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1 Introduction

Let R[X] := R[z1, -+ , 24] be the ring of polynomials in the variables 1, - -+ , x4
with real coefficients. Denote by > R[X]? the set of sums of squares in R[X],
i.e. the set of finite sums > f2, f; € R[X]. For a subset G = {g1, "+ ,gm} C
R[X], let us consider the basic closed semi-algebraic set associated to G,

KG = {x € Rd‘gl('x) > 072 = 17 am}7
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the quadratic module generated by G,
Mg ={to+ Y tigilt; € > R[X]*i=0,1,--- ,m}
i=1

and the preordering generated by G,

To={ Y togt gl
o=(o1,+,0m)€{0,1}m

te € > RIX]*}.

For a polynomial f € R[X], it is obvious that if f € Mg or f € T then
f(z) > 0 for all + € K¢ (in this case we say f > 0 on K¢). The converse is
in general not true. The Positivstellensatz of Krivine-Stengle ([7, 1964], [16],
1974]) characterizes polynomials which are positive (resp. non-negative, van-
ished) on a basic closed semi-algebraic set, but with a "denominator" (for
example, f > 0 on Kq if and only if pf = 1 + ¢ for some p,q € T, that is,

f € =(14Tg) with denominator p € T).
p

A "denominator-free" version of this result is due to Schmiidgen (1991) which
asserts that any positive polynomial on a compact set K¢ belongs to T. To
ensure for f > 0 on K¢ to be in Mg, Putinar (1993) required the Archimedean
property of M. Note that the compactness of K¢ is equivalent to the Archimedean
property of T (cf. [8, Theorem 6.1.1]), and if M is Archimedean then so is
T, hence K¢ is compact. However the converse is not true in general (see,
for example, [8, Putinar’s question, chapter 7]).

If K¢ is not assumed to be compact, Schweighofer ([I5]) has given a Posi-
tivstellensatz which asserts that if f € R[X] is a bounded, positive polynomial
on K¢ and if it has only finitely many asymptotic values on K¢ such that all
of them are positive then f € T.

The case where K¢ is compact (resp. Mg is Archimedean), but f is assumed
to have finitely many zeros in K¢, Scheiderer ([9], [10]) has given a Hessian
criterion at each zero of f in K¢ for f to be in T (resp. M), using his local-
global criterion. Marshall (cf. [§]) has also given boundary Hessian conditions
at each zero of f in K¢ to ensure for f to be in Mg.

The aim of this paper is to study all of these Positivstellensétze for poly-
nomial matrices, that is for matrices with entries from R[X]. A matrix version
of Krivine-Stengle’s Positivstellensatz was given by Schmiidgen ([I4, 2009],
for non-negative polynomial matrices) and Cimpri¢ ([2) 2012]). Hol-Scherer
(L1, 2006], or [6, 2010]) has given a matrix version of Putinar’s Positivstel-
lensatz. Cimpric¢ has also given a version of Schmiidgen’s Positivstellensatz for
polynomial matrices in [3, 2013].

In section 2 we recall definition of quadratic modules and preorderings in
the algebra M, (R[X]) of polynomial matrices, which is proposed by Schmiidgen
(121, [13], [14]) and Cimpri¢ ([I], [2]), and some basic facts used in the paper.
In particular, we recall a basic result of Cimpri¢ (see Lemma [2)) which tells
us that any subset Kg of R? associated to G C S,,(R[X]) can be determined
again by a subset G of polynomials in R[X] such that the preordering Tg
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(resp. the quadratic module Mg) contains the preordering (Tg)™ (resp. the
quadratic module (Mg)™). Moreover we recall also a basic result of Schmiidgen
(see Lemma [3]) which asserts that any symmetric polynomial matrix, together
with a square of a non-zero polynomial in R[X], can be diagonalized. This
allows us to prove many results of this paper firstly with diagonal matrices,
and then with arbitrary symmetric matrices.

