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Abstract In this paper we study some novel parallel and sequential hybrid meth-
ods for finding a common fixed point of a finite family of asymptotically quasi ¢-
nonexpansive mappings. The results presented here modify and extend some previous
results obtained by several authors.
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1 Introduction

Let C be a nonempty closed convex subset of a Banach space E. A mapping 7 : C —
C is said to be nonexpansive if

ITx — Tyl <lx—yl, Vx,yeC.

In 2005, Matsushita and Takahashi [21] proposed the following hybrid method, com-
bining Mann iterations with projections onto closed convex subsets, for finding a fixed
point of a relatively nonexpansive mapping 7':
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xg € C,
yn=J " etnJxn + (1 — ay)JTxy),
Ch={veC:9, y) < ¢, xn)},
O, ={veC:(Jxg— Jx,, x, —v) >0},
Xn1 = 1lc, ng,X0, n=0.

This algorithm has been modified and generalized for finding a common fixed point
of a finite or infinite family of relatively nonexpansive mappings by several authors,
such as Takahashi et al. [29], Takahashi and Zembayashi [30], Wang and Xuan [32],
Reich and Sabach [24,25], Kang et al. [13], Plubtieng and Ungchittrakool [22], etc...

In 2011, Liu [20] introduced the following cyclic method for a finite family of
relatively nonexpansive mappings:

X0 € C,
yn = J NI x0 + (1 = @) J Tmod) N Xn)
Ch={veC:¢, yn) <aydp(v,x0) + (1 —an)p(v, xp)},
O,={velC:{Jxg—Jx,, x, —v) >0},
Xptl = HCnﬂanO’ n > 0.

Very recently, Anh and Chung [3] considered the following parallel method for a finite
family of relatively nonexpansive mappings:

xg € C,
yjl =J Yo, Jx,+ (0 —a,)JTix,), i=1,...,N,

i, = arg max {llyE = x|} Fi=yir,

Co={veC:9W,y) <o, x,)},
On={veC:(Jxo— Jxn, xp —v) =0},
Xp4+1 = ch NQ.,X0, N > 0.

According to this algorithm, the intermediate approximations y,’l can be found in
parallel. Then among all y,‘;, i = 1,..., N, the farest element from x,, denoted by
Yn, 1s chosen. After that, two convex closed subsets C,, and Q,, containing the set of
common fixed points are constructed. The next approximation x,4 is defined as the
generalized projection of xg onto the intersection C,, [ Q.

Further, some generalized hybrid projection methods have been introduced for fam-
ilies of hemi-relatively or weak relatively nonexpansive mappings (see, [13,27,31]).

On the other hand, there has been an increasing interest in the class of asymptot-
ically quasi ¢-nonexpansive mappings (c.f., [5,7,9-12,14,18,19,28,33]), which is a
generalization of the class of quasi ¢- nonexpansive mappings. The last one contains
the class of relatively nonexpansive mappings as a proper subclass.

Unfortunately, many hybrid algorithms for (relatively) nonexpansive mappings can-
not be directly extended to asymptotically quasi ¢-nonexpansive mappings.
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Parallel and sequential hybrid methods

The aim of this paper is to combine a parallel splitting-up technique proposed
in [3] with a monotone hybrid iteration method (see, [26]) for finding a common
fixed point of a finite family of asymptotically quasi ¢ -nonexpansive mappings. The
organization of the paper is as follows: In Sect. 2 we collect some definitions and
results which are used in this paper. Section 3 deals with the convergence analysis of
the proposed parallel and sequential hybrid algorithms. Finally, a numerical example
shows that even in the sequential mode, our parallel hybrid method is faster than the
corresponding sequential one [20].

2 Preliminaries

In this section we recall some definitions and results needed for further investigation.
We refer the interested reader to [2,8] for more details.

Definition 1 A Banach space X is called

(1) strictly convex if the unit sphere S1(0) = {x € X : ||x]|| = 1} is strictly convex,
i.e., the inequality ||x + y|| < 2 holds for all x, y € S1(0), x # y;

(2) uniformly convex if for any given ¢ > 0 there exists § = §(¢) > 0 such that for all
x,y € Xwith|lx[| = 1, Iyl = 1, llx — yll = e theinequality [x + y|| < 2(1-9)
holds;

(3) smooth if the limit

i 1= lx]
m —--

t—0 t

ey

exists for all x, y € S1(0);
(4) uniformly smooth if the limit (1) exists uniformly for all x, y € S1(0).

Let E be a real Banach space with the dual E* and J : E — 2E" is the normalized
duality mapping defined by

J@ ={r e B (= W= 1712}

The following basic properties of the geometry of E and its normalized duality map-
ping J can be found in [4]:
(i) If E is a reflexive and strictly convex Banach space, then J~! is norm to weak *
continuous;
(ii) If E is a smooth, strictly convex, and reflexive Banach space, then the normalized
duality mapping J : E — 2F" is single-valued, one-to-one, and onto;
(iii) If E is a uniformly smooth Banach space, then J is uniformly continuous on
each bounded subset of E;
(iv) A Banach space E is uniformly smooth if and only if E* is uniformly convex;
(v) Each uniformly convex Banach space E has the Kadec—Klee property, i.e., for
any sequence {x,} C E,if x, = x € E and ||x,|| — [|x||, then x,, — x.

Next we assume that C is anonempty closed convex subset of a smooth, strictly convex,
and reflexive Banach space E. Consider the Lyapunov functional ¢ : £ x E — R,
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defined by
(x,y) = x> =2 (x, Jy) + IylI*, Vx,y€E.
From the definition of ¢, we have

(xll =1y ID* < ¢, y) < (lxll + Ly D> 2

The generalized projection [1¢ : E — C is defined by
Mc(x) = argmin $ (x, y).
yeC

Lemma 1 [1] Let E be a smooth, strictly convex, and reflexive Banach space and C
be a nonempty closed convex subset of E. Then the following conclusions hold:

(i) ¢(x, Hc(y) +dUIc(y),y) <¢(x,¥),Vx € C,y € E;
(ii) ifx e E,z € C,thenz = c(x) iff (z —y,Jx — Jz) > 0,Vy € C;

(iti) ¢(x,y) =0iff x = y.

Lemma 2 [1] Let E be a uniformly convex and uniformly smooth real Banach space,
{x,} and {y,} be two sequences in E. If ¢ (x,, y,) — 0 and either {x,} or {y,} is
bounded, then ||x, — y,|| = 0 asn — oo.

Let C be a nonempty closed convex subset of a smooth, strictly convex, and reflexive
Banach space E, T : C — C be a mapping, and F(T') be the set of fixed points
of T. A point p € C is said to be an asymptotic fixed point of T if there exists a
sequence {x,} C C such that x, — p and ||x, — Tx,|| — 0 as n — 4o00. The set of
all asymptotic fixed points of T will be denoted by F(T).

