0)lar-
Hence [R§-g(¢) — RE-g, (0), RE-g(9) — REg, (A)lar = 0, and the
claim follows by positive definiteness of [, -]gr. |
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Fix a maximally split torus T, i.e. B O T is an F-stable Borus.
For w ¢ W, let T, denote an F-stable maximal torus
corresponding to the F-conjugacy class of w € W = Ng(T)/T.

Corollary 5.16
Ifw,w e W, then

R G [ |WYF|, w,w' are F-conjugate,
(A7, (115), AT, (177 ler _{ 0, otherwise.
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Fix a maximally split torus T, i.e. B O T is an F-stable Borus.
For w ¢ W, let T, denote an F-stable maximal torus
corresponding to the F-conjugacy class of w € W = Ng(T)/T.

Corollary 5.16
Ifw,w e W, then

R G [ |WYF|, w,w' are F-conjugate,
(A7, (115), AT, (177 ler _{ 0, otherwise.

Proof.

By 5.15, the scalar product can be # 0 only when T,, and T,
are GF-conjugate, i.e. when w and w’ are F-conjugate. In the
latter case, may assume w’ = w. By 4.19 and 5.15 the scalar
product is |Ngr(Tw)|/|Th | = |[W(Tw)F|. Since F acts on W(Ty,)
as wF acts on W, we are done. O]

80



Deligne-Lusztig induction Deligne-Lusztig characters

Corollary 5.17

LetB > T be an F-stable Borus and 6 € Irr(TF). Let  be the
inflation of 6 to BF = UF x TF, where U = R,(B). Then
RE(6) = IndS; (0).
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Corollary 5.17

LetB > T be an F-stable Borus and 6 € Irr(TF). Let  be the
inflation of 6 to BF = UF x TF, where U = R,(B). Then
RE(6) = IndS; (0).

Since B is F-stable, by 5.10 Lusztig induction R¢ and
Harish-Chandra induction R.?,_-F are the same. O
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Corollary 5.17

LetB > T be an F-stable Borus and 6 € Irr(TF). Let  be the
inflation of § to BF = UF x TF, where U = R,(B). Then

RE(6) = IndS; (0).

Since B is F-stable, by 5.10 Lusztig induction R¢ and
Harish-Chandra induction R.?,_-F are the same. O

Example 5.18

Consider GF = G = GL,(q). Then the diagonal torus T is
maximally split, and TF = T; in §2. Any 6 € Irr(Ty) is of the
form L, 5, and so RF(0) = RE (La,g) = Wa,ps-
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Definition 5.19

For an F-stable maximal torus T, 6 € Ire(TF) is in general
position, if no non-identity element of WF = Ngr(T)/TF fixes 6.
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Definition 5.19

For an F-stable maximal torus T, 6 € Ire(TF) is in general
position, if no non-identity element of WF = Ngr(T)/TF fixes 6.

Corollary 5.20

If 6 € Tre(TF) is in general position, then £R$(0) is an
irreducible character of GF .
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Definition 5.19

For an F-stable maximal torus T, 6 € Ire(TF) is in general
position, if no non-identity element of WF = Ngr(T)/TF fixes 6.

Corollary 5.20

If 6 € Tre(TF) is in general position, then £R$(0) is an
irreducible character of GF .

Proof.
By 5.15,

[RE(0), R€(0)]ar = #{w € WF | wfixes 6} = 1.

Since RE(0) is a virtual character, the claim follows. O
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Example 5.21 (Example 5.18 continued)

The Weyl group is W = {1, s}. The reflection s is induced by

<? ;) and so interchanges the two direct factors of

Thus S(Laﬁ) = L137a.

o If o # 3, then L, s is in general position, and W, s is
irreducible (no sign is needed!).

e Suppose 6 = L, .. Then 5.15 yields [R¥(9), RE(6)] = 2, and
in fact RE(0) = U, + V, in §2.
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Deligne-Lusztig varieties

The characters R$(1TF) are important in the study of unipotent
characters of GF. Here is an alternate construction of them.

B the set of all Borels of G, and fix an F-stable Borus By O Tp.
Since Ng(Bg) = By, the map gBog~' — gB allows us to
identify B with G/Bg as a projective variety.

G acts on B x B via conjugation, with orbits labeled by

w e W = Ng(Tp)/To. For such w, the corresponding orbit
contains a unique pair (By, nWBOnV‘V1) with n, Tg = w — the orbit
of Borels in relative position w.

Deligne-Lusztig varieties:

By :={B € B | (B, F(B)) in relative position w € W}.