In section 3 we give a matrix version of Krivine-Stengle’s Positivstellensatz
(Propositionand Theorem. This version for polynomial matrices is simpler
than the one given in [I4] (for positive semidefinite polynomial matrices),
however in general more complicated than the one given in [2]. But in our
version, the existence of diagonal polynomial matrices in the representation of
F in (T¢)™ is more convenient.

In section 4 we give a matrix version of Schweighofer’s Positivstellensatz
(Proposition [2| and Theorem . We have a nice representation for diagonal
polynomial matrices, however in the representation of an arbitrary symmetric
polynomial matrix we need a "denominator", namely, a square of a non-zero
polynomial in R[X] or a conjugation of a matrix in M, (R[X]).

In section 5 we recall definition of Archimedean quadratic modules in
M, (R[X]) and characterize Archimedean quadratic modules via the ring of
bounded elements with respect to these quadratic modules. We show that the
Archimedean property of a quadratic module M in R[X] is the same as that of
the quadratic module M™ in M,,(R[X]), and the compactness of the set Kg
is equivalent to the Archimedean property of the preordering 7g. Moreover,
we show that if the quadratic module Mg of univariate polynomial matrices
is Archimedean then the set Kg is compact.

The last section deals with a matrix version of Scheiderer’s local-global
principle (Proposition [7|and Theorem, Scheiderer’s Hessian criterion (Propo-
sition [8| and Theorem [7) and Marshall’s boundary Hessian conditions (Propo-
sition [9| and Theorem [9)). Similar to the matrix version of Schweighofer’s Pos-
itivstellensatz given in section 4, we have a nice representation of diagonal
polynomial matrices, but for an arbitrary symmetric polynomial matrices we
need a denominator.

2 Preliminaries

In this section we shall recall some basis concepts and facts in Real alge-
braic geometry for matrices over commutative rings which are proposed by
Schmiidgen ([12], [13], [I4]) and Cimpric¢ ([I], [2]).

For n € N*, let M,,(R) denote the ring of n xn matrices with entries from a
commutative unital ring R. Denote by S, (R) the subset of M,,(R) consisting
of all symmetric matrices. A subset M of S,,(R) is called a quadratic modul(ﬂ
if

I,eM, M+MCM, ATMAC M,YA € M,(R).

1 In [12] and [13], the term m-admissible wedge was used.
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The smallest quadratic module which contains a given subset G of S,,(R) will
be denoted by Mg. It is clear that

Mg ={)_ALGiA;|Gi € GU{I,}, Aij € My (R)}.
A’.j

In particular, a subset M C R is a quadratic module if 1 € M, M + M C M,
and a?M C M for all a € R. The smallest quadratic module of R which
contains a given subset G C R will be denoted by Mg, and it consists of all
finite sums of the form Zi,j afjgl-, gi € G,a;5 € R.

A subset T of S,,(R) is called a preordering if T is a quadratic module in
M, (R) and the set T N (R -1,) is closed under multiplication. The smallest
preordering which contains a given subset G of S,,(R) will be denoted by 7g.
We have

Lemma 1 ([2, Lemma 2]) For every subset G of S,,(R),

Tg = Mgu(n g1,y

where [[G' is the set of all finite product of elements from the set G' :=
{vIGv|G € G,v € R"}.

In particular, a subset T C R is a preordering if T+ 7T CT,T-T C T,a> € T
for every a € R. The smallest preordering of R which contains a given subset
G C R will be denoted by Tg. It is clear that
w={ 3 50g7 - g
o=(01,,0m)€E{0,1}™

méeN,g; € G, s, EZRQ},

where > R? is the set of all sums of squares of finite elements from R.

In the case G = 0, >°, R := My = Ty is the set of all finite sums of
elements of the form AT A, where A € M, (R), and which is the smallest
quadratic module in M, (R).

