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Abstract

Henning and Yeo [SIAM J. Discrete Math. 26 (2012) 687-694]
conjectured that a 3-regular digraph D contains two vertex disjoint
directed cycles of different length if either D is of sufficiently large
order or D is bipartite. In this paper, we disprove the first conjec-
ture. Further, we give support for the second conjecture by proving
that every bipartite 3-regular digraph, which either possesses a cy-
cle factor with at least two directed cycles or has a Hamilton cycle
C =, v1,...,0n-1,v9 and a spanning 1-circular subdigraph D(n, S)
where S = {s} with s > 1, does indeed have two vertex disjoint di-
rected cycles of different length.
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1 Introduction

In this paper, the term digraph always means a finite simple digraph, i.e., a
digraph that has a finite number of vertices, no loops and no multiple arcs.
Unless otherwise indicated, our graph-theoretic terminology will follow [3].
Let D be a digraph. Then the vertex set and the arc set of D are denoted
by V(D) and A(D) (or by V and A for short), respectively. A vertex v € V
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is called an outneighbor of a vertex u € V if (u,v) € A. We denote the set of
all outneighbors of u by N} (u). The outdegree of u € V', denoted by d},(u),
is [N/ (u)|. Similarly, a vertex w € V is called an inneighbor of a vertex
u e Vif (w,u) € A. We denote the set of all inneighbors of u by N (u).
The indegree of v € V', denoted by dj(u), is [Ny (u)|. If W C V|, then the
subdigraph of D induced by W is denoted by D[W].

By a cycle (resp., path) in a digraph D = (V, A) we always mean a directed
cycle (resp., directed path). By disjoint cycles in D we always mean vertex
disjoint cycles. A cycle factor in D is a spanning subdigraph F' of D such
that every connected component of F'is a cycle. Thus, a subdigraph F' of D
is called a cycle factor in D with ¢ cycles if FF' = C; UCy U ... U (Y, where
Cy,Cy, ..., Cypare cycles in D such that every vertex of D lies in exactly one
of these cycles.

An oriented graph is a digraph with no cycles of length 2.

A digraph D = (V, A) is called bipartite if the vertex set V' has a bipar-
tition V' = U U W such that for every vertex v € U (resp., v € W) both
N (v) and N, (v) are subsets of W (resp., U). The subsets U and W are
called parts of this bipartition for D. For a natural number k, a digraph
D = (V, A) is called k-regular if d},(v) = dp(v) = k for every vertex v € V.

Let n > 2 be an integer. Then all integers modulo n are 0,1,2,..., n—1.
Further, let S C {1,2,...,n—1}. We define D(n, S) to be a digraph with the
vertex set V(D(n,S)) = {vg, v1,v2,...,v,_1} and the arc set A(D(n,S)) =
{(vi,vj) | (j —1) (mod n) € S}. A digraph D = (V, A) is called d-circular if
there exists a subset S C {1,2,..., n— 1} with |S| = d, where n = |V, such
that D is isomorphic to the digraph D(n,S). For simplicity, we will identify
a d-circular digraph with its isomorphic digraph D(n,S). By definition, it is

clear that d

Dns) (Vi) = dJD“(n’S)(vi) = |S| for every vertex v; € V, i.e., D(n,S)



is |S|-regular. It is not difficult to show that a d-circular digraph D(n, S) is an
oriented graph if and only if SN(—S) = 0, where —S = {—z (mod n) | z € S}.

In [4], Henning and Yeo have posed several conjectures about the existence
of two disjoint cycles of different length in digraphs. Among them, there are

the following conjectures.

Conjecture 1. A 3-reqular digraph of sufficiently large order contains two

disjoint cycles of different length.

Conjecture 2. A bipartite 3-reqular digraph contains two disjoint cycles of

different length.

We would like to mention that Conjecture 2 has a connection with 2-
colorings of hypergraphs (see [4]).