Theorem 5.22

If T corresponds to the F-conjugacy class of w € W, then
RE(11¢)(9) = £(g, Bw) for all g € GF.
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Drinfeld’s example

The map g — gBog " yields a surjective morphism
7 L7 (nwBy) - By,
whose fibres are By N n,,Byny, ' -orbits on £-1(n,By).
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Drinfeld’s example

The map g — gBog " yields a surjective morphism
7 L7 (nwBy) - By,
whose fibres are By N n,,Byny, ' -orbits on £-1(n,By).

Now let G = SL,, F = Fg, G = SLy(q), w #1, ny = (_01 g))

Then g = (i b) belongs to £~ (n,By) iff

d
ad—bc=1, a9d —bc? =0, (ac?— a%)(b%d — bd?¥) = —1.
Solving this system, we get

b=-a9 d=-c9, a9c—ac?=1.
Thus £~1(n,By) is the affine curve

Xg={(x,y) € k¥ | x9y — xy9 = 1}.
This explains why H!(Xg, Q,) gives rise to the discrete series of
irreducible characters of SLy(q), cf. §3.
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L£-1(U) vs. By: Proof of Theorem 5.22

Let By = UgTy D Tp be F-stable, and fix w € W = Ng(Ty)/To.

Let T = xTox~" with x 1 F(x)Tg = w, U = xUpx~".

F(U)T is a Borel of G with radical F(U) and containing T. Then
7 L7Y(F(U)) — Bw, g — gxBo(gx)™!

is a surjective morphism. lts fibres are orbits of £L~1(F(U))

under (U N F(U))TF acting by right multiplication.

In particular, elements in a given TF-orbit lie in the same fibre.

So = factors through

L7Y(F(U)) — £~ (F(U)/TF 5 B,.

Fibers of v are isomorphic to U n F(U), an affine space. Hence
5.9 implies R¥(11)(9) is equal to

F

£(g, (LT (FUNT) = £(g, £7(F(V))/TF) = £(g, Bw)-
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Character formulae
Outline of Section 6

A Character formulae
m Green functions
m Computing Deligne-Lusztig characters
m Alvis-Curtis duality
m Steinberg character
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Character formulae Green functions

For a LAG H, H, denotes the set of unipotent elements of H.

Definition 6.1

Let T be an F-stable maximal torus. Then the Green function
Qf : Gf — Zis defined by QF(u) = RE(11¢)(u).

Note by 5.6 that Lefschetz numbers are integers, so by 5.8

RE(17e)(u) = ITFIT" Y 2((u, 1), £71(V)) € Q.

teTF

But RE(1¢¢) is a virtual character, so RE(11¢)(u) is an
algebraic integer. Thus Q€(u) € Z.
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Character formulae Computing Deligne-Lusztig characters

Let T be an F-stable maximal torus of G, B O T a (possible
non-F-stable) Borel with radical U. Set X := £~1(U).

Theorem 6.2

Let g € GF have the Jordan decomposition g = su = us and
6 € Irr(TF). Then

1 Ca(s) 1
RE(0)(9) = ———— > QS (u)f(x""sx).
TON9) = fcaF i
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Character formulae Computing Deligne-Lusztig characters

Let T be an F-stable maximal torus of G, B O T a (possible
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Character formulae Computing Deligne-Lusztig characters

Let T be an F-stable maximal torus of G, B O T a (possible
non-F-stable) Borel with radical U. Set X := £~1(U).
Theorem 6.2

Let g € GF have the Jordan decomposition g = su = us and
6 € Irr(TF). Then

1 C3(s) 1
RE6)(9) = ———= Q™ (u)0(x"sx).
T( )( ) |(C0G(S))F| xeGF,;sxeTF xTx

Outline of Proof.
Step 1. C3(s) is connected reductive and contains u.
If x~Tsx € TF, then s € xTx~" and so xTx~" < CX(s).

so Q%6

 Tx—1 (U) makes sense.
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Character formulae Computing Deligne-Lusztig characters

Step 2. By 5.8 and 5.6,

RS (0)(g) = |T1F| S 2((su, 1), X)i(t) = |T1F| S e(u, XE0)i(1),

teTF teTF

where X(80) := {x € X | sxt = x}.
Step 3. Let t € TF and x € X be such that sxt = x. Consider
affine varieties

(GF)SD .= {k € GF | skt = k}, Y;:=XNCL(D).

An application of Lang-Steinberg 4.17 to C(t) shows:

- (k, 2) — kz is a surjective morphism (GF)(S0) x Yy — X(S),
Next, C(t) acts on (GF)(S) x Y;via m- (k, z) = (km~', mz).
The orbits in this action are exactly the fibres of the map p.
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Character formulae Computing Deligne-Lusztig characters

Step 4. Now fix k € (GF)(® and note that (GF)($1) = kCg(1)F.
Write Cg(t)F = |_|I,-11Z,'Coe(t)F and k; := kz,.