Definition 2 A mapping 7 : C — C is called
(i) relatively nonexpansive mapping if F(T) # @, F(T) = F(T), and

¢(p. Tx) <¢(p,x), Vpe F(T), VxeC;
(ii) closed if for any sequence {x,} C C, x, — x and Tx,, — y, then Tx = y;

(iii) quasi ¢-nonexpansive mapping (or hemi-relatively nonexpansive mapping) if

F(T) # @ and
¢(p,Tx) <¢(p,x), Vpe F(T), VxeC,

(iv) asymptotically quasi ¢-nonexpansive if F(7) # @ and there exists a sequence
{k,} C [1, +00) with k, — 1 as n — 400 such that

o(p, T"x) < kyp(p, x), Vn>1, Vpe F(T), VxeC;
(v) uniformly L-Lipschitz continuous, if there exists a constant L > 0 such that

|T"c =T"y| < Lllx = yll, Vn=1, V¥x,yeC.
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Lemma 3 [5] Let E be a real uniformly smooth and strictly convex Banach space
with Kadec—Klee property, and C be a nonempty closed convex subset of E. Let
T : C — C be a closed and asymptotically quasi ¢p-nonexpansive mapping with a
sequence {k,} C [1,400), k, — 1. Then F(T) is a closed convex subset of C.

Lemma 4 [5,15,21] Let E be a strictly convex reflexive smooth Banach space, A be
a maximal monotone operator of E into E*, and J, = (J +rA)~'J : E — D(A) be
the resolvent of A withr > 0. Then,

(i) F(J;) = A~'0;

(ii) ¢(u, Jyx) < ¢p(u,x) forallu € A~'0and x € E.
Lemma 5 [26] Let E be a uniformly convex and uniformly smooth Banach space, A

be a maximal monotone operator from E to E*, and J. be a resolvent of A. Then J,
is closed hemi-relatively nonexpansive mapping.

3 Main results
3.1 Parallel hybrid methods

Assume that 7;,i = 1,2, ..., N, are asymptotically quasi ¢-nonexpansive mappings
with a sequence {kj,} C [1,400), k, — 1,ie., F(T;) # @, and

o(p, T'x) <k'p(p,x), Vn>1, Vpe F(T;), VxeC.

Throughout this paper we suppose that the set ' = ﬂlNzl F (T;) is nonempty.
Then, putting k,:=max{k}, : i =1,..., N}, we have k, C [1, 400),k, — 1, and

o(p. T'x) <kyop(p,x), YVi=1,...,N, Vn>1, VpeF, VxeC.

In the following theorems we will assume that the set F = ﬂlN: 1 F(T;) is nonempty
and bounded in C, i.e., there exists a positive number w such that F C Q:={u € C :
[lull < w}.

Theorem 1 Let E be a real uniformly smooth and uniformly convex Banach space
and C be a nonempty closed convex subset of E. Let {Ti}lN=1 : C — C be a finite
family of asymptotically quasi ¢-nonexpansive mappings with a sequence {k,} C
[1, +00), k;, — 1. Moreover, suppose for each i > 1, the mapping T; is uniformly L;
- Lipschitz continuous and the set F = ) lN: | F(T;) is nonempty and bounded in C.
Let {x,,} be the sequence generated by

X0 € C, C()ZZC,
yi =T andxy + A —a)JT'x,), i=1,2,....N,
. i S oe_yin
i =ang max {1 =l et
Chr1i={veCp:0d(v,y) <P, xn) + &4},
Xpy1 = 1Il¢, 1 x0, n >0,
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where ep:=(k, — D(w + ||x.|))? and {a,} is a sequence in [0, 1] such that
1im, o0 &ty = 0. Then {x,,} converges strongly to x*:=ITr xq.

Proof The proof of Theorem 1 is divided into five steps.

Step 1. Claim that F and C,, are closed and convex subsets of C.

Indeed, from the uniform L;-Lipschitz continuity of 7;, T; is L;-Lipschitz conti-
nuity. Hence 7; is continuous. This implies that 7; is closed. By Lemma 3, F(T;) is
closed and convex subset of C foralli = 1,2,..., N. Hence, F = ﬂlNzl F(T;) is
closed and convex. Further, Cy = C is closed and convex by the assumption. Suppose
that C, is a closed and convex subset of C for some n > 0. From the inequality
¢, yp) < ¢d(v, x,) + &,, We obtain

- 1 2 s 2
<Uvan_Jyn>§§ X ll” = Nyull” +&n) .

Therefore,

. 1 .
Crt1 = [v € Co: (v, Jxn = I5u) = 5 (Il = 15017 +sn)] :

which implies that C,,4 is closed and convex. Thus, C, is closed and convex subset
of C foralln > 0, and ITcxp and I1c, xo are well-defined.

Step 2. Claim that F C C,, for alln > 0.
Observe first that F C Cop = C. Now suppose F C C, for some n > 0. For each
u € F, by the convexity of ||. ||2, we have

G, 3n) = llull® =2 (u, J5,) + 15117

= llull® = 2000 (u, Jxa) = 2(1 = 0ty u, J T} x,)
+ andxn + (1= ) I T |

< lluell® = 20, Jon) =201 = &) {u, I T x0)
a2+ (1 =) | T |

= oy (U, x2) + (1 — an)p(u, T} xp)

< an¢(uv Xn) + kn(l - Ot,ﬂ(ﬁ(u, xn)

< ¢, %) 4 (ky — (1 — @) (u, x)

< B (u, xp) + (ky — D@+ [|x1])?

= ¢, xp) + &p.

This implies that u € C,,4+1. Hence F C C,41. By induction, we obtain F C C,, for
alln > 0. Foreachu € F C C,, by x, = Ilc,xo and Lemma 1, we have

¢ (xn, x0) < ¢ (u, x0) — ¢, xn) < ¢(u, xo).
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Therefore, the sequence {¢(x,, x9)} is bounded. The boundedness of the sequence
{x,} is followed from relation (2).

Step 3. Claim that the sequence {x,} converges strongly to some point p € C as
n— o0.

By the construction of C,, we have C,,y1 C Cy, and x,41 = [l¢, ;X0 € Cyy1 Now
taking into account x, = I1c, X0, X,4+1 € C, and using Lemma 1, we get

@ (xn, X0) < @ (Xnt1, x0) — G (Xnt1, Xn) < P (Xpt1, X0).
This implies that {¢(x,, x0)} is nondecreasing. Therefore, the limit of {¢ (x,, xo)}

exists. We also have x,, € C,, C C, forall m > n. From Lemma 1 and x,, = I, xo,
we obtain

& (Xpy X)) < @ (X, X0) — @ (X, x0) — 0,

asm, n — oo. This together with Lemma 2 implies that ||x,, — x, || — 0. Hence, {x,}
is a Cauchy sequence. Since E is complete and C is closed, we get

lim x, =p eC. 3)
n—oo
Step 4. Claim that p € F.
Indeed, observing that
& Xnt1, Xn) < (X1, X0) — ¢ (Xn, x0) = 0, 4)
and
lxpn+1 — xull = 0. ©)

In view of x,+1 € Cy,+1 and by the construction of C, 41, we obtain

& (Xn+1, Yn) < ¢ (Xn+1, Xn) + &n- (6)

Recalling that the set F and the sequence {x,} are bounded, and putting M =
sup {[lx, [ :n=1,2,...}, we get

en = (kn — 1) (@ + [|xa])? < (kn — 1) (@ + M)* — 0. (7N
From (4), (6), (7), we obtain ¢ (x,,+1, y,) — 0asn — oo. This together with Lemma

2 implies that ||x,4+1 — y.|| — O. There_fore, from (5), ||x, — yu|| — 0. Further,
by the definition of i,, we have ||xn - Yy ” < llx, — yull = O0asn — oo for all

i=1,2,..., N, hence, from (3) we obtain
lim y/ =p, i=12,...,N. (®)
n—00
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From the relation y!, = J ! (&, Jx, + (1 — ) JT/x,) we obtain

| 73i = 1,

=ay, |[Jx, — JT/ x| . )

Observing that {x,} is bounded, 7; is uniformly L;-Lipschitz continuous, and the
solution set F' is not empty, we have ||Jx, — JT x,|| < [[Jxu|| + [JT"x,l| =
Hxnll + 1T %0l < lxall + 1T %0 — TEN + (151 < Nlxnll + Lillx, — &1l + €11,
where & € F is an arbitrary fixed element. The last inequality proves the boundedness
of the sequence {|| Jx, — JTi”xn || } Using lim,,—, oo &y = 0, from (9), we find

Tim_ [ 7y] = 775 =o0.