In Section 2 of this paper, for any natural number n > 2 we will construct
a 3-regular digraph of order 2n, in which any two disjoint cycles have the
same length. By this, we will disprove Conjecture 1. In Section 3 we will give
support for Conjecture 2 by proving that every bipartite 3-regular digraph,
possessing a cycle factor with at least 2 cycles, contains two disjoint cycles
of different length. We note that by [5] every 3-regular digraph contains a
cycle factor. So, by the result obtained in Section 3, we don’t know whether
Conjecture 2 is true or not only for those bipartite 3-regular digraphs D
which are hamiltonian and only Hamilton cycles in which are their cycle
factors. Perhaps, this remaining case is the most challenging one for Conjec-
ture 2. In Section 4, we will investigate this case. We will prove there that
a hamiltonian bipartite 3-regular digraph D = (V, A) with a Hamilton cy-
cle C =g, vy,...,0,_1, 00, having a spanning 1-circular subdigraph D(n, S)
where S = {s} with s > 1, contains two disjoint cycles of different length.
Thus, the result of Section 4 also supports Conjecture 2 for the remaining

case.
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Figure 1: The digraph Dg

Notation. Let D = (V, A) be a digraph. Then for short, we will write
wv for an arc (u,v) € A. If C' = v, v1,...,0m 1,0 is & cycle of length m in
D and v;,v; € V(C), then v;Cv; denotes the sequence v;, Vi1, Viya, ..., 0;,
where all indices are taken modulo m. We will consider v;Cv; both as a path
and as a vertex set. If w € V(C), then w; and w(, denote the predecessor

and the successor of w on C respectively.

2 Disproving Conjecture 1

Let n > 2 be an integer and Ds,, = (Va,, A2,) be a digraph with the vertex
set Vo, = {u;,v; |1 =0,1,...,n—1} and the arc set Ay, = {u;v;, viu;, w41,
UiVit1, Villis1, ViVigr | © = 0,1,...,n—1}, where i+1 is always taken modulo n.

The digraph D, is the complete digraph on 4 vertices. The digraph Dg

is illustrated on Figure 1.

Now we prove the following result.

Theorem 1. For any integer n > 2, the digraph Do, is a 3-reqular digraph

of order 2n, in which any two disjoint cycles have the same length.

Proof. 1t is clear that D,, is a 3-regular digraph of order 2n. We prove now
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that any two disjoint cycles in D, have the same length.

Fori=0,1,...,n—1,let S; = {u;,v;}, 4; = v; and v; = u;. We have the
following remarks.

(i) If a cycle C' in Ds, contains an arc from S; to S;y1, where i €
{0,1,...,n — 1} and i + 1 is always taken modulo n, then for every j €
{0,1,...,n — 1} the cycle C contains at least one vertex of .S;.

In fact, the remark is trivial if n = 2. So, we assume further that n > 2.
Let C = xg,21,%2,%3,...,Tm_1,To be a cycle with xqz; an arc from S; to
Sit1. Then by the construction of Ds,, the vertex zo which is the successor
of z; on C' must be either z; or a vertex in S;,5. Moreover, if x5 is z; then
again by the construction of Ds,, x3 must be a vertex in S;, 5 because To = 13
already is a vertex in C'. By continuing this process we can see that Remark
(i) is true.

(i) If a cycle C in Ds, contains an arc from S; to S;;; and both vertices
of Sy, where i,k € {0,1,...,n — 1}, then for every cycle C" in Ds,, V(C) N
V(') # 0.

In fact, if C” contains an arc from S; to S;1; for some i € {0,1,...,n—1},
then for every 7 € {0,1,...,n — 1}, by Remark (i), C’ contains at least
one vertex of S;. Therefore, C' and C” contain a common vertex in Sj.
If C" contains no arcs from S; to S;;; for any ¢« € {0,1,...,n — 1}, then
C" = Uy, vy, u, for some r € {0,1,...,n — 1}. Therefore, since C' contains at
least one vertex of S; for every j € {0,1,...,n — 1} by Remark (i), C' and
C’ contain a common vertex in S,.

We continue to prove Theorem 1. Let C' and C’ be two disjoint cycles
in Dsy,.

First, assume that C' contains an arc from S; to S;;; for some i €

{0,1,...,n — 1}. Then by Remark (ii), C' cannot contain both vertices of



Sk for any k € {0,1,...,n — 1}. Together with Remark (i), this implies
that for every j € {0,1,...,n — 1}, C contains exactly one vertex of ;.
So, C = xg,x1,%9,...,Tpn_1,%g, Where x; € S; for e = 0,1,...,n — 1. Now,
if C" contains no arcs from S; to S;; for any ¢ € {0,1,...,n — 1}, then
C" = u,, vy, u, for some r € {0,1,...,n — 1}. Thus, C' and C’ have a com-
mon vertex in S,, a contradiction. It follows that C’ contains an arc from S;
to S;q for some i € {0,1,...,n—1}. By Remark (i), C’ contains at least one
vertex of every S;, j € {0,1,...,n—1}. Since C and C" are disjoint, C’ must
contain exactly one vertex of every S;, j € {0,1,...,n — 1} and therefore
C' = Zg,%1,T2,...,Tn-1,To. Thus, C and C’ have the same length n.