For a quadratic module M in R, denote

M™ = {> miAl Ajlm; € M, A; € My (R)}.
Then M™ is the smallest quadratic module in M,,(R) whose intersection with
R -1, is equal to M - I,, ([2, Proposition 3]).

Remark 1 Let M be a quadratic module of R. Denote by D(dy, -+ ,d,), 7 < n,

the n x n diagonal matrix with diagonal entries dy,--- ,d,,0,---,0, where
d; € M for every i =1,--- ,r. Then D(dy,--- ,d,) € M"™.
In fact, for every ¢,j = 1,--- ,n, let E;; be the coordinate matrices in M,,(R).

Note that for each i = 1,--- ,n, we have E;; = EE’;E“ Hence

D(dy, -+ ,d,) = ZdE = ZdETE eM".
i=1 =1
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For any matrix A € M, (R), the notation A > 0 means A is positive
semidefinite, i.e. xT Ax > 0 for every x € R", and A > 0 means A is positive
definite, i.e. xT Ax > 0 for every x € R™\ {0}.

In the following we consider R to be the ring R[X]| := Rzy,- - ,zq4] of
polynomials in d variables x1, - - - , x4 with real coefficients. Then each element
A € M, (R[X]) is a matrix whose entries are polynomials from R[X], called
a polynomial matriz. Each element A € M, (R[X]) is also called a matriz
polynomial, because it can be viewed as a polynomial in xy,---, x4 whose
entries from M, (R). Namely, we can write A as

N
A= Z A X,
|a|]=0
where a = (a1, ,aq) € N, |a| := a1 + -+ ag, X* =225, A, €

M, (R), N is the maximum over all degree of entries of A. To unify notation,
throughout the paper each element of M, (R[X]) is called a polynomial matriz.
To every G C S, (R[X]) we associate the set

Kg := {z € RYG(z)= 0,VG € G}.
In particular, for a subset G of R[X],
Kg = {z € RYg(z) > 0,Yg € G}.

The following result of Cimpri¢ ([2]) shows that the set Kg can be determined
by scalars, i.e. by polynomials in R[X].

Lemma 2 ([2, Proposition 5]) Let G C S,(R[X]). Then there exists a
subset G of R[X]| with the following properties:

(1) Kg = Kg;

(2) (Mg)" € Mg;

(3) (Te)" € Tg.

Moreover, if G is finite then G can be chosen to be finite.

It is well-known that every symmetric scalar matrix A € S,(R) can be
diagonalized by an orthogonal matrix O € M, (R). For a polynomial matrix
A in S, (R[X]), it is in general no longer true, because the matrix O may have
rational entries (quotients of two polynomials in R[X]). However, Schmiidgen
([I4]) has showed that every symmetric polynomial matrix can be diagonalized
by an invertible matrix in M, (R[X]) with a quotient by a non-zero polynomial
in R[X]. Moreover, in some special cases (e.g. that symmetric polynomial is in
standard form), that invertible matrix can be chosen to be lower triangular.

Lemma 3 ([I4, Corollary 9]) Let A € S,(R[X]). Then there exist non-
zero polynomials b,d; € R[X], j =1,---,r, r < n, and matrices X, X_ €
M, (R[X]) such that

X X_=X_X; =0, bA=X,DX}, D=X_AXT,

where D is the n x n diagonal matriz D(dy,--- ,d;).
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This lemma deduces a matrix version of the theorem of Artin on Hilbert’s
seventeenth problem.

Corollary 1 ([14), Proposition 10], [4]) Let F € S,,(R[X]). Then the fol-
lowing are equivalent:

(1) F =0 (ie. F(x) 3= 0 for every x € RY);
(2) b*F € Y, R[X] for some non-zero polynomial b € R[X].