Since /! : E* — E is uniformly continuous on each bounded subset of E*, the last

relation implies lim,,_, || yf; — T/ "x, ” = 0. Hence, from (8) we obtain
nli)men p, i=1,...,N. (10)

By (3), (10) and the uniform L;-Lipschitz continuity of 7;, we have

n+1
Ti

1 1 1
] <[

Xn+1 = Xn+1 H
+ lxn+1 — xall + ”xn - Tl Xn ”
1
< i+ D e = all + | T 0 = o

+ [t =T 0.

Hence, lim;,—, o0 T} +]xn = p,i.e., T”Hxn =T;T"x, — pasn — oo.Inview of the

continuity of T; and (10), it follows that T; p = p foralli = 1,2, ..., N. Therefore
peF.

Step 5. Claim that p = xT:=ITr (x).
Indeed, since x" = [1r(x9) € F C Cy, and x,, = Ilc, (x¢), from Lemma 1, we have

¢ (xn, x0) < p(x", x0) — p(x", %) < P (x7, x0). (11)
Therefore,

B0t x0) = lim ¢, x0) = Tim {leall? = 2 (0, Jx0) + 0]}
n—oo n—oQ

= [IplI* — 2 (p, Jxo) + llxolI?
= ¢(p, x0).

From the definition of xT, it follows that p = x'. The proof of Theorem 1 is
complete. O
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Remark 1 If in Theorem 1 instead of the uniform Lipschitz continuity of the operators
T;, i =1,..., N, werequire their closedness and asymptotical regularity [6], i.e., for
any bounded subset K of C,

lim sup { H Ty — T)'x

n—o00

‘:xeK}, i=1.....N,

then we obtain the strong convergence of a simplier method than the corresponding
ones in Cho et al. [6] and Chang et al. [5].

For the case N = 1, Theorem 1 gives the following monotone hybrid method, which
modifies the corresponding algorithms in Kim and Xu [17], as well as Kim and Taka-
hashi (Theorems 3.1, 3.7, 4.1 [16]).

Corollary 1 Let E be a real uniformly smooth and uniformly convex Banach space
and C be a nonempty closed convex subset of E. Let T : C — C be an asymptotically
quasi ¢-nonexpansive mapping with a sequence {k,} C [1, +00), k, — 1. Moreover,
suppose that the mapping T is uniformly L-Lipschitz continuous and the set F(T) is
nonempty and bounded in C. Let {x,} be the sequence generated by

X0 € C, C()ZZC,
yn=J @ dxy + (1 —ay)J T xy)
Cotr1:={v € Cp : (v, yn) < PV, xn) +&n},
Xpt1 = Tlc, 1 X0, n >0,

where ¢, = (k, — 1)(w + ||xn||)2 and {oy} is a sequence in [0, 1] such that
limy,—, o0 @, = 0. Then {x,} converges strongly to xT:=HF(T)xo.

Next, we consider a modified version of the algorithm proposed in Theorem 1.

Theorem 2 Let E be a real uniformly smooth and uniformly convex Banach space
and C be a nonempty closed convex subset of E. Let {T,-}ZN=1 : C — C be a finite
Sfamily of asymptotically quasi ¢-nonexpansive mappings with a sequence {k,} C
[1, +00), k;, — 1. Moreover, suppose for each i > 1, the mapping T; is uniformly L;
- Lipschitz continuous and the set F = [ IN: | F(T}) is nonempty and bounded in C.
Let {x,} be the sequence generated by

xg e C, Cop:=C,
yi =T apJxo+ (1 —0)J T x,), i=1,2,...,N,
. ~ - in
in = arg max {{y, —x [}, Su=s
Cn—H:: {U eCy: ¢(U, yn) < a11¢(v’ x0) + (I — o) (v, x,) + Sn} s
Xp+1 = I¢, X0, n =0,

where €, = (k, — D(w + ||xa|)? and {a,} is a sequence in [0, 1] such that
lim,, 5 &, = 0. Then {x,} converges strongly to xF:=Mpx.
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Proof Following five steps in the proof of Theorem 1, we can show that:

(i) C, and F are closed and convex subset of C for alln > 0. Therefore, I1¢c,xo, n >
0 and ITrx( are well-defined.

(i) F Cc C, foralln > 0.
Suppose F C C, for some n > 0 (F C Cy = C). For each u € F, using the
convexity of ||. ||2, we get

lull® = 2 (. T5a) + 151

< on(u, x0) + kn(1 — 0ty) P (u, xp)

< anp(u, x0) + (1 — an)P(u, x) + (kn — (1 — o) (4, xn)
< an(u, x0) + (1 — &) (u, xy) + (ky — D(@ + [1x4]1?)

= apP(u, x0) + (1 —an)d(u, x,) + &n.

& (u, yn)

This implies that u € Cj,+1. Hence F C Cp,41. By induction, we obtain F C Cj,
foralln > 0.

(iii) The sequence {x,} converges strongly to some point p € C asn — o0. For each
u € F C Cy,, using Lemma | and taking into account that x,, = I1c, xo, we have

¢ (xp, x0) < @ (u, x0) — P (u, x,) < P(u, xp).

Therefore, the sequence {¢ (x,,, xo)} is bounded. From (2), {x,} is also bounded.
Since C,41 C Cy, and x41 = Ic,+1x0 € C, foralln > 0, by Lemma 1 we
have

¢(xn» xO) S ¢(xn+11 xO) - ¢(-xl’l+17 -xl’l) S ¢(xl’l+lv .x()).

Thus, the sequence {¢ (x,, xo)} is nondecreasing, hence it has a finite limit as
n — oo. Moreover, for all m > n, we also have x,, = IIc,x0 € C,y C Cy.
From x,, = Ilc,xo and Lemma 1, we obtain

¢ (X, Xn) < @ (Xm, X0) — ¢ (Xn, X0) = 0 12)

as m,n — oco. Lemma 2 yields ||x,, — x,|| — 0 as m,n — oo. Therefore, {x,}
is a Cauchy sequence in C. Since E is Banach space and C isclosed, x, — p € C
asn — o0o.

(iv) pe F.