Then (GF)(®0 = LM kCY(1)F.

By Step 3, X() is the disjoint union of the subsets k;Y;.

Each of them is a closed subset of G, and so of X.

Thus: X5 is the disjoint union of m closed subsets k;Y;.

Step 5. Direct computation shows that each k;Y; is invariant

under the left multiplication by u. Since Lefschetz numbers are
additive, £(u, X(80) = 37, &(u, kiYy).

Also, u acts on k;Y; as k,. uk; acts on Y;.
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Character formulae Computing Deligne-Lusztig characters

Step 6. Now we have

( TF| 122 X(St

teTF

=T é(t)iib(k,*‘uk,-,Yt)

teTF i=1

= [TFP Y amIcef Y. ek uk, Yy

teTF ke(GF)(s:0

=TT ) amicamf— >, S(kuk,Ye)

teTF k€GF k—1sk=t—1
=[TFNCAE)F I Y. 0k sk)L(k ™ uk, Y1)

k € GF,
k~'sk e TF

Putting s = 1, we obtain
QF(u) = RE(O)(u) = [T 7' 2(u, X).
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Character formulae Computing Deligne-Lusztig characters

Final Step. Recall U is a maximal unipotent subgroup of G. As
s’ := k~'sk is F-stable, we have

Yo = XNCL(s') = £ (U)NCL(s) = £~ (u N cg(s’))mcg(s').

Also, as s’ € T and B = UT, one can show that Un C%(s’) is a
maximal unipotent subgroup of C(s').

Thus (T, Yg) plays the role of (T, X) for C(s’).

0 (p)—1
Hence by Step 6, Q$G(k K (kTuk) = [TF) (k1 uk, Yy 140)-
Conjugating by k and using Step 6 again, we obtain
1 (o _
REOND) = 5 p D Q8 (k" sk).0

0
OO year e
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Character formulae Computing Deligne-Lusztig characters

Final Step. Recall U is a maximal unipotent subgroup of G. As
s’ := k~'sk is F-stable, we have

Yo = XNCL(s') = £ (U)NCL(s) = £~ (u N cg(s’))mcg(s').

Also, as s’ € T and B = UT, one can show that Un C%(s’) is a
maximal unipotent subgroup of C(s').

Thus (T, Yg) plays the role of (T, X) for C(s’).

0 (p)—1
Hence by Step 6, Q$G(k K (kTuk) = [TF) (k1 uk, Yy 140)-
Conjugating by k and using Step 6 again, we obtain
1 (o _
REOND) = 5 p D Q8 (k" sk).0

0
OO year e

Theorem 6.2 reduces the computation of R¢(9) to that of Green
functions (of G and its reductive subgroups).
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Character formulae Alvis-Curtis duality

Semisimple Fq-rank

Let G be a connected reductive with Frobenius F : G — G.
Let T be an F-stable maximal torus of G.

There are ¢ € Aut(X(T)) (the “twist of F”) and g such that F
acts on X(T) as q¢, i.e.

a(F(1)) = (6(a)(1)9, VteT, Ya € X(T).

Definition 6.3

(i) For an F-stable torus T, the [Fy-rank of T is

rg(T) := rank(X(T)?).

(ii) The Fy-rank of G, rg(G), is the Fg-rank of its maximally spilit
torus.

Seteg = (—1)"(@).

(iii) The semisimple Fg-rank of G is r(G) := rqy(G/R(G)).
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Character formulae Alvis-Curtis duality

Example 6.4

(i) Let B = UT be F-stable Borel with F-stable maximal torus T.
Then rq(B) = ry(T) and r(B) = 0.

(i) Let G = GLp and F = Fg, so that GF = GL,(q). Then the
diagonal maximal torus T is maximally split, and rg(T) = n.

As R(G) =Z(G) = Gp, r(G) =n—1.

(iii) Let G = GL, and F = 7Fg, so that GF = GUx(q).

Let m:= |n/2].
For a maximally split torus T, TF = Cip_y X Cgﬁm, and
rg(T) = m.

As R(G) = Z(G) has rg =0, r(G) = m.
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Character formulae Alvis-Curtis duality

Definition 6.5 (Alvis, Curtis, Kawanaka, Lusztig)

Let G be connected reductive with F-stable Borel B.

Let P be the set of F-stable parabolics of G that contain B.
For each P € P, fix an F-stable Levi L of P.

The Alvis-Curtis duality Dg is the operator

Dg := Y _(-1)"®RE o *RE
PeP

on the space of class functions on GF.