Next, assume that C' contains no arcs from S; to S;;; forany i € {0,1,. ..,
n —1}. Then C' = u,,v,,u, for some r € {0,1,...,n —1}. Since C' and C’
are disjoint, by Remark (i), C" also contains no arcs from S; to S;;; for any
ie€{0,1,...,n—1}. So, C" = ug,vs,us for some s € {0,1,...,n— 1} with
s # r. Thus, C' and C” have the same length 2.

The proof of Theorem 1 is complete. O

Theorem 1 shows that Conjecture 1 is false.

3 Bipartite 3-regular digraphs possessing a
cycle factor with at least 2 cycles

In the two remaining sections of this paper, we will consider Conjecture 2.
The results obtained in these sections will give support for this conjecture.

First, we prove the following result.

Theorem 2. Let D = (V, A) be a bipartite 3-reqular digraph which possesses
a cycle factor with at least two cycles. Then D contains two disjoint cycles

of different length.



We note that by [5] every 3-regular digraph contains a cycle factor. So, by
Theorem 2 we don’t know whether Conjecture 2 is true or not only for those
bipartite 3-regular digraphs D which are hamiltonian and only Hamilton
cycles in which are their cycle factors. This remaining case for Conjecture 2

will be considered in Section 4.

Proof. Suppose, on the contrary, that Theorem 2 is false and let D = (V, A)
be a bipartite 3-regular digraph such that D possesses a cycle factor with
at least two cycles, but any two disjoint cycles in D have the same length.

Then we have the following claim.

Claim 1. D must be an oriented graph.

Proof. Suppose, on the contrary, that D is not an oriented graph. Then
D contains a cycle C' of length 2, say C' = wu,v,u, where u,v € V. Let
D" = D[V \ {u,v}] = (V',A’). Since D is bipartite, each vertex of V' is
adjacent in D to at most one of u and v. So, each vertex of D’ has at
least two outneighbors in D" because D is 3-regular. Therefore, it is not
difficult to see that D’ has a cycle C" of length at least 3. It is clear that
V(C)NV(C") = 0. So, C and C” are two disjoint cycles of different length in
D. This contradicts our assumption about D. Thus, D must be an oriented

graph. O

By Claim 1, if uv € A then vu ¢ A. The reader should remember this
because further we will use it without mention.

Let F =CyUCiU...UCy_q with £ > 2 be a cycle factor of D with at
least two cycles. By our assumption about D, [V (Cy)| = [V(Cy)| = -+ =
|\V(Cy_1)| = k. Moreover, since D is bipartite, & must be an even number.

Further, since £ > 2, each of the cycles Cy, C1, ..., Cy_1 must be chordless and



therefore each vertex of C;, ¢ = 0,1,...,¢ — 1, has exactly two outneighbors

and exactly two inneighbors not in V(C;). For i =0,1,...,¢ — 1, let
V(Cy) = {v,vi,...,vh .},
C; = vh,vl, ... vy, v

Claim 2. Fori=20,1,2,...,¢ — 1, we may assume without loss of general-
ity that in D all arcs out of C; go to Ciyq1, where indices are always taken

modulo .

Proof. The claim is trivial for £ = 2. So, we assume from now on that ¢ > 3.

Since D is 3-regular and Cy,...,C,_; are chordless, every vertex of Cj, 1 €
{0,1,...,¢—1}, has two outneighbors not in V(C;). By renaming the cycles
C1,...,Cy_q and their vertices, if necessary, without loss of generality, we may

assume that vJv] € A. If v}, the predecessor of v{ on Cy, has an outneighbor
in V(Cy), say v), then C" = vg, v{Cvg, v)Cov has [V(C")| > [V(Cj_1)|, and
therefore C" and Cy_; are two disjoint cycles of different lengths in D, a
contradiction. Thus, v§ has no outneighbors in V(Cp). It follows that it has
an outneighbor not in V(Co)UV (Cy). Again, by renaming cycles Cy, ..., Cy_y
and their vertices, if necessary, without loss of generality, we may assume that
vgvi € A. If £ > 3, then as before we can show that v3, the predecessor of v?
on Cy, has no outneighbors in V(Cy)UV (C}). In fact, if v3 has an outneighbor
v) in V(Cy), then C" = vg, v Crvg, v7Coug, v)Covg and Cy_y are two disjoint
cycles of different length in D; and if v3 has an outneighbor v in V(C4), then
C" = vy, v7Covg, v;Crug and Cy_y are two disjoint cycles of different length
in D, a contradiction. Thus, if £ > 3, then v has no outneighbors in V(Cp)U
V(C1) and therefore it has an outneighbor not in V(Cq) UV (Cy) U V(Cy).
Without loss of generality, we may assume that v2v € A. By continuing