In view of x,+1 € Cy,+1 and by the construction of C, 1, we get

O (Xnt1, Yn) < 0@ (Xpp1, x0) + (1 — ) (xpg1, Xn) + €5 (13)

Using lim, .o, = 0, relations (12), (13), and noting that ¢, — 0, we
find ¢ (x,+1,¥,) — 0 as n — oo. This together with Lemma 2 implies that
|Xn+1 — Yull = 0. Therefore, y,, — p and ||x,, — y,|| — 0. Further, by the definition
of i,;, we have ||xn —yfl” < |lxy —yull > Oasn — ooforalli =1,2,..., N,
hence, from x, — p, we obtain
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lim y' =p, i=12,...,N. (14)

n—o00

Taking into account the relation y}, = J ! (e, Jx0 + (1 — ) J T/ x,), we obtain

| 7% = 1175,

=ay |[Jxo— JT x, . (15)

Observing that {x,} is bounded, 7; is uniformly L;-Lipschitz continuous, and the
solution set F' is not empty, we have ||Jxo — JT/"x,|| < [[Jxol| + [JT"x,l| =
llxoll + 1T x|l < llxoll + 1T/ xn — T*&11 + 1161l < llxoll + Lillxn — &I1 + 1§11,
where & € F is an arbitrary fixed element. The last inequality proves the boundedness
of the sequence {|| Jxog — JTl.”xn ” } Using lim,,_, oo o, = 0 from (15), we find

mﬂpﬁ—JWM

n—oo

=0.

Since J~!: E* — Eis uniformly continuous on each bounded subset of £ *, the last
relation implies lim,,_, || i = Ti"x,, “ = 0. Hence, from (14) we obtain

nlingoﬂ"xnzp, i=1,...,N.

Finally, a similar argument as in Step 5 of Theorem 1 leads to the conclusion that
p € Fand p =x" = ITpxg. The proof of Theorem 2 is complete. O

Remark 2 Theorem 2 is an extended version of Theorem 3.1 in [6] and Corollary 2.5
in [7] for a family of asympotically quasi-¢-nonexpansive mappings. It also simplifies
some previous results of Chang and Yan (Theorem 2.1 [7]) and Cho, Qin, and Kang
(Theorem 3.5 [6]). In the case N = 1, our method modifies the algorithm of Kim and
Takahashi [16].

In the next theorem, we show that for quasi ¢-nonexpansive mappings {7; }lN: 1» the
assumptions on their uniform Lipschitz continuity, as well as the boundedness of the
set of common fixed points F = ﬂf\;l F (T;) are redundant.

Theorem 3 Let E be a real uniformly smooth and uniformly convex Banach space,
C be a nonempty closed convex subset of E, and {Ti},N: 1 : C — C be a finite family

of closed and quasi ¢-nonexpansive mappings. Suppose that F = () lNz | E(T) # 0.
Let {x,} be the sequence generated by

xg € C, Cop:=C,
yi=J Yo Jxy + (1 =) JTixy), i=1,2,...,N,
. [ S e in
i =g max {10k = s} Sl

Chr1:i={veCph:0(, ) <, x,)},
Xpy1 = 1Il¢, 1 x0, n >0,
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where {a,} is a sequence in [0, 1] such that lim,_, a0, = 0. Then {x,} converges
strongly to xT:=ITrxo.

Proof Since { T,'}lN: | + C — C are quasi ¢ - nonexpansive mappings, for each i =
1,..., N, we have

o(p, T;x) < ¢(p,x), VpeF(T;), xeC.

This implies that {Ti}lN: | are asymptotically quasi ¢-nonexpansive mappings with
k, = 1,n > 1. Putting &, = 0 and arguing similarly as in the proof of Theorem 1,
we get I/ C C,,. Using Lemma 1 and the fact that x, = I1¢c,xo, we have ¢ (x,, x9) <
¢ (p, xo) for each p € F. Hence, the set {¢(x,, x0)} is bounded. This together with
inequality (2) implies that {x,} is bounded. Repeating the proof of the relations (3),
(8), we obtain

lim x, = p, (16)
n—oo
lim y/ =p, i=1,2,...,N. (17)
n—oo

From the equality y, = J ! (@, Jx, + (1 — ) J Tix,) we have

738 = 1T | = e 170 = I T

Observing that {x,} C C is bounded, from the definition of quasi ¢-nonexpansive
mapping T;, we get ¢ (p, Tix,) < ¢(p,x,) for each p € F. Estimate (2) ensures
that {7;x,} is bounded foreach i = 1, ..., N. Therefore, ||Jx, — JT;x,|| < ||x.] +
IT;xp,|l. The last inequality implies that the sequence {||Jx, — JT;x,||} is bounded.
Using lim,,, oo &, = 0 we obtain

tim |73} = JTix | =0. (18)

n—oo

From (17), (18), by the same way as in the proof of (10), we get

lim Tix, =p, i=1,2,...,N. (19)
n—00

By (16), (19) and the closedness of 7;, we obtain p € F = ﬂlNzl F(T;). Finally,
arguing as in Step 5 of the proof of Theorem 1, we can show that p = x". Thus, the
proof of Theorem 3 is complete. O

By the same method we can prove the following result.

Theorem 4 Let E be a real uniformly smooth and uniformly convex Banach space,
C be a nonempty closed convex subset of E, and {T,-}lN: 1 - C — C be a finite family

of closed and quasi ¢-nonexpansive mappings. Suppose that F = ﬂlNzl F(T;) # .
Let {x,,} be the sequence generated by
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xg € C, Co:=C,
yi=J"anJxo + (1 —a)JTix,), i=1,2,...,N,
. [ o e in
in = arg max (1}, Be=

Cn+l:: {U S Cn : ¢(vv )_7n) S an¢(vv .X()) + (1 - an)¢(vv xn)} k]
xn-‘rl = ch+1x05 n 2 07

where {a,} is a sequence in [0, 1] such that lim,_, oo o, = 0. Then {x,} converges
strongly to xT:=ITgxy.

Remark 3 Theorem 3 modifies Theorem 3.1 [27], Theorem 3.1 [34] and the algorithm
in Theorem 3.2 [15]. On the other hand, the method in Theorem 4 simplifies the
corresponding one in Theorem 3.3 [27]. It generalizes and improves Theorem 3.2
[26], Theorem 3.3 [5], and Theorem 3.1 in [23].

The following result can be obtained from Theorem 3 immediately.

Corollary 2 Let E be a real uniformly smooth and uniformly convex Banach space,
and C be a nonempty closed convex subset of E. Let {T; }I(V:] : C — C be afinite family

of closed relatively nonexpansive mappings. Suppose that F = [ lN: | F(T;) # @. Let
{x,} be the sequence generated by

xoeC, Co=C,
vo=J " anJxn+ (=) Tixy), i=12,....N,

=g (15 =]} it

Chr1={veCh:oW, ) <o, x,)},
Xp+1 = I¢, X0, n =0,

where {a,} is a sequence in [0, 1] such that lim,_, oo o, = 0. Then {x,} converges
strongly to xT:=ITxo.

Corollary 3 Let E be a real uniformly smooth and uniformly convex Banach space. Let
{A; }INzl : E — E* be afinite family of maximal monotone mappings with D(A;) = E
foralli =1, ..., N.Suppose that the solution set S of the system of operator equations
Ai(x) =0,i =1,..., N is nonempty. Let {x,} be the sequence generated by

xoe E, Co=E,
yi =T andxn + (1 —a)J(J +1iA)"Wx,), i=12,...,N,

in = arg max {|yi — x|}, Fai=yr,

1<i<N
Chr1={veCh:oW, ) <o, x,)},
Xpt1 = Ilc, 1 X0, n >0,
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where {r,~}fv= | are given positive numbers and {ay} is a sequence in [0, 1] such that
lim,, o0 &ty = 0. Then {x,,} converges strongly to x:=ITsx.