Note: if ¢ is a virtual character of GF, then so is Dg().
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Character formulae Alvis-Curtis duality

Fact 6.6 (Properties of Dg)
(i) Dg is self-adjoint: [Dgcv, Blgr = [, Daflgr
(since *RE is adjoint to AE).
(ii) (Curtis) IfL is an F-stable Levi of some F -stable parabolic
of G, then Dg o RE = RE o D..
(iii) If T is an F-stable maximal torus of G, then
DG o R-? = 5G5TR$-
((ii) and (iii) follow from Mackey formula).
(iv) (Alvis) D is the identity operator.
If x € Irr(GF), then Dg(x) is also an irreducible character of GF
up to sign, and
Da(x)(1)pr = x(1)p-
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Character formulae Steinberg character

Definition 6.7 (Steinberg)

Let G be connected reductive with Frobenius F, and G = GF.
Then the Steinberg character of G is Stg := Dg(13).

By 6.6, Stg is irreducible up to sign. But Stg(1) > 0 (see next
slide), so Stg is an irreducible character of G.
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Character formulae Steinberg character

Definition 6.7 (Steinberg)

Let G be connected reductive with Frobenius F, and G = GF.
Then the Steinberg character of G is Stg := Dg(13).

By 6.6, Stg is irreducible up to sign. But Stg(1) > 0 (see next
slide), so Stg is an irreducible character of G.

Example 6.8

Consider the case G = GLy(q): B = {(* :) } Then

0
P = {G,B}, and r(G) = 1, r(B) = 0.
Note TF = Ty, the split torus and Bf = UT;. Hence

De(1g) = RS o*RE(16) —1g=RZ(11,) — 1a = p,

the Steinberg character of G.
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Character formulae Steinberg character

Theorem 6.9 (Values of the Steinberg character)

Let G be connected reductive with Frobenius F, G = GF and
g € G. Then

Sta(9) = £6ecq(g)IC&(9) |
if g is semisimple, and 0 otherwise. In particular, Stg(1) = |G|p.

Sketch of Proof. Let C := C%(g), C := CF, and let s be the
semisimple part of g. First show

Sta(9) = Da(16)(9) = caecDe(1¢)(9) = cgec Ste(9)

to reduce to the case s € Z(G). In the latter case, put g in an
F-stable Borus B O T, and show

(Stg)|gr = IndBf (147).0
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Character formulae Steinberg character

Theorem 6.9 yields the somewhat surprising

Corollary 6.10

The number of p-elements in a finite group of Lie type G = GF,
and the number of F-stable maximal tori in G, are both equal to
|GI3.
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Character formulae Steinberg character
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Character formulae Steinberg character

Theorem 6.9 yields the somewhat surprising

Corollary 6.10

The number of p-elements in a finite group of Lie type G = GF,
and the number of F-stable maximal tori in G, are both equal to
|GI3.

If G is simply connected, then Cg(s) is connected for any
semisimple element s € G. So 6.9 yields that

Stg(g) = £|Cg(g)| if g is semisimple in G := GF and 0
otherwise.

Feit’s conjecture: this property uniquely determines the
Steinberg character.

Proved by T. in 1996.
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Character formulae Steinberg character

Proposition 6.11 (Degree of Deligne-Lusztig characters)

For any F-stable maximal torus T and 6 ¢ Trr(TF),

RF(6)(1) = caeTIG /[T .

Note. If T is the w-twist of a maximally split torus T, for
w € W = Ng(To)/To, then eget = (1)) = det(w).

Proof of 6.11. Let G = GF, T = T". Now apply 6.6:
[R$(6). Stg] = [R¥(0). Da(16)] = [DaRE(9),14]
%0 leaeTRE(9), 16] = caetlf, *RE(16)]

5.11
= EG€T[9, 1 T] = €G€T51 7,0

Hence [Y-pcir) BT (), Sta] = ger-
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Next, > ger(r) RE(0) is the G-character afforded by
Hz(£71(U)).

Now, if 1 # s € G is semisimple, then s acts on £~'(U) by left
multiplication, whence £~'(U)S = (.

Hence, by 5.6, £(s,£7'(U)) = £(1,£7'(U)%) = 0.

Thus > pcim(ry RE(0)(9) = 01if g # 1 is semisimple.

By 6.9, St(g) = 0 unless g is semisimple, and Stg(1) = |G|p.
By 6.2, RE(6)(1) does not depend on 6.

Putting altogether:

eger=[ Y RF(9).Stg]
0€lr(T)

= > RE(O)(1)Sta(1)/IG

0elrr(T)
=|T|- RZ(9)(1)IGl/IG]
— RE(O)(1)IT)/|Gly 0
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Character formulae Steinberg character

An analogue of 6.11 also holds for Deligne-Lusztig induction:

Proposition 6.12

For any L-stable LeviL and ¢ € Trr(LF),

RE(¥)(1) = eaere(1)|G | /ILF| -

This is obvious for Harish-Chandra induction, but not for
Deligne-Lusztig induction!
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Character formulae Steinberg character

Example 6.13 (Example 5.21 continued)

Consider G = GL, and G = GF = GL,(q).