this process, we get v3v?, ..., v5 2vi! are arcs in D. Further, if v5', the



predecessor of v!~1 on Cy_y, has an outneighbor vfin V(C;) with 1 <@ < -1,
then C' = vi, vi™ Cipvith vi2Cruit?, v Oy, v:Civh and Cj are
two disjoint cycles of different length in D, a contradiction again. So, both
two outneighbors of v§~!, that are not in V(C,_,), are in V(Cy), say v
and v),.

Now let u be a vertex in V(Cj). If u has an outneighbor v not in V(Cp) U
V(Ch), say v € V(C;) with i € {2,...,¢ — 1}, then

r_ JRES| i+l -1 —1 0

C" = u,vCivp, v1" Ciyrvg' .. 01 Coegvg ,v; Cou and
" __ i i+1 i+1 /—1 /—1 0

C" = u,vC5,v1" Ciprvg .01 Comqvy 05, Cou

are two cycles of different length because one of v?l Cou and 7192 Cou is a proper
subpath of the other. Since both C’ and C” are disjoint from Cs, either C’
and Cy or C” and Cy are two disjoint cycles of different length in D, a
contradiction. Thus, all arcs out of Cy go to C;. Now if C; plays the role
of C;_y fort = 0,...,¢ — 1, where ¢ — 1 is taken modulo ¢, then the above
argument shows that all arcs out of C; go to C5. By continuing this process,

we can see that Claim 2 is true. O
Claim 3. D has no cycle factors with two cycles.

Proof. Suppose, on the contrary, that D has a cycle factor F' with two cycles
Co and Cy. Let D' = (V,A’) be the subdigraph of D obtained from D
by deleting all arcs of both Cy and C;. Then D’ is a bipartite 2-regular
oriented graph. Let U U W be a bipartition for D and for ¢ = 0,1 let
U =U0UnV(C),W; =W NnV(C;). Then in D’ every vertex of Uy (resp. W)
has its outneighbors and inneighbors in W; (resp., U;) and vice versa every
vertex of Wj (resp., Up) has its outneighbors and inneighbors in Uy (resp.,
Wy). Therefore, D’ has at least two connected components.

Let H be a connected component of D'. We show now that H has two

cycles of different length. Here these cycles are not required to be disjoint.



Since D' is a 2-regular digraph, H is also 2-regular. So, by [5] H has a
cycle factor Fy = XoU X U.. . UX,,_1. f m =1, then Fy = Xg. Therefore,
Xp is a Hamilton cycle for H. Since H is 2-regular, X, must possess a chord
wv. Then X = u,vXou is a cycle in H with |V (X{)| # |V (Xo)|, i-e., Xo and
X, are two cycles of different length in H. So, we assume further that m > 2.
If there are two cycles X; and X; of different length in Fiy or there is a cycle
X, with a chord in Fpg, then it is clear that H has two cycles of different
length. So, we may assume further that all cycles X;,7 =0,1,...,m — 1, in
Fy have the same length ¢ and are chordless. Let V(X;) = {zf,z},..., 2 }
and X; = xf, 2%, ... 2t | xbfori=0,1,...,m— 1.

We continue to prove our claim by applying the arguments which are
already used in the proof of Claim 2. Since H is 2-regular and X, ..., X,, 1
are chordless, every vertex 2%, i € {0,...,m —1},j € {0,...,t — 1} of H
has an outneighbor not in V' (X;). By renaming the cycles X, ..., X,,—1 and
their vertices, if necessary, we may assume that z] is an outneighbor of zJ.
If 25, the predecessor of z1 on X, has an outneighbor in V(Xy), say x,
then X' = g, 21 X124, 2 Xozg has |[V(X')| > |[V(Xo)|. Therefore, X, and
X' are two cycles of different length in H. So, we may assume further that
m > 3 and z} has an outneighbor not in V(Xy) U V(X;). By renaming
the cycles X, ..., X,,_1 and their vertices, if necessary, we may assume that
ryx? € A(H). Now if 2, the predecessor of 2 on X,, has an outneighbor in
V(Xy), say o7, then X" = (), 21 X124, 23 Xp25, 29 Xoa( and X, are two cycles
of different length in H; and if 23 has an outneighbor in V(X ), say x;, then
X" = g, 27 Xoxg, 27 X125 and X, are two cycles of different length in H. So,
we again may assume further that a2 has an outneighbor not in V(X,) U
V(X1)UV(Xy). By continuing similar arguments, we can see that either we

already find two cycles of different length for H or by renaming cycles of Fy
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and their vertices, if necessary, we can get x22%, a3z, ... 20 227"t € A(H).