Proof Let C = D(A;)) = Eand T; = (J +rAN Y C > C. By Lemmas 5 and

4, the mappings T;,i = 1, ..., N, are closed and quasi ¢-nonexpansive. Moreover,
F = ﬂlNzl F(T;) = ﬂlNzl A:l(O) = S # @. Thus, Theorem 3 ensures the conclusion
of Corollary 3.10. O

3.2 Sequential hybrid methods

Now, we consider a sequential method for finding a common fixed point of a finite
family of asymptotically quasi ¢-nonexpansive mappings.

Theorem 5 Let C be a nonempty closed convex subset of a real uniformly smooth
and uniformly convex Banach space E, and {T,-}lN:1 : C — C be a finite family
of asymptotically quasi ¢p-nonexpansive mappings with {k,} C [1,400),k, — 1.
Suppose {E}lN: | are uniformly L-Lipschitz continuous and the set F = | zN=1 F(T;)
is unempty and bounded in C, i.e., F C Q:={u € C : ||u]| < w} for some positive w.
Let {x,,} be the sequence generated by

x1 € Cy = Q01:=C,
V= J! (othx1 + (1 —a,,)JT;:”xn) ,

Ch={veC: (v, ,Yn) <o, x1) + (1 —ap)p(v, x,) + ent,
On=1{veQu1:{Jx1—Jxy;x, —v) >0},
Xp4+1 = chnQn)ﬂ, n>1,
wheren = (pp— DN+ ju, jn € {1,2, ..., N}, pn € {1,2, ...}, &y = (kp, — D(w+
||)c,,||)2 and {ay,} is a sequence in [0, 1] such that lim,,, oo o, = 0. Then the sequence
{x.} converges strongly to x":=ITpxy.

For the proof of Theorem 5 we need the following result.

Lemma 6 Assume that all conditions of Theorem 5 holds. Moreover,

lim ||x, — T?"x,|| =0, lim |x, —Xp41ll =0
n— 00 Jn n—00
foralll € {1,2,..., N}. Then
lim ||x, — Tix,|| =0, [=1,...,N.
n—o0

Proof Foreachn > N,wehaven = (p, — )N + j,. Hencen — N = ((p, — 1) —
DN + Jn = (pn—N - DN + jn—N- So

Pn—1=pu_N, Jjn=ju-N-

@ Springer



Parallel and sequential hybrid methods

We have
||x —T~x||< Xn =T x| + | TP"x, — T; x
n jntn|| = n ju Ju Jnin
—1
< xn—TP”xn’+L TP x, — x,
Jn Jn
—1 —1
< \xy —TPx,| +L|TP" "x, — T xn_NH
Jn Jn Jn—N
pn—1
LT ey = 30|+ Ll = 5l
= ||x, — T""x, ’ + L|TP" Nxp_n — xnen H
Jn Jn—N

+ (L2 4 L) xn-n =l
This together with the hypotheses of Lemma 6 implies
Tim_ [ — T35 = 0.

Foreach!/ € {1,2,..., N} we have

[0 = T | < 1w = xnall + [0t = Tosngr | + [ ThiXnsr = T |
< llxn — X1l + ”anrl = T\ X H + L |[xn41 — xnll
=1+ L) lxp = Xpptll + | Xns = Tjppy Xt | -

Hence, lim,,_, ||xn =T, %n || =0foralll € {l,2,..., N}; therefore,

Ve >0, dng:Vn=noVl=1,...,N, ||x,—T;

i Xnll < €.

On the other hand, for any fixedn > O0andi =1,..., N,wecanfind/ € {1, ..., N},
such that i = j,4;. Thus, ||x, — Tix,|| < supreqr,. Ny 1Xn = Tjxnll < € for all
n > ng, which means that lim, . ||x, — Tix,|| = 0,i = 1, ..., N. The proof of
Lemma 6 is complete. O

Proof of Theorem 5 The proof will be divided into five steps.

Step 1. The sets F, Cp,, O, are closed and convex for all n > 1.

Indeed, from the uniform L-Lipschitz continuity of 7;, we see that 7; is closed. By
Lemma 3, F(T;) is closed and convex subset of C for alli = 1,..., N. Hence,
F=N lNz 1 F(T}) is closed and convex. Further, C, and Q,, are closed for alln > 1 by
the definition. From the inequality ¢ (v, y,) < a,¢ (v, x1) + (1 — o) (v, xp) + &5,
we obtain

2 2
I [

2 (v, Jxn) + 2a (v, Jx1 =T yu—Jxn) < et 51117 + (L=t 501> = yull* + &0,
which implies the convexity of C, for all n > 1. Further, Q1 = C is convex. If O, is
convex for some n > 1, then 0,4 is also convex by the definition. So, Q,, is convex

foralln > 1.
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Step2. F C C, () Qy foralln > 1.
For each u € F, we have

¢ yn) = Nul® =2 (. Tyn) + Iyl
= ||M||2 _ 2(Xn (I,t, J.xl) — 2(] — an) <u, JT/.I:rlxn>

2
n ‘aanl + (1= a)JT "%,

= ”u”2 — 20 (u, Jx1) —2(1 — ap) <u, JTjIn)nxn>

+ay X1 + (1 — ay)

= o, x1) + (1 — @), T x,)

< anp (u, x1) + kp, (1 — ) (ut, x)

< anp(u, x1) + (1 — ), x5) + (kp, — D(1 — @) (u, x)
< app(u, x1) + (1 — o) (u, x,) + (kp, — D@+ [|xa%)

= apd(u, x1) + (1 — o) (u, xp) + &n.

2
Pn
}Tjn X

This implies that u € C,,. Hence F C C, foralln > 1. We also have F C Q1 = C.
Suppose that F* C @, for some n > 1. From x,41 = Ilc, n g,X1 and Lemma 1, it
follows that (Jx; — Jx,41, xy+1 — 2) > Oforallz € C, () Q,.Since F C C, () Qu,
we have

(Jx1 — Jxpq1, X401 —2) =0

for all z € F. Hence, from the definition of 0,4, we obtain F C Q,+1. By the
induction, F C Q,, foralln > 1.

Step 3. lim,,_, o0 ||x, — Tjxy|| =0 foralll =1,..., N.

Since x, = Ig,x1, F C Q, by Lemma 1, we have ¢(x,,x1) < ¢(p,x1) —
¢ (xn, p) < ¢(p,x;) for each p € F. Hence, the sequence {¢(x,, x1)} and {x,}
are bounded. Moreover, from x, 11 = I, No.x1 € On, X, = Ig,x; and Lemma
1, it follows that ¢ (x,, x1) < ¢(x,+1, x1). Thus, the sequence {¢ (x,, x1)} is non-
decreasing and the limit of the sequence {¢(x,,x1)} exists. This together with
@ (Xnt1, Xn) < ¢ (xn, x1) + ¢ (xy41, x1), implies that

lim ¢ (xn41,x,) = 0. (20)
n— oo

Since {x,} is bounded, there exists M > 0 such that ||x,|| < M for all n > 1. Using
the boundedness of F' and estimate (2), we get

en = (kp, — 1) (@ + lxa)? < (kp, — 1) (@+ M)* = 0(n — 00). (1)

Taking into account x,41 = I, NonX1 € C,, and using the relations (20), (21), and
lim,_, o ¢, = 0, from the definition of C,, we find

@ Springer



Parallel and sequential hybrid methods

& (Xna1, Yn) < apd (xpg1, x1) + (1 — @)@ (X1, Xp) + &, — 0(n — 00).