Since W = C,, there are two G-classes of F-stable maximal tori in G.
The maximally split ones give TF = T; = C,_1 x Cq_+; the other ones
leadto 7> = Cp_4,asin §2. Note thateg =2 =cr,, er, = 1.

We already computed R§ (6) in Example 5.21.

Consider 1 := RE (17,). Then
el =16, RE(17)] = [FRE(16), 1] 2 17, 1] = 1,

[Ste. 1l = [Da(1e), RE(17,)] = e, Da(RE(17,))] & [, —u] = -1,
and [u, pu] = 2 by 5.16.
Hence, 4 = 15 — Stg.

This yields the values of the Green function
Q¢ (1) =p(1)=1-q, Q% (u)=p(u)="1for1+# ue G unipotent.

Now using Theorem 6.2 one can compute all Rg(e).
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Lusztig’s classification of characters

Outline of Section 7

Lusztig’s classification of characters
m Ir(GF) and RE(0)’s
m Duality of reductive groups
m Geometric conjugacy
m Lusztig series
m Jordan decomposition of x € Irr(GF)
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Lusztig’s classification of characters lrr(GF) and R.?(O)’s

Let 7 be the set of all F-stable maximal tori of G, and let
G =GF.
Proposition 7.1

The principal character 1 is

16=1GI" ) [TF|RF(1+¢).
TeT

Proof. Let o be the RHS.
By 5.11, *R€(15) = 17¢. Hence

[0l =1GI™" Y [TFIIRF(16) 1rs] = D IT7I/IG
TeT TeT

which can be shown to be 1.
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1(GF) and RE(6)'s

Lusztig’s classification of characters

By the proof of 5.16, [R¥(11r), R&(15¢)] isOunless T, T € T
are G-conjugate, in which case it is [Ng(T)|/|TF|.

The number of T" € T that are G-conjugate to T is |G|/|Ng(T)|.
Hence,

[o.0] = ,G‘z > [TF- 771 [RP(1e). AR (170)]
TT’ET
|G|2 > TR (IN(T)I/ITF]) - (1GI/INe(T) )
TeT
=>_[TFl/161=1.
TeT

It follows that

[0-71G70-71G]:[070]*2[0,1G]+1 =1-24+1 :O’

whence o = 1.
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Lusztig’s classification of characters lrr(GF) and R.?(O)’s

Theorem 7.2

The character reg; of the regular representation of G = GF is

1 1
regg = Gh Z egeTRE (regre) = Gl Z egeTRE(6).
PreT P 1eT, oetn(TF)

Proof. The two formulae are equivalent. Let’s prove the 1st.
Letv: G — Z with y(g) = |G|y if g € G, and 0 otherwise.
Write T := TF and compute RE(~|7)(g).

By Theorem 6.2, it is 0 unless g is unipotent, in which case it is
(RE(17)7) (9)- Hence

RE(17)y = RE(|7).
By the definition of 7, 7|7 = (v(1)/| T])regr = (|Gly /| T)regr-
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Lusztig’s classification of characters lrr(GF) and R.?(O)’s

Hence, RE(17)y = (|Gly/IT|)R(regr).
Applying 6.6 and 7.1, we get
Stg = Da(1¢) = |GI™' > _ [T legerRE(11¢).
TeT
The formula 6.9 for Stg implies regg = v - Stg. Consequently,

regg = |G| > [TF |egerRE(11¢)y
TeT

=|GI™" > [TFleger(|Gly /T |) Rf (regrr)
TeT

=1Gl," ) egeTRf (regre).O
TeT
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Lusztig’s classification of characters 1(GF) and RE(6)'s

Hence, RF(17)y = (|Glp/|T|)R¥ (regr).
Applying 6.6 and 7.1, we get

Ste = Da(16) = 1GI™" > _ [T leaerAf (11¢).
TeT

The formula 6.9 for Stg implies regg = v - Stg. Consequently,

regg = |G| > [TF |egerRE(11¢)y
TeT
=|GI™" > [TFleger(|Gly /T |) Rf (regrr)
TeT

=1Gl," ) egeTRf (regre).O
TeT

Theorem 7.2 shows: Each irreducible character x € Irr(GF) is
an irreducible constituent of some R$ ().
So, to find Irr(GF), “just” have to decompose all Deligne-Lusztig

characters RE(0) ...
10¢



Lusztig’s classification of characters Duality of reductive groups

Definition 7.3

Let G and G* be two connected reductive groups over k.

(i) Say G and G* are dual to each other, if there are maximal
toriT € G and T* ¢ G and an isomorphism 7 : X(T) = Y(T*)
that sends roots of G to coroots of G*.