Now z"~ ', the predecessor of z7" ' on X,, i, must have an outneighbor
not in V(X,_1), say % € V(X;) with i € {0,...,m —2}. Then X* =
wh, e Xppagh, e X paf ™ a T X el 2 X and X, are two
cycles of different length in H. Thus, in any situation, we can find two cycles
of different length in H, say Y] and Y5.

We have noted before that D’ has at least two connected components. So,
besides H, D’ possesses another connected component K # H. It is clear
that K has at least one cycle, say Z. Then either Y; and Z or Y5 and Z are
two disjoint cycles of different length in D’. Since D’ is a subdigraph of D,

these two cycles are also two disjoint cycles of different length in D. This

final contradiction shows that Claim 3 must be true. O
Claim 4. D has no cycle factors with three cycles.

Proof. Suppose, on the contrary, that D has a cycle factor F with three
cycles Cy, C; and Cy. In this proof, we always have i € {0, 1,2} and indices
1+ 1 and 7 + 2 are always taken modulo 3. By Claim 2, all arcs out of C; go

to C;y1. We consider cycles in D of the following form:
C:$1>y,2,$20i$17 (1)

where x1, zo are vertices in V(C;), y is an outneighbor of z; in V(Cjy1), 2 is
an outneighbor of y in V(C;12) and x5 is an outneighbor of z in V(C;). We
note that since D is bipartite, the length of a cycle C' of the form (1) must be
even. So, r1 # x9. Further we consider separately the following two cases.
Case 1. There exists a cycle C' of the form (1) such that ¢, the
predecessor of z on Cj 9, has an outneighbor, say x3, in V(C;) \ 22C;x1.
Consider the predecessor Yo, of y on Cj;1. Since both Yo, and z

are adjacent to y, they are in the same part of the bipartition for D. So,
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they are not adjacent in D because D is bipartite. It follows that both two

outneighbors of y, | in V(Ciy2), say 21 and zs, are different from z.
Further, since x3 has two outneighbors in V' (Cjy1), at least one of these

outneighbors, say 1, is different from y. Now we construct two cycles C” and

C" in D as follows:

/ — — _
¢ = ZCi+27x37ylci+1yc’i+l7Zlci+2'zc’i+27

" - - -
c" o= Zci+2;56’373/1Cz'+1yc¢+1722Ci+2zci+2-

It is clear that |V(C")| # |V(C")| and both C" and C” are disjoint from C.
So, either C’" and C or C” and C are two vertex disjoint cycles of different
lengths in D, a contradiction. Thus, this case cannot occur.

Case 2. For every cycle C' = x1,y, z, 2oC;xq of the form (1), the prede-
Cessor zg, of z on Cj 5 has no outneighbors in V(C;) \ 22C;iz.

In this case, both two outneighbors of z;, in V(C;) are in 29Ciz. Let
C* = zf,y*, 2%, 23C;x] be a cycle of the form (1) with the number of vertices
in 25C;x} minimum. Further, let 3§ be the inneighbor in V(C;) of y* which
is different from z7. If x% € 25C;27, then the cycle C" = z3, y*, 2*, 25C;z% has
the number of vertices in 25C;z5 less than the number of vertices in x3C;x7.
This contradicts the choice of C*. Thus, 23 is in V/(C;) \ 25Ciz7.

Let 2§ be an inneighbor in V(Cjy2) of z%. Since both x3 and z* are
adjacent to y*, they are in the same part of the bipartition for D. It follows
that 2] and z* are in different parts of this bipartition. In particular, zj # z*.
Consider the cycle C" = 27, 25, y*, 2*Ci122f. Then C” is a cycle of the form
(1). By the assumption of this case, the predecessor (y*)(}i+1 of y* on Ciyq,
has no outneighbors in V(Ci;2)\ 2*Cii227. Let 25 and 2§ be two outneighbors
of (y*)¢,,, in V(Ciy2). Then both 23 and z3 are in z*Ciyo27. Further, since

both (y")¢, , and 2* are adjacent to y*, they are in the same part of the
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bipartition for D. So, (y*)ai+1 and z* are not adjacent in D. It follows that
both 25 and z3 are different from z*.