Lemma 2 gives
lim [[xp1 — yaull = lIm fIxp41 — x|l = lim flx, — y,[l = 0.
n—00 n— 00 n— 00

and

lim [[xp41 — xull =0 (22)
n—oo

foralll € {1, 2, ..., N}. Note that from y, = J! (anjxl + (1 —otn)JTj[;”xn), we
have

” Jyu =TV x,

=a, | Jx — JT].’:"x,, (23)

Observing that {x,} is bounded, T, is uniformly L-Lipschitz continuous and the
solution set F is not empty, we have ||Jx; — JTj’;"an < |Jx1]] + ||JTJ?:”xn|| =

W]+ 1T ] < [l + 0T % = T27E N+ EN < [lxtl] + Lllxa — &1+ €],
where & € F is an arbitrary fixed element. The last inequality proves the boundedness

of the sequence {H Jxi = JT}" xp

}. Using lim,,, » ¢, = 0, from (23), we find

lim H Jyw = IT" x| = 0.

n—oo

Since J~! : E* — E is uniformly continuous on each bounded set, we get

lim =0.
n—oo

P
Yn — Tjnnxn

This together with lim,,_,  [|x;, — ¥ || = O implies that

lim |[x, — T""x,|| = 0. (24)
n— 00 Jn
From (22), (24) and Lemma 6, we obtain
lim [[x, — Txull =0 (25)
n—o0

foralll € {1,2,...,N}.

Step 4. lim, oo X, = p € F.

Indeed, note that the limit of the sequence {¢ (x,, x1)} exists. By the construction of
QOn, we have Q,, C Q,, for all m > n. Moreover, x, = I1g, x| and x,,, € Q;, C Q.
These together with Lemma 1 imply that ¢ (x;,, x,,) < ¢ (X, x1) — @ (xn, x1) — 0 as
m,n — oo. By Lemma 2, we get lim, »— 0 [|Xm — X, || = 0. Hence, {x,} is a Cauchy
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sequence. Since C is a closed and convex subset of the Banach space E, the sequence
{xn} converges strongly to p € C. Since T; is L-Lipschitz continuous mapping, it is
continuous for all / € {1, 2, ..., N}. Hence

Ip = Tipll = lim |l = Tixal =0, VI e{1,2,...,N}.

This implies that p € F.

Step 5. p = Fx;.

From x":=Mrx; € F € C, () Qn and x,, 1| = ¢, 0,1, we have ¢ (xp41, X1) <
¢ (xT,xl). Hence

¢ (p.x1) = lim ¢ (o, x1) = ¢ (xF.x1)

Therefore, p = x'. The proof of Theorem 5 is complete. O

For a finite family of closed and quasi ¢-nonexpansive mappings, the assumption
on the boundedness of F =) 1N=1 F (T;) is redundant.

Theorem 6 Let E be a real uniformly smooth and uniformly convex Banach space,
and C a nonempty closed convex subset of E. Let {Ti}f\’=1 : C — C be a finite

family of closed and quasi ¢p-nonexpansive mappings. Suppose {T;} ,N= | are L-Lipschitz
continuous and F = ﬂlNz | F(T;) # @. Let {xy,} be the sequence generated by

x1 € C1 = 01:=C,

Yn = J! (ot,,Jx1 + (1 — oc,,)JTj”xn) ,
Ch={veC:9,y) <andv,x1) + (1 -, xn)},
On=1{ve Qp1:{Jx1 — Jxp; x, —v) =20},

Xn4l = chﬂanl’ n=>1,

wheren = (p, — V)N =+ ju, ju € {1,2, ..., N} and {a,} is a sequence in [0, 1] such
that lim,,_, oo oty = 0. Then the sequence {x,} converges strongly to xTi=Mpx.

Proof By our assumption, {7; }1N= 1 is a finite family of closed and asymptotically quasi
¢-nonexpansive mappings with k,, = 1 foralln > 0. Putting &,, = 0 and arguing simi-
larly as in the proofs of Theorem 5 and Lemma 6, we obtain lim,,— oc || X, — Tj,xx | = 0
and lim,,_, o ||x, — Tjx,|| = Oforall/ € {1,2,..., N}. Now repeating Steps 4 and 5
of the proof of Theorem 5, we come to the conclusion of Theorem 6. O

Remark 4 One can establish the convergence of a monotone hybrid method as in
Theorem 5, which modifies Liu’s algorithm [20].

Corollary 4 Let C be a nonempty closed convex subset of a real uniformly smooth
and uniformly convex Banach space E. Let {]}}f\’: | : C — C be a finite family of
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closed relatively nonexpansive mappings. Suppose {T;} 1N= | are L-Lipschitz continuous
and F = ﬂlNzl F(T;) # Q. Let {x,,} be the sequence generated by

x1€Cy = Q1:=C,
yp=J7! (aanl + (1 — oen)JTjnxn) ,
Ch={veC:9, y) =anpv,x1) + (1 — )¢, xn)},
On={ve Qu1:({Jx1 = Jxy;xn —v) =0},

Xnt1 =1, N, X1, n=1,

wheren = (p, — )N + jn, jun € {1,2,..., N} and {a,} is a sequence in [0, 1] such
that lim,_, oo &, = 0. Then the sequence {x,} converges strongly to xti=px.

Corollary 5 Let E be a real uniformly smooth and smooth convex Banach space. Let
{A; }1N:1 : E — E* be afinite family of maximal monotone mappings with D(A;) = E
foralli =1, ..., N.Suppose that the solution set S of the system of operator equations
Ai(x) =0,i =1,..., N is nonempty. Let {x,} be the sequence generated by

x1€E, Ci=E,
yo =T N anJx1 + (1 —a)J(J +71j,A;) " Ux,), i=1,2,...,N,
Cpn={veC:¢, ) <and,x1)+ (1 — ), xn)},
On={ve Qui:{Jxi—Jxp; x, —v) >0},

Xnt1 =1, N, X1, n=1,

where {ri}f\/: | are given positive numbers and {ay,} is a sequence in [0, 1] such that
lim,,— o &, = 0. Then {x,} converges strongly to xFi=gx.

We end this paper by considering a numerical example. Suppose we are given two
sequences of positive numbers 0 < 1 < ... < ty < land s; € (1, lTlt;]; i =
1,..., N. An example of such {si}lN=1 are s; = Zio tl.k, where the integers m; > 1
foralli=1,..., N.

Let E = R! be a Hilbert space with the standart inner product (x, y) :=xy and the
norm ||x||:=|x| for all x, y € E. In this case the normalized dual mapping J = [
and the Lyapunov functional ¢ (x, y) = |x — y|>. We define the mappings T; : C —
C,i=1,...,N, where C:=[0, 1], as follows:

Ti(x) =0, forx e[0,7;], and T;(x)=s;(x —1t;), ifx €]l[f,1].