(if) Suppose in addition that F : G — G, F* : G* — G* are
Frobenii, T is F-stable, T* is F*-stable, and = is compatible with
the actions of F and F*. Then we say the pair (G, F) is dual to
the pair (G*, F*).

In this case we also say that the dual of GF is G*F".

11(



Lusztig’s classification of characters Duality of reductive groups

Definition 7.3

Let G and G* be two connected reductive groups over k.

(i) Say G and G* are dual to each other, if there are maximal
toriT € G and T* ¢ G and an isomorphism 7 : X(T) = Y(T*)
that sends roots of G to coroots of G*.

(if) Suppose in addition that F : G — G, F* : G* — G* are
Frobenii, T is F-stable, T* is F*-stable, and = is compatible with
the actions of F and F*. Then we say the pair (G, F) is dual to
the pair (G*, F*).

In this case we also say that the dual of GF is G*F".

Fact 7.4

If (G, F) is dual to (G*, F*) with corresponding dual tori T, T*,
then |GF| = |G*F"|, and Ire(TF) = T+F".
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Lusztig’s classification of characters Duality of reductive groups

Example 7.5 (Some dual pairs)

L4 (GI—m Gl—n)a (Sp2n7 SOZn—H )s (SOZna SOZn)-

e (SL,, PSLy), where PSL, = SL,/Z(SL,) is the projective
special linear group over k.

e (GLn(q), GLn(q)), (GUn(q), GUn(q))

* (SLn(q), PGLn(q)), where PGLn(q) = GLn(q)/Z(GLn(q)) is
the projective general linear group over Ig.

® (Sp2n(q), SO2n+1(9q))-

* (805,(9), SO5,(q)), € = +. Here,

S05,(q) = {f € SL(V) | ffixes Q°} for V = (ey, ..., €n)r,
QF (X2 xi6) = Y1 Xaio1Xei

Q( /221 Xi€j) = X2 + X1 X + ax2 + Y"1, Xoi_1Xoi, Where
t2 +t + a € Fqlt] is irreducible.
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Lusztig’s classification of characters Geometric conjugacy

Let T be an F-stable maximal torus, Y := Y(T), and 6 € Irr(TF).
Since TF = Y/(F —1)Y, 6 can be viewed as a character of Y.

There is a norm map:

Normg, : TF" 5 TF, tst- F(t)- F2(t)-...- F"71(1).

Definition 7.6

Let T, T be F-stable maximal tori of G, 6 € Ire(TF), 6/ € Irr(T'F).
(T,0) and (T, ¢’) are geometrically conjugate if they satisfy one
of the two equivalent conditions :

(i) There is a g € G that conjugates T to T’ and the

Y (T)-character 6 to the Y(T')-character ¢'.

(i) For some n € N, there is g € GF” that conjugates T to T and
the TF"-character 6 o Norm,, to the T'F"-character ¢’ o Normj,.
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Lusztig’s classification of characters Geometric conjugacy

Recall 5.15: If (T, ) and (T, ¢’) are not GF-conjugate, then
[RF(9), RE.(9")]ar = O

Note: virtual characters «, 8 with [«, 5] = 0 may still share
common irreducible constituents.

But here we have a much stronger result:

Theorem 7.7

LetT, T’ be F-stable maximal tori of G, 0 € Trr(TF), ¢/ € Trr(T'F).
Suppose (T,0) and (T',0") are not geometrically conjugate.
Then the virtual characters RE () and RE,(¢") have no
irreducible constituents in common.

Geometric conjugacy is best understood in terms of dual group.
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Lusztig’s classification of characters Geometric conjugacy

Proposition 7.8

Suppose that (G, F) is dual to (G*, F*). Then

(i) The geometric conjugacy classes of (T,0), where T is
F-stable and 6 € Trr(TF), are in bijective correspondence with
G*;(;‘onjugacy classes of semisimple elements in G* that meet
G .

(ii) The GF -conjugacy classes of (T, ), where T is F-stable and
0 € Irr(TF), are in bijective correspondence with

G*" -conjugacy classes of pairs (T*, s), where T* is an
F*-stable maximal torus of G* and s € T*F".

In this case, instead of RE(6) we also write RS, (s).
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Lusztig’s classification of characters Lusztig series

Definition 7.9

Suppose that G = G is dual to G* := G*"", and fix a
semisimple element s € G*.

(i) The Lusztig series £(G, (8)g+) is the set of all irreducible
characters of Irr(G) that occur in some R¥(9), where the
geometric conjugacy class of (T, #) corresponds to the
G*-conjugacy class of s in 7.8(i).

(ii) The rational Lusztig series (G, (8)) is the set of all
irreducible characters of Irr(G) that occur in some RE. (s) as in
7.8(ii).