3 Krivine-Stengle’s Positivstellensatz for polynomial matrices

In this section we shall give a matrix version of Krivine-Stengle’s Positivstel-
lensatz (cf. [7], [16], [8, Positivstellensatz 2.2.1]). Let G = {Gq, - , G} C
S, (R[X]). Then by Lemma [2] there exists a subset G = {g1,--- , g} of R[X]
such that Kg = K¢ and (Tg)" C 7g. For diagonal polynomial matrices, we
have the following

Proposition 1 Let D = D(dy,--- ,d,), 7 < n, be an n X n diagonal matriz
in Sn(R[X]). Then

(1) D = 0 on Kg if and only if there exist diagonal matrices S and T whose
entries are in T such that SD =DS =1, + T.

(2) D = 0 on Kg if and only if there exist an integer m > 0 and diagonal
matrices S and T whose entries are in T such that SD = DS = D2™ 4+ T.

(3) D =0 on Kg if and only if there exist an integer m > 0 such that —D*™ &
(Te)".

(4) Kg =0 if and only if -1, € (Te)™.

Proof Note that in each of (1), (2), (3), (4), the "if" part is trivial. Therefore
we shall prove the "only if" part in these statements.

(1) Assume D > 0 on Kg. Then » = n and d; > 0 on Kg = K¢ for all
i=1,---,n. It follows from Krivine-Stengle’s Positivstellensatz that for each
i = 1,---,n, there exist s; and t; in T such that s;d; = 1 + ;. Then the
matrices S = D(s1,- -+, ;) and T = D(tq,--- ,t,) satisfy (1).

(2) Assume D > 0 on Kg. Then d; > 0 on Kg = K¢ foralli = 1,--- 7.
It follows from Krivine-Stengle’s Positivstellensatz that for each ¢ = 1,--- ,r,
there exist an integer m; > 0 and elements s; and ¢; in T such that s;d; =
d?mi + t;. Let m = max{m;,i = 1,--- ,r}. Then for every i = 1,--- ,r, we
have

(52N dy = B2 (4 d2TT).
Denote s'; = sidz(mfmi), t, = tid?(mfmi). Then S = D(s'y,---,$',) and

T =D(t'y, - ,t,) satisfy (2).

(3) Assume D =0on Kg. Thend; =0on Kg = Kg foralli =1,--- ,r. It fol-
lows from Krivine-Stengle’s Positivstellensatz that for each ¢ = 1,--- | r, there
exists an integer m; > 0 such that —d?m" € Tg. Then for m = max{m;,i =
1,---,7r} we have —d?™ € T for every i = 1,--- ,7. Then —D?™ € (Tg)" by
Remark [I1

(4) follows from Krivine-Stengle’ Positivstellensatz and Remark
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For arbitrary symmetric polynomial matrices, we have the following

Theorem 1 Let G C S, (R[X]), G C R[X], Kg, K¢, Tg and Tg be deter-
mined as above. Then for F € S, (R[X]), we have

(1) F = 0 on Kg if and only if there exist a matriz X_ € M, (R[X]) and
diagonal matrices S and T whose entries are in T such that S(X_FXT) =
(X_FXT)S=1I,+T.

(2) D =0 on Kg if and only if there exist an integer m > 0, a matriz X_ €
M, (R[X]) and diagonal matrices S and T whose entries are in T such
that S(X_FXT) = (X_FXT)S =D?" + T.

(8) D = 0 on Kg if and only if there exist an integer m > 0 and a matriz
X_ € M, (R[X]) such that —(X_FXT)?m ¢ (Tg)".

Proof By Lemma there exist non-zero polynomials b,d; € R X],j =1,---,r,
r < n, and a matrix X_ € M, (R[X]) such that X_FXT = D(dy,--- ,d,) =:
D. Note that F > 0 (resp. 3= 0, = 0) if and only if D > 0 (and r = n) (resp.
%= 0, = 0). Therefore the theorem follows from Proposition [I} applying for
D =X_FXT.

Remark 2 (1) Theorem [1| (1) gives a simpler representation of the positive
definite polynomial matrix F on Kg, comparing to the non-commutative
version of Krivine-Stengle’ Positivstellensatz given in [14] sections 4.2 and
4.4].