It is easy to verify that F(T}) = {0}, ¢(T;(x),0) = |T;(x)|* < |x|> = ¢(x, 0) for
every x € C and |T; (1) — T;(¢;)| = si(1 —¢t;) > |1 — ¢;|. Hence, the mappings 7; are
quasi ¢-nonexpansive but not nonexpansive.
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According to Theorem 3, the iteration sequence {x,} generated by

xgo € C, Cop:=C,
y;'L =apxy + (1 —a)Tix,, i=1,2,...,N,
in = arg max {1y, = xal}, Sa=yi,
Cot1:={v € Cy : [V — Yul < v —xnl},

Xn+l1 = HC”HXO, n >0,

strongly converges to x":=0, provided the sequence {,} is chosen such that a, €
[0,1]and o;; — O as n — oo.
Starting from Cop = C = [0, 1] we have

clz[veco:z(yo—xo)(’“)—;“yo—v)gol. (26)

Due to the proof of Theorem 3, F = {0} C Cj, hence (yg — xo)(@) < 0. Thus,
Yo < x¢. If yo = x0 then from the definition of iy, we find yé =xgforalli =1, ..., N.
Moreover, since y(i) = apxo + (1 — ap)T;xg, we get xo = aoxo + (1 — ag)Tix0,i =
1,..., N, hence, x¢ is a desired common fixed point and the algorithm finishes at
step n = 0. Now suppose that o < xo. Then (26) implies that C; = [0, ©F2°] and
X1 = Hclxo = X_o-gyo.

We assume by induction that at the n-th step (n > 1), either x,_1 is a common
fixed point of Ti,i = 1,..., N, and the algoritbm finishes at the (n — 1)-step, or
Cc, = [0, W] and x, = I¢c,xo = w By the definition of C,| we

have Cy,41 ={v e Cy : 2(y,, — xn)(@ —v) < 0}, or equivalently,

Coy1 = |:0, uzyn_l} ﬂ Iv € [0,171:2(n — xn) (@ - v) < O]
27

Since F = {0} C Cy1, we find that (5, —x,) (252) < 0, hence y, < x,,. If 3, = x,
then by the definition of i,, we get yfl = x, foralli = 1, ..., N. On the other hand,
y,‘; = ayx, + (1 —ay)T;x,, hence, x,, = ayx,; + (1 — «,)T;x,. Thus, x, is a common
fixed point of the family {Ti}f\i , and the algorithm finishes at the n-th step. In the
remaining case y, < X, relation (27) gives

Xn—1+ Yn—1 Xn + Yn
Chrt1 =0, ————— 0, . 28
il [ 5 } N [ > ] (28)
Noting that @ <X, = )%y”‘l and using (28) we come to the conclusion that

Cog1 = [0, 252, and x4y = Mg, x0 = 255
On the other hand, applying Liu’s sequential method [20], at the n — th iteration, we

need to compute y,:=a,x0 + (1 — o) Ty, x,,, Where k, = n(modN) + 1. Observing
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that0 < Ty, x, < x, < 1, we haveif x, = T}, x, then x, is a fixed point of T, which
is also a common fixed point of the family {T,-}lN: |- Otherwise, we get Ty, x, < Xp,
which leads to the formula

oz,,xg + (1 — ozn)x,% — y,%
2(apxo + (1 —ap)xy — yn)

Xp41 = Min { x,,

The numerical experiment is performed on a LINUX cluster 1350 with 8 computing
nodes. Each node contains two Intel Xeon dual core 3.2 GHz, 2GBRam. All the
programs are written in C.

For given tolerances we compare execution time of the parallel hybrid method
(PHM) and Liu’s sequential method (LSM) [20]. From Tables 1, 2 and 3, we see
that within a given tolerance, the sequential method is more time consuming than the
parallel one, in both parallel and sequential mode. Further, whenever the tolerance is
small, the sequential method converges very slowly or practically diverges.

We use the following notations:

PHM The parallel hybrid method
LSM Liu’s sequential method [20]
N Number of quasi ¢-nonexpansive mappings
TOL Tolerance |x; — x*||
very slow conv. Convergence is very slow or divergence
Tp Time for PHM’s execution in parallel mode (2CPUs—in seconds)
T Time for PHM’s execution in sequential mode (in seconds)
T, Time for LSM’s execution (in seconds).
We perform experiments with N = 5 x 10°, ti = NLH’ si=1+¢,i=1,...,N.

Within the tolerance TOL = 10~4, for ap, = 1/n and o, = 107", the computing
times of Liu’s method are 30.89 sec. and 26.57 sec., respectively. Moreover, for «,, =
1/(log n+2), after 287.25 sec., Liu’s method gives an approximate solution x = 0.327,
which is very far from the exact solution x* = 0. When TOL = 1075, k=5,6,8,
Liu’s method is practically divergent.

Tables 1, 2 and 3 give the execution times of the parallel hybrid method in
parallel mode (7,) and sequential mode () within the given tolerances TOL for
different choices of «,. The maximal speed up of the parallel hybrid method is

Table 1 Experiment with

an = 1/n T0L PHM LSM
Ty T T
1073 1.06 1.90 Very slow conv
10-6 1.26 2.10 Very slow conv
10-8 1.47 2.74 Very slow conv
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Table 2 Fxperiment with

= TOL PHM LSM
Un = Togn+2 _—
T, Ty Ty
1073 127 2.52 Very slow conv
10-6 1.48 2.95 Very slow conv
10-8 1.89 3.58 Very slow conv
Zable faojllxperlment with TOL PHM LSM
n — —_—
Tp T Ty,
1075 0.84 1.68 Very slow conv
1070 1.05 1.90 Very slow conv
10-8 1.26 231 Very slow conv

Sp:=Ts/T, ~ 2.0, hence, the efficency of the parallel computation by using two
processors is E,:=S,/2 ~ 1.0.

Acknowledgments The authors are greateful to the referees for their useful comments to improve this
article. We thank V. T. Dzung for performing computation on the LINUX cluster 1350. The research of the
first author was partially supported by Vietnam Institute for Advanced Study in Mathematics (VIASM) and
Vietnam National Foundation for Science and Technology Development (NAFOSTED).

References

10.

. Alber, Ya.l.: Metric and generalized projection operators in Banach spaces: properties and applications.

In: Kartosator, A.G. (ed.) Theory and Applications of Nonlinear Operators of Accretive and Monotone
Type, vol. 178 of Lecture Notes in Pure and Applied Mathematics, pp. 15-50. Dekker, New York
(1996)
Alber, Y.I., Ryazantseva, I.: Nonlinear Ill-Posed Problems of Monotone Type. Spinger, Dordrecht
(2006)

. Anh,PK., Chung, C.V.: Parallel hybrid methods for a finite family of relatively nonexpansive mappings.