Note: If Cg-(s) is connected (eg. when Z(G) is connected),
then the Lusztig series and the rational Lusztig series
corresponding to s coincide.

GL, has connected center, but SL, does not.
Hence GL;(q) behaves better than SL,(q) !



Lusztig’s classification of characters Lusztig series

Theorems 7.2, 7.7, and Proposition 7.8 imply:

Corollary 7.10

Irr(GF) is the disjoint union of distinct Lusztig series
£(GF, (s)a-)-

A passage to groups with connected center is needed to prove
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Lusztig’s classification of characters Lusztig series

Theorems 7.2, 7.7, and Proposition 7.8 imply:

Corollary 7.10

Irr(GF) is the disjoint union of distinct Lusztig series
£(GF, (s)a-)-

A passage to groups with connected center is needed to prove

Proposition 7.11

Irr(GF) is the disjoint union of distinct rational Lusztig series
£(GF, (s)).
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Lusztig’s classification of characters Lusztig series

Theorems 7.2, 7.7, and Proposition 7.8 imply:

Corollary 7.10

Irr(GF) is the disjoint union of distinct Lusztig series
£(GF, (s)a-)-

A passage to groups with connected center is needed to prove

Proposition 7.11

Irr(GF) is the disjoint union of distinct rational Lusztig series
£(GF, (s)).
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Lusztig’s classification of characters Lusztig series

Theorems 7.2, 7.7, and Proposition 7.8 imply:

Corollary 7.10

Irr(GF) is the disjoint union of distinct Lusztig series
£(GF, (s)a-)-

A passage to groups with connected center is needed to prove

Proposition 7.11

Irr(GF) is the disjoint union of distinct rational Lusztig series
£(GF, (s)).

Definition 7.12

The characters in £(GF, (1)), i.e. the irreducible constituents of
RE(11¢), where T is any F-stable maximal torus of G, are
called unipotent characters of G*.
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Lusztig’s classification of characters Lusztig series

Example 7.13 (Example 6.13 continued.)

Again consider G = GL(q). Keep the notation of §2.
As shown in Example 6.13, £(G, (1)) = {1g,Stg} = {Us, V4 }.
Next, G* can be identified with G. Can also identify

A IF;; — II‘I‘(IF;;), Mo = b1 X [q - T1 (—)II’I‘(T1)

V. T2 — II‘I‘(Tz).

If s € Z(G) = Irr(Fg ) corresponds to o € Irr(F 5 ) under p4, then
E(G,(s)) ={Ua, Vo }.
All other semisimple elements are either ¢y , or d..
If s = cx,, corresponds to L, g under up, then £(G, (s)) = W, 3.
If s = d, corresponds to v under v, then £(G, (s)) = T,.

This explains the symmetry of the character table of GL>(q).



Lusztig’s classification of characters Lusztig series

Example 7.14 (Example 7.13 continued.)
Again consider G = GL,(q). Example 6.13 implies:

1c=(RE(11,) + RE(17,))/2, St=(RE(17,) — RE(11,))/2.

It follows that any x € Irr(G) is a Q-linear combinations of
RE(0)s, i.e. Gis uniform.
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Again consider G = GL,(q). Example 6.13 implies:

1c=(RE(11,) + RE(17,))/2, St=(RE(17,) — RE(11,))/2.

It follows that any x € Irr(G) is a Q-linear combinations of
RE(0)s, i.e. Gis uniform.

Example 7.15

However, the Weil representations W, T of G = SL,(q)
show: the R€(6)’s do not span Cl[Irr(G)]
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Lusztig’s classification of characters Lusztig series

Example 7.14 (Example 7.13 continued.)
Again consider G = GL,(q). Example 6.13 implies:

1c=(RE(11,) + RE(17,))/2, St=(RE(17,) — RE(11,))/2.

It follows that any x € Irr(G) is a Q-linear combinations of
RE(0)s, i.e. Gis uniform.

Example 7.15

However, the Weil representations W., T1 of G = SL»(q)
show: the R¢(6)’s do not span C[Irr(G)] (as they are the same
on unipotent elements by and b)). Thus SLy(q) is not uniform.
They also illustrate the issues with disconnected centralizers of
semisimple elements in G* = PGL3(q):

Eg. s = diag(1, —1) has disconnected centralizer in PGL,.
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Lusztig’s classification of characters Jordan decomposition of x € lrr(GF)

A highlight of Deligne-Lusztig theory is
Theorem 7.16 (Lusztig)

Let G be connected reductive with Frobenius F, and let G = GF
be dual to G* = G*F". For any semisimple element s € G*,
there is a bijection Js : £(G, (s)) — £(Cg«(S), (1)), such that

x(1) =[G Ca(8)]lp - Js(X)(1)

for all x € £(G, (s)), and J5(R.(5)) = caccy, ()R (1g.r+).
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Lusztig’s classification of characters Jordan decomposition of x € lrr(GF )

A highlight of Deligne-Lusztig theory is
Theorem 7.16 (Lusztig)

Let G be connected reductive with Frobenius F, and let G = GF
be dual to G* = G*F". For any semisimple element s € G*,
there is a bijection Js : £(G, (s)) — £(Cg«(S), (1)), such that

x(1) =[G : Ce(s)]p - Js(x)(1)
for all x € £(G, (s)), and J5(R.(5)) = caccy, ()R (1g.r+).