(2) In [2] the author has given a matrix version of Krivine-Stengle’s Positivstel-
lensatz without the matrix X _ in representation of F. He requires also S,
T € (Te)™, however they are in general not diagonal.

4 Schweighofer’s Positivstellensatz for polynomial matrices

In this section we give a matrix version of Schweighofer’s Positivstellensatz
([15]) which is recalled as follows. For a polynomial f € R[X] and a subset
S C R%, a real number y € R is called an asymptotic value of f on S if there
exists a sequence (g)geny € S such that kl;rglo l|zx|| = oo and kl;rlgo flzr) = v.

Denote by R (f,S) the set of all asymptotic values of f on S. Then we have
Theorem 2 ([15, Theorem 9]) Let G = {g1, - ,9m} C R[X], and f €
R[X]. Assume

(1) f>0 on Kg;
(2) f is bounded on Kq;
(3) Roo(f,K¢) is a finite subset of Ry.

Then f € Tg.
We give firstly a version of this theorem for diagonal polynomial matrices.
Proposition 2 Let G = {Gy,--- ,Gp} C Sp(R[X]) and D = D(dy,--- ,dy)

be an n x n diagonal matriz in S,(R[X]) with d; # 0 for every i =1,--- ,n.
Assume
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(1) D> 0 onKg;

(2) D is bounded on Kg (i.e. there exists a number N € Ry such that N -1, +
D =0 on Kg);

(8) For everyi=1,--- ,n, Ry(d;, Kg) is a finite subset of Ry.

Then there exists a finite subset G of R[X] such that D € (T¢)™ C Tg.

Proof By Lemma[2] there exists a finite subset G of R[X] such that Kg = K¢
and (Tg)™ C Tg. By hypothesis, for every i = 1,--- ,n we have

— d; >0on Kg;
— d; is bounded on K¢;
— Roo(d;, Kg) is a finite subset of Ry,

Then it follows from Theorem [2] that d; € T¢ for every i = 1,--- ,n. This
implies that D € (Tz)"™ by Remark

For arbitrary symmetric polynomial matrices we have the following
Theorem 3 Let G = {Gq, -+ ,Gp} C Sp(R[X]) and F € S, (R[X]). Assume

(1) F >0 on Kg;

(2) F is bounded on Kg (i.e. there exists a number N € Ry such that N-1,, £+
F =0 on Kg);

(3) for every x € R™\ {0}, Roo(xTFx,Kg) is a finite subset of R

Then there exist a finite subset G of R[X| and
(i) a matriz X_ € M,,(R[X]) such that X_FXT € (Tg)" C Tg;
(ii) a mon-zero polynomial b € R[X] such that b°F € (Tg)" C Tg.

Proof By Lemma there exist non-zero polynomials b,d; € R(X],j=1,---,r,
r < n, and matrices X;,X_ € M, (R[X]) such that

Xi X =X_X; =tI,, bWF=X,;DX! D=X_FXT,

where D = D(dy, - - ,d,) is the n xn diagonal polynomial matrix. Since F > 0
on Kg, r = n. Note that for every ¢ =1,--- ,n,

d;i =elDe; = (X_Te)TF(X_Te;), (1)
where e;, 1 = 1,--- ,n, are the coordinate vectors in R™. Since v; := X_Te; e

R™\ {0} and F > 0 on Kg, it follows that d; > 0 on K¢ for every i =1,--- ,n.
By (2) and in view of , for each ¢ = 1,--- ,n, we have

N(vlvi)+d; >0on Kg.