Numer. Funct. Anal. Optim. 35(6), 649-664 (2014)

Cioranescu, I.: Geometry of Banach Spaces, Duality Mappings and Nonlinear Problems, vol. 62 of
Mathematics and Its Applications. Kluwer, Dordrecht (1990)

Chang, S.S., Kim, J.K., Wang, X.R.: Modified block iterative algorithm for solving convex feasibility
problems in Banach spaces. J. Inequal. Appl. 2010, 869684 (2010). doi:10.1155/2010/869684

Cho, Y.J., Qin, X., Kang, S.M.: Strong convergence of the modified Halpern-type iterative algorithms
in B anach spaces. An. Stiint. Univ. Ovidius Constanta Ser. Mat. 17, 51-68 (2009)

Chang, Q.W., Yan, H.: Strong convergence of a modified Halpern-type iteration for asymptotically
quasi-¢-nonexpansive mappings. An. Univ. Ovidius Constanta Ser. Mat. 21(1), 261-276 (2013). doi: 10.
2478/auom-2013-0017

Diestel, J.: Geometry of Banach Spaces—Selected Topics. Lecture Notes in Mathematics, p. 485.
Springer, Berlin (1975)

Deng, W.Q.: Relaxed Halpern-type iteration method for countable families of totally quasi -
¢-asymptotically nonexpansive mappings. J. Inequal. Appl. 2013, 367 (2013). doi:10.1186/
1029-242X-2013-367

Deng, W.Q.: Strong convergence to common fixed points of a countable family of asymptotically
strictly quasi-pseudocontractions. Math. Probl. Eng. 2013, Article ID 752625 (2013). doi:10.1155/
2013/752625

@ Springer


http://dx.doi.org/10.1155/2010/869684
http://dx.doi.org/10.2478/auom-2013-0017
http://dx.doi.org/10.2478/auom-2013-0017
http://dx.doi.org/10.1186/1029-242X-2013-367
http://dx.doi.org/10.1186/1029-242X-2013-367
http://dx.doi.org/10.1155/2013/752625
http://dx.doi.org/10.1155/2013/752625

Parallel and sequential hybrid methods

11.

12.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

Deng, W.Q., Bai, P.: An implicit iteration process for common fixed points of two infinite families
of asymptotically nonexpansive mappings in Banach spaces. J. Appl. Math. 2013 Article ID 602582
(2013)

Huang, N.J., Lan, H.Y., Kim, J.K.: A new iterative approximation of fixed points for asymptotically
contractive type mappings in Banach spaces. Indian J. Pure Appl. Math. 35(4), 441-453 (2004)

. Kang,J.,Su, Y., Zhang, X.: Hybrid algorithm for fixed points of weak relatively nonexpansive mappings

and applications. Nonlinear Anal. Hybrid Syst. 4, 755-765 (2010)

Kim, J.K., Kim, C.H.: Convergence theorems of iterative schemes for a finite family of asymptotically
quasi- nonexpansive type mappings in metric spaces. J. Comput. Anal. Appl. 14(6), 1084—1095 (2012)
Kimura, Y., Takahashi, W.: On a hybrid method for a family of relatively nonexpansive mappings in a
Banach space. J. Math. Anal. Appl. 357, 356-363 (2009)

Kim, T.H., Takahashi, W.: Strong convergence of modified iteration processes for relatively asymptot-
ically nonexpansive mappings. Taiwanese J. Math. 14(6), 2163-2180 (2010)

Kim, T.H., Xu, H.K.: Strong convergence of modified Mann iterations for asymptotically mappings
and semigroups. Nonlinear Anal. 64, 1140-1152 (2006)

Kim, J.K.: Strong convergence theorems by hybrid projection methods for equilibrium problems and
fixed point problems of the asymptotically quasi-¢-nonexpansive mappings. Fixed Point Theory Appl.
2011, 10 (2011)

Li, Y., Liu, H.B.: Strong convergence theorems for modifying Halpern-Mann iterations for a quasi-
¢-asymptotically nonexpansive multi-valued mapping in Banach spaces. Appl. Math. Comput. 218,
6489-6497 (2012)

Liu, X.F.: Strong convergence theorems for a finite family of relatively nonexpansive mappings. Viet-
nam J. Math. 39(1), 63-69 (2011)

Matsushita, S., Takahashi, W.: A strong convergence theorem for relatively nonexpansive mappings in
a Banach space. J. Approx. Theory. 134, 257-266 (2005)

Plubtieng, S., Ungchittrakool, K.: Approximation of common fixed points for a countable family of
relatively nonexpansive mappings in a Banach space and applications. Nonlinear Anal. 72, 28962908
(2010)

Qin, X., Cho, Y.J., Kang, S.M., Zhou, H.: Convergence of a modified Halpern-type iteration algorithm
for quasi-¢-nonexpansive mappings. Appl. Math. Lett. 22, 1051-1055 (2009)

Reich, S., Sabach, S.: Two strong convergence theorems for a proximal method in reflexive Banach
spaces. Numer. Funct. Anal. Optim. 31, 22-44 (2010)

Reich, S., Sabach, S.: Two strong convergence theorems for Bregman strongly nonexpansive operators
in reflexive Banach spaces. Nonlinear Anal. 73, 122-135 (2010)

Su, Y., Li, M., Zhang, H.: New monotone hybrid algorithm for hemi-relatively nonexpansive mappings
and maximal monotone operators. Appl. Math. Comput. 217(12), 5458-5465 (2011)

Su, Y.F., Wang, Z.M., Xu, H.K.: Strong convergence theorems for a common fixed point of two hemi-
relatively nonexpansive mappings. Nonlinear Anal. 71, 5616-5628 (2009)

Tang, J.F., Chang, S.S., Liu, M., Liu, J.A.: Strong convergence theorem of a hybrid projection algorithm
for a family of quasi-¢-asymptotically nonexpansive mappings. Opuscula Math. 30(3), 341-348 (2010)
Takahashi, W., Takeuchi, Y., Kubota, R.: Strong convergence theorems by hybrid methods for families
of nonexpansive mappings in Hilbert spaces. J. Math. Anal. Appl. 341, 276-286 (2008)

Takahashi, W., Zembayashi, K.: Strong convergence theorem by a new hybrid method for equilibrium
p roblems and relatively nonexpansive mappings. Fixed Point Theory Appl. 2008, (2008); Article ID
528476. doi:10.1155/2008/528476

Wang, Z.M., Kumam, P.: Hybrid projection algorithm for two countable families of hemirelatively
nonexpansive mappings and applications. J. Appl. Math. 2013 (2013); Article ID 524795. doi:10.
1155/2013/524795

Wang, Y., Xuan, W.: Convergence theorems for common fixed points of a finite family of relatively
nonexpansive mappings in banach spaces. Abstr. Appl. Anal. 2013 (2013); Article ID 259470. doi:10.
1155/2013/259470

Zhao, L., Chang, S., Kim, J.K.: Mixed type iteration for total asymptotically nonexpansive mappings
in hyperbolic spaces. Fixed Point Theory Appl. 2013, 353 (2013). doi:10.1186/1687-1812-2013-353
Zhou, H., Gao, X.: A strong convergence theorem for a family of quasi-¢-nonexpansive mappings in
a banach space. Fixed Point Theory Appl. 2009 (2009); Article ID 351265. doi:10.1155/2009/351265

@ Springer


http://dx.doi.org/10.1155/2008/528476
http://dx.doi.org/10.1155/2013/524795
http://dx.doi.org/10.1155/2013/524795
http://dx.doi.org/10.1155/2013/259470
http://dx.doi.org/10.1155/2013/259470
http://dx.doi.org/10.1186/1687-1812-2013-353
http://dx.doi.org/10.1155/2009/351265

	Parallel and sequential hybrid methods for a finite family of asymptotically quasi φ-nonexpansive mappings
	Abstract
	1 Introduction
	2 Preliminaries
	3 Main results
	3.1 Parallel hybrid methods
	3.2 Sequential hybrid methods

	Acknowledgments
	References