Let yi be the outneighbor of z% in V(Cj;,) different from y*. Consider
the following cycles C** and C*** in D:

ok kK *\— * *
C - Zl7x37ylci+1(y )Ci+17220i+2z17

kkk * * * *\ — * *
¢ = 21,23, Y1 Cit(y )ciﬂazgcwzzr

Then it is clear that [V (C**)| # |V (C**)| and both C** and C*** are disjoint
from C*. So, either C* and C** or C* and C*** are two disjoint cycles of
different length in D, a contradiction again. This final contradiction shows

that Claim 4 must be true. O

Claim 5. If D possesses a cycle factor with at least 4 cycles, then for any
vertex sets of size two {v} vy, } € V(Cy) and {v}, v } C V(Cs), there exist

two disjoint paths Py and Py from {v}, ,v3_ } to {vf,v)} in DIV \ (V(Cy)U
V(Ca)))-

Proof. The proofs of this claim and Claim III in [4] are just the same. So, we
omit the proof of Claim 5 here. The readers who are interested in its details

can see the proof of Claim IIT in [4]. O

Now we complete the proof of Theorem 2. By our assumption about D
and by Claims 3 and 4, we may assume further that D possesses a cycle
factor with at least 4 cycles. Let v, € V(C4) be arbitrary, v) and vy, be

two inneighbors of v, in V(Cy) and v}, and v;, be two outneighbors of v,

in V(C3). Further, let (vj,)s, be the predecessor of v}, on C; and v}, be

s
any outneighbor of (vy,)s, in V(Cs). Since D is bipartite and both v,, and

vy, are adjacent to (v

1

w)o, i D, vy, and v belong to the same part of the

bipartition for D. Therefore, v} and 7)53 are not adjacent in D. This implies
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that v, # vy and vy, # vz, Without loss of generality, we may assume that
by going along C'5 from USB in the direction specified by the direction of arcs
on Cy we first encounter v7,. Let vj, be an outneighbor of v and v}, be an
outneighbor of v, in V(Cs). Then since v}, and v, belong to different parts
of bipartition for D, we have v}, # v3_ . By Claim 5, there exist two disjoint

paths P, and P, from {v?, }to {vg, v} in DV \ (V(Cy) UV(Ch))].

my? mz

First assume that P is a path from v3, | to Ut and P, is a path from v3

to vp,. Let vl be the outneighbor of v, in V(C’l) different from v}. Further,
let @1,Q2 and @3 be the following paths in D:

Q1= vy, vy, 00 U

Q2 = vy, , vy, v;, Covl  v3, , and

Qs = 13, v:C1(Vy) s gy Uy

We set C' = QU P, C" = QU P, and C"” = Q3 U P,. Then by
construction, |V (C")| # |V(C")| and both C” and C” are disjoint from C".
So, either C" and C" or C" and C"" are two disjoint cycles of different length
in D. This contradicts our assumption about D.

Next assume that Py is a path from v3, to vy, and P, is a path from

, to ’Ut Then by analogous arguments we can get two disjoint cycles of

different length in D. This again contradicts our assumption about D.

Thus, Theorem 2 must be true. O

4 Hamiltonian bipartite 3-regular digraphs

Following [1, 2] a hamiltonian digraph, in which every cycle factor is a Hamil-
ton cycle, is called 2-factor hamiltonian. By [5] every 3-regular digraph con-
tains a cycle factor. Therefore, by Theorem 2, Conjecture 2 is true if we can
show that every 2-factor hamiltonian bipartite 3-regular digraph contains two

disjoint cycles of different length. On the other hand, we don’t know whether
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2-factor hamiltonian bipartite 3-regular digraphs exist or not. In [1], an infi-
nite family of 2-factor hamiltonian 3-regular digraphs has been constructed.
The 3-circular digraph D(7,S) with S = {1,2,4} is one of digraphs in the
family. But all digraphs in this constructed family are not bipartite because
all they have odd orders. Until now we don’t know any examples of 2-factor
hamiltonian bipartite 3-regular digraphs. So, one way to prove Conjecture 2
for the remaining case is to prove that the set of 2-factor hamiltonian bipar-
tite 3-regular digraphs is empty, i.e., every hamiltonian bipartite 3-regular
digraph possesses a cycle factor with at least 2 cycles. It seems to us that this
is not easier than proving that every hamiltonian bipartite 3-regular digraph
contains two disjoint cycles of different length, which is another way to prove
Conjecture 2 for the remaining case. In this section, we will follow the last
approach to tackle the remaining case for Conjecture 2.