It follows that each d;, i = 1,--- , n, is bounded on Kg. Moreover, by (3) and
in view of (1)), Rso(d;, Kg) is a finite subset of Ry for each i = 1,--- ,n. Then
it follows from Proposition [2| that there exists a finite subset G of R[X] such
that D € (Tg)" C Tg, hence X_FXT € (Tg)", i.e. we have (i). Moreover,
since (Tg)™ is a quadratic module of M,,(R[X]), by definition we have b?F =
X DX € (Tg)™, i.e. we have (ii). The proof is complete.
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5 Archimedean quadratic modules

In this section we deal with Archimedean quadratic modules of polynomial
matrices. We recall the definition of Archimedean quadratic modules, and
show that the Archimedean property of a quadratic module M in R[X] is the
same as that of the quadratic module M™ in M,,(R[X]). Moreover, we also
show that the compactness of K¢ is equivalent to the Archimedean property
of the preordering 7g.

Definition 1 ([13], [14], [1]) Let M be a quadratic module in M, (R[X]).

(1) M is called Archimedean if for each element A € M, (R[X]) there exists
a number n € N such that n- I, — ATA € M.
(2) Denote

Hpg i= Hp (M, (R[X])) == {A € M, (RIX])|Fr € Ry : 7?1, —AT A € M}.

It is clear that the quadratic module M in M,,(R[X]) is Archimedean if and
only if Hypg = M, (R[X])). E| Moreover, H is a subring of M., (R[X]) (cf. [13}
Corollary 2.2], [I, Corollary 5]), and it is called the ring of bounded elements
of M,,(R[X]) with respect to the quadratic module M.

The following fact is useful and it is easy to check (cf. [13}, Lemma 2.1(ii)], [T}
Lemma 3]).

Lemma 4 Let M be a quadratic module in M, (R[X]). Then for any A €
S,(R[X]) and for any r € Ry, we have v* - I, — A2 € M if and only if
r-I,+A e M.

Similar to the case of polynomials (cf. [8 Corollary 5.2.4]), we can check
the Archimedean property of quadratic modules of polynomial matrices simply
as follows.

Proposition 3 Let M C M, (R[X]) be a quadratic module. Then the follow-
ing are equivalent:

(1) M is Archimedean.

(2) r-1, — Z‘Ll z? -1, € M for some positive real number r.

(8) r-I, £x; - I, € M for some positive real number .

Proof (1) = (2) is clear. If (2) holds, for each i =1,--- ,d we have

d
r~Infxf~In:(r~Ianm?-In)+Zx?oIn€M.
i=1 i

It follows from Lemma that /7L, +x;-I, € M foreveryi=1,--- ,d, i.e.
we have (3).

2 In this case, the ring M, (R[X]) is called algebraically bounded with respect to the
quadratic module M, cf. [13].
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To show (3) = (1), it suffices to prove that Hyy = M, (R[X]). Since
M, (R[X]) is generated as an R-algebra by x;,4 = 1,--- ,d, and the coor-
dinate matrices E;;,¢,j7 = 1,--- ,n, of M, (R), and since Hx, is closed under
addition and multiplication, it is enough to show that z; - I,, € Hq for every
i=1,---,dand E;; € Hyq for every 4,5 =1,--- ,n.

Since r-I,, £ xz; - I,, € M, it follows from Lemma that r2 -1, —2? -1, € M,
hence x; - I, € Hpq for every ¢ = 1,--- ,d. On the other hand, for every
i,7=1,---,n, we have EgE” = E;;. Therefore,

I, - ELE; = ZE{kEkk € M.
k£

It follows that E;; € Hp for every ¢,j = 1,--- ,n. The proof is complete.

Using this criterion we can show now the equivalence of the Archimedean
property of a quadratic module M in R[X] and the quadratic module M™ in
M (R[X]).

Proposition 4 Let M be a quadratic module in R[X]. Then M is Archimedean
if and only if M™ is an Archimedean quadratic module in M, (R[X]).

Proof The "only if" part follows easily from the usual criterion for Archimedean
property of quadratic modules in R[X] (cf. [8, Corollary 5.2.4]) and Proposi-
tion [3] Now we prove the "if" part.

Assume M™ is Archimedean. Then it follows from Proposition [3|that for every
i=1,---,d, we have r -1, £ ;- I, € M™ for some r € R;. Then we can write

(rtaz) L,=r-I,+2,-1I, = ijAfAj,Where m; € M,A; € M, (R[X]).

Jj=1

Note that Tr(ATA;) € Y, R[X]? for each j = 1,--- ,m. Then for every i =
1,---,d we have

)

1 1« T
rta; = %Tr((r +;)-1,) = ﬁijTr(Aj Aj) e M.

j=1
Hence M is Archimedean (cf. [8] Corollary 5.2.4]).

It is well-known that the compactness of the basic semi-algebraic set K C R,
G C R[X], is equivalent to the Archimedean property of the preordering T¢ in
R[X] (cf. [8 Theorem 6.1.1]). For polynomial matrices we have also the same
result.

Proposition 5 Let G C S, (R[X]). Then Kg is compact if and only if Tg is
Archimedean.
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Proof Assume 7Tg is Archimedean. It follows from Proposition [3| that there
exists a number » € R, such that r - I, — 2?21 z? -1, € Tg. This implies
r-I, —Z;j:l 2?1, %= 0 on Kg. Then for any point p = (p1,--- ,pa) € Kg, we
have r — Z?zlpf >0, i.e., ||p]] < /r. It follows that Kg is bounded, whence
compact.

Conversely, assume that K¢ is compact. By Lemmal 2] there exists a subset
G of R[X] such that Kg = K¢ and (T¢)™ C Tg. Then K¢ is compact. It follows
that T is an Archimedean quadratic module in R[X] (cf. [8, Theorem 6.1.1]).
Then (Tg)"™ € M, (R[X]) is Archimedean by Proposition 4| This implies that
Ts 2 (Tg)™ is Archimedean.

Remark 3 For any G C S, (R[X]), since Mg C Tg, if Mg is Archimedean then
Tg is Archimedean, hence Kg is compact by Proposition [5] The converse is
in general not true, even for polynomials (i.e. for n = 1). A natural question,
like Putinar’s question for polynomials (cf. [8, Chapter 7]), is that in which
cases the compactness of Kg implies the Archimedean property of Mg? For
univariate polynomial matrices, we have a confirmation.

Proposition 6 Let R[t] be the ring of polynomial in one variable t with real
coefficients. Then, for a finite set G C S, (R[t]), if Kg is compact then Mg is
Archimedean.

Proof By the same argument as given in the proof of the "only if" part of
Proposition using [8, Theorem 7.1.2] instead of [8, Theorem 6.1.1], we obtain
the result.

For multivariate polynomial matrices (i.e. for d > 2), the compactness of Kg is
in general not sufficient to deduce the Archimedean property of Mg. It is even
not true for the case of multivariate polynomials (i.e. for d > 2 and n = 1),
see, for example, Jacobi-Prestel’s counterexample (cf. [5, Example 4.6]).

6 Local-global principle and Hessian conditions for polynomial
matrices

For a set G and a polynomial matrix F in S,(R[X]), it is obvious that if
F € 75 (resp. F € Mg) then F = 0 on Kg. The converse is true only in some
special cases. For example, if Kg is compact (equivalently, Tg is Archimedean
by Proposition (resp. if Mg is Archimedean) and F - 0 on K¢ then F € Tg
(resp. F € Mg). This is a matrix version of Schmiidgen’s Positivstellensatz,
see, for example [3] (resp. Putinar’s Positivstellensatz, see, for example [11] or
).

In the case where K¢ is not compact, we have given in section 4 some special
conditions for F = 0 to ensure that X _FXT or b°F belongs to 7. If F vanishes
at some points in Kg, we need some conditions at these zeros to ensure for
F belonging to 7g or Mg. In the polynomial case (i.e. n = 1), one of the
well-known criterion for f > 0 on K¢ to be in T (resp. M) is the Hessian
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criterion of Scheiderer (cf. [9], [10] or [8, section 9.5]), and to prove it, he used
his local-global principle (cf. [9] or [8, section 9.2]). Moreover, Marshall ([8])
has given boundary Hessian conditions for f to ensure that f € Mg whenever
it is non-negative on K. Therefore, in this section we give a matrix version
of the local-global principle of Scheiderer, Scheiderer’s Hessian criterion and
the boundary Hessian conditions of Marshall.

6.1 Local-global principle for polynomial matrices

First we recall Scheiderer’s local-global principle.

Theorem 4 ([9], [8, Theorem 9.2.1]) Let G = {g1, - ,gm} C R[X] and

f e R[X]. Assume

(1) K¢ is compact;

(2) f>0 on Kg, and f has only finitely many zeros in K¢;

(8) at each zero p of f in K¢, [ € (Tg)p C R[[X — p|], the preordering of
R[[X — p]] generated by G.

Then f € Tg.
For any subset G = {G1, - ,Gn} of Sp(R[X]), by Lemma [2] there exists a

finite subset G of R[X] such that Kg = K¢ and (Tg)™ C Tg. We firstly give
a local-global principle for diagonal polynomial matrices.

Proposition 7 Let G = {G1,--- ,Gpn} C SL(R[X]) and G C R[X] as above.
Let D = D(dy,--+,d;), r < n, be an n X n diagonal polynomial matriz in

Sn(R[X]). Assume

(1) Kg is compact;

(2) D >0 on Kg, and each d; has only finitely many zeros in Kg;
(3) at each zero p of each d; in Kg, d; € (Ta), C R[[X — p]].

Then D € (Tg)™ C Tg.

Proof Theorem [ applying for each d;, implies that each d; belongs to Tg.
Then D € (T;)" C Tg by Remark I}

For arbitrary polynomial matrices, we have the following
Theorem 5 Let G = {G1, -+ ,Gpn} C Sp(R[X]) and G C R[X] as above. Let
F € S, (R[X]). Assume

(1) Kg is compact;

(2) F =0 onKg;

(8) for each x € R"\ {0}, xTFx has only finitely many zeros in Kg;

(4) for each x € R™\ {0} and for each zero p of x'Fx in Kg, x  Fx belongs
to (Ta)p < R[[X —p]].

Then
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(i) there exists a matriz X_ € M, (R[X]) such that X_FXT € (Tg)"
(ii) there exists a non-zero polynomial b € R[X] such that b*F € (Tg)"

)

Sial

-
C

Proof By Lemma there exist non-zero polynomials b, d; € R[X],j =1,--- ,r,
r < n, and matrices X;,X_ € M, (R[X]) such that

X, X_ =X_X, =0, VF=X,DX' D=X_FX7T,

where D = D(dy, - ,d,) is the n x n diagonal polynomial matrix. Note that
forevery i =1,--- |7,

d;i =elDe; = (X_Te;))TF(X_Te;). (2)

Since v; := X_Te; € R*\ {0} and F 3= 0 on Kg, it follows that d; > 0 on Kg
for every i =1,--- 7.

By (3) and in view of (2), each d; has only finitely many zeros in Kg.
By (4) and in view of , at each zero p of d; in K¢, d; € (@)p. It follows
from Propositionthat D € (Tg)", hence X_FXT € (Tg)", i.e. we have (i).
Moreover, since (Tg)™ is a quadratic module of M,,(R[X]), by definition we
have b?F = X DX? € (T¢)", i.e. we have (ii). The proof is complete.

6.2 Hessian criterion for polynomial matrices

We recall firstly Scheiderer’s Hessian criterion for polynomials in R[X].

Theorem 6 ([9, Example 3.18],[10, Corollary 3.6]) LetG = {g1, - ,gm}
be a subset of RIX]| and f € R[X]. Assume

(1) K¢ is compact (resp. the quadratic module M¢ is Archimedean);

(2) f>0on Kg;

(8) [ has only finitely many zeros in K and all of them are in the interior of
KG;