Lusztig first proved Theorem 7.16 for G with connected center.
To handle the remaining groups, he used regular embeddings
G — G (i.e. such that Z(G) is connected and [G, G] = [G, G]).
One also needs to extend the notion of RE(#) to finite groups
arising from disconnected reductive groups G:

RE(9) = IndS . (R (6)).
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Lusztig’s classification of characters Jordan decomposition of x € lrr(GF)

Regular embeddings

Let G be connected reductive, with possibly disconnected Z(G),
and a Frobenius F.

Let r be the rank of the abelian group Z(G). Then one can
embed Z(G) in S = G/, with Frobenius F : S — S extending the
action of F on Z(G). Define

G =G xz6)S:=(Gx8)/Z, with Z := {(z,z7") | z € Z(G)}.

Then g — (g,1)Z gives a regular embedding G — G.

12(



Lusztig’s classification of characters Jordan decomposition of x € lrr(GF)

Regular embeddings

Let G be connected reductive, with possibly disconnected Z(G),
and a Frobenius F.

Let r be the rank of the abelian group Z(G). Then one can
embed Z(G) in S = G/, with Frobenius F : S — S extending the
action of F on Z(G). Define

G =G xz6)S:=(Gx8)/Z, with Z := {(z,z7") | z € Z(G)}.

Then g — (g,1)Z gives a regular embedding G — G.
Lusztig: If x € Ire(GF) then x|gr is multiplicity-free.

Example 7.17

Let G = SL,. Then Z(G) is finite of order dividing n, and so
usually disconnected.
The map SL, — GL, is a regular embedding.
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Lusztig’s classification of characters Jordan decomposition of x € lrr(GF)

Weil representations

Let G = Spop, G = GF = Spop(q), with odd g.

Then G* = SOz, 1, and G* = G = = S0,.1(q) = SO(V), the
group of linear transformations of det. 1 that preserve the
quadratic form Q(322" xie;) = x3 + 3.2, XiXny; on V = F2"+1,
Consider a “minus-reflection” st = diag(1, —kh,) € G*, so that

Ker(s+1) = W := ey = (e1,..., €n)r,

Then C := Cg-(sT) = GO(W ®r, Fq) = GOz, is disconnected,
and C/C° =~ C,.

Hence s@ N G* breaks into 2 G*-conjugacy classes, one of s,
and another of a “minus-reflection” s—, which fixes a vector

e € V with Q(€’) =non-square in F,. Note

Ca-(s) = GO(W) = GO;,(q), Ca-(s7) = GO((€)") = GO,,(q)-
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Lusztig’s classification of characters Jordan decomposition of x € lrr(GF)

For e = +: induce the principal (unipotent) character of SO5,(q)
to C+(s) and decompose to get two unipotent characters of
Cg+(s°) of degree 1. Also,

[G": Ca-(s)]p = (@" + €)/2.

Theorem 7.16 gives

e two irreducible chars W, of degree (q" +1)/2in £(G, (s));
e two irreducible charsT.. of degree (q" —1)/2in E(G, (s7)).
These are Weil characters of G = Spon(q).

Taking n = 1, we obtain the four Weil characters, and therefore
all irreducible characters of SL,(q), as described in §3.
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For e = +: induce the principal (unipotent) character of SO5,(q)
to C+(s) and decompose to get two unipotent characters of
Cg+(s°) of degree 1. Also,

[G": Ca-(s)]p = (@" + €)/2.

Theorem 7.16 gives

e two irreducible chars W, of degree (q" +1)/2in £(G, (s));
e two irreducible charsT.. of degree (q" —1)/2in E(G, (s7)).
These are Weil characters of G = Spon(q).

Taking n = 1, we obtain the four Weil characters, and therefore
all irreducible characters of SL,(q), as described in §3.

Weil representations are remarkable in many respects.

Eg. they lead to dense sphere packings (Elkies, Shioda,
Gross, Dummigan, T.), by considering Mordell-Weil groups of
certain elliptic curves over some function fields.
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Lusztig’s classification of characters Jordan decomposition of x € lrr(GF)

Some references
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