It is clear that a hamiltonian digraph D = (V, A) with a Hamilton cycle
C = vg,vq,...,0,_1,v9 always can be considered to contain the 1-circular
digraph D' = D(n,S’) with S’ = {1} as its spanning subdigraph. In this
section, we will show that if besides D’ a hamiltonian bipartite 3-regular
digraph D = (V, A) with a Hamilton cycle C' = vy, vq,...,0,_1, vy contains
another 1-circular digraph D(n, S), where S = {s} with s > 1, as its spanning
subdigraph, then D contains two disjoint cycles of different length. This

again supports Conjecture 2 for the remaining case considered in this section.

Theorem 3. Let D = (V, A) be a hamiltonian bipartite 3-regular digraph
with a Hamilton cycle C' = vy, v1, 09, ...,0,_1,0V. Further, let D contain a
1-circular subdigraph D(n,S), where S = {s} with s > 1. Then D contains
two disjoint cycles of different length.

Proof. Let D = (V, A) be a hamiltonian bipartite 3-regular digraph with

a Hamilton cycle C' = wvg,v1,v9,...,0,_1,v9. Further, let D(n,S) where
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S = {s} with s > 1 be a subdigraph of D. If a = (v;, v;) is an arc of D, then
the value (7 —7)(mod n) is called the length of the arc a. Thus, every arc of
the Hamilton cycle C' has length 1 and every arc of the 1-circular subdigraph
D(n, S) with S = {s} has length s.

If D has a cycle C” of length 2, then as in Claim 1 of Section 3 we can
show that D contains a cycle C” of length at least 3, which is disjoint from
C’, i.e., D contains two disjoint cycles of different length and Theorem 3 is
true for this case.

Thus, from now on we may assume that D is an oriented graph. We
continue to consider separately the following two cases.

Case 1. There exists an arc in D with its length greater than s.

Let m be the maximum of lengths of arcs in D. Then m > s in this case.
Without loss of generality, we may assume that vgv,, is an arc of maximum
length m. Now we construct a cycle C in D as follows. Let i3 be the
greatest among all non-negative integers ¢ such that m + s < n. Then we
have n — (m +1ips) < s — 1. We again divide this case into two subcases.

Subcase 1.1. n — (m +ips) < s — 2.

In this subcase, vy, 1igs—1+s is a vertex in {vy,vs, ..., Up_1}. Therefore,
Cl = Vo, Umy Um+sy Um+2sy - -+ » Um-i—(io—l)s’ Um+iosCUO> and
02 = Um-1)Um+s—1;Um+2s—1y - - - y Um+igs—1, ,Um-l—ios—l—&-scvm—l

are two disjoint cycles in D. Further, we have |V(C1)| = (1+14p) + [n— (m+
i0s)] = (1+ip)+(n—ips—m) and |V (Cy)| = (io+1)+[(m—1)—(m+ips—1+
s)(mod n) = (1414p) + (n —igs — s). Since m > s, we get [V (Cy)| < |V(Cy)|
and therefore C; and Cy are two disjoint cycles of different length in D in
this subcase.

Subcase 1.2. n— (m +ips) = s — 1.

16



In this subcase, vy 1igs+s = v1. Since D is hamiltonian bipartite with
a Hamilton cycle C' = vy, vy, v, ...,0,_1,09, n must be even and therefore
both m and s must be odd. It follows that ¢ must be at least 1 in Subcase
1.2. Further, together with s > 1, we get s > 3. Therefore,

C3 = V0, U Ut 1, Umgst 1, Umg2s415 - - - » Um+(ig—1)s+15 Umigs+1C00, and

Cy = Um—1, Um+s—1, Umtss Um+2ss - - + s Umtigss V10 Um—1
are two disjoint cycles in D. We have |V(C5)| = (2+1ig) +[n— (m+igs+1)] =
(241p) +[n—(m+1ps)| —1 = (24+14p) +(s—1) =1 =ig+s. Here we use the
equality n— (m+1ips) = s—1 which holds in this subcase. On the other hand,
\V(Cy)| =ido+ 24 [(m—1) — 1] =ig+ m. It follows that |V (Cs)| < |V (Cy)|
because m > s. So, C3 and Cy are two disjoint cycles of different length in
D in this subcase.

Case 2. There exist no arcs in D with their lengths greater than s.

Then the length of any arc in A’ = A\ [A(C) U A(D(n,S))] is greater
than 1 and less than s. Since D is 3-regular, A’ # (). It follows that s must
be at least 5. Let jo be the greatest among all positive integers j such that
js <n. Then n— jps < s—1. We again consider separately several subcases.

Subcase 2.1. jo > 2 and n — jos < s — 2.

In this subcase, vjys—14s 1S a vertex in {vy, v,...,v,_1}. Further, since
D is 3-regular, there is an arc in A" with the tail v,_;. As we have noted

before, the length ¢ of this arc satisfies 1 < t < s. So, vs_ 144 is a vertex in

{Vs41,Vst2, - .., Va5_1}. Therefore,
C5 = 7o, Vs, Vg, - - - 7U(j0—1)57 /UjosC/UO? and
Cs = Vjgs—1, UjosflJrsCUsfla Vo—141C V21, U361, Vss—1, - - - y Ujos—1

are disjoint cycles in D. Further, |V (C5)| = jo + (n — jos) and |V(Cg)| =
I+[(s—1)—(os—1+98)]+1+[2s—1) = (s—14+t)] + (o — 2)(mod n) =
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Jo+(n—7jos)+(s—t). Since t < s, this implies that |V (Cs)| < |V (C6)|. Thus,
Cs and Cj are two disjoint cycles of different length in D for this subcase.
Subcase 2.2. jo > 2 and n — jos = s — 1.
In this subcase, vjjs4s = vi. As in Subcase 2.1, let vs_1v,_14¢ With
1 <t < s be the arc in A" with the tail vs_;. Then v,_1,; is a vertex in

{Vss1,Vs12,...,V25_1}. Further, since ¢ must be odd and ¢t > 1, we have

t > 3. Therefore,

C7 = V0, Vs, VUst1,V25+15- - - ,U(j0_1)3+1, Ujos+1CUO> and

CS - 'Ulcvs—h Us—1+tcv257 U3sy U4sy + -+ 5 Ujps, U1

are disjoint cycles in D. We have |V(C7)| = 1+ jo + [n — (Jos + 1)] =
Jo+ (n— jos) = jo + s — 1. Here we use the equality n — jos = s — 1, which
holds in this subcase. On the other hand, |V(Cs)| = [(s — 1) — 1] + 1 +
2s —(s—=14+t)]+(o—1) =jo+s—1+(s—1t). Since t < s, we again
have |V(C7)| < |V(Cs)|. Thus, C; and Cg are two disjoint cycles of different
length in D for this subcase.

Subcase 2.3. jo = 1.

Since D is hamiltonian bipartite with a Hamilton cycle C' = vy, v1, v, . . .,
Un_1, V9, n must be even and lengths of arcs must be odd. In this subcase,
we have 2s > n. This implies that 2s (mod n) > 2, i.e., the vertex vo,_; is
a vertex in {vy,vs,...,vs_1}. Let ¢ty be the minimum of lengths of arcs in
A=A\ [A(C)U A(D(n,S))]. Since D is 3-regular, for every vertex u € V
there exists exactly one arc in A’ with the tail u. By renaming vertices of
V', if necessary, without loss of generality we may assume that the arc in A’
with the tail v; has length ;.

If s+ ty < n, then in fact s + {5 < n because D is an oriented graph.
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Consider the cycles

Cy = g, Vs, Vs14,Cvp, and
Cio = s—1,025-1C0,_1.
Since vys_1 is a vertex in {wvy, ve, ..., vs_1}, these cycles are disjoint from each

other. We have |[V(Cy)| =2+ [n—(s+1t)] = (n—s+1)— (to — 1) and
V(Cio)|=1+[(s—1)—(2s—1)](mod n) =n—s+1. Since ty > 1, we have
to—1> 0. So, |V(Cy)| < |[V(Cip)| and therefore Cy and Cg are two disjoint
cycles of different length in this situation.

If s4+1ty > n, then s+1ty > n+ 2 because n is even and both s and t, are
odd. If the arc in A" with the tail v,_; has length ¢, then ¢t > ¢y because t; is

the minimum of lengths of arcs in A’. Therefore, s+t > s+ty >n+2. It

follows that (s —14+¢)(mod n) > 1, i.e., vs_144 is a vertex in {vy, va, ..., vs_1}.
Therefore,

Cii = wg,vsCvg, and

C’12 = Us-1, Us—1+tcvs—l

are disjoint cycles in D. We have |V(Cy1)| = 1+ [n — s] and |[V(Cia| =
14+ [(s—=1)—(s—141t)](mod n) = 1+ [n —t]. Since t < s, we have
V(C11)| < |[V(Ci2)| and therefore Cj; and Cis are two disjoint cycles of
different length in this situation.

The proof of Theorem 3 is complete. n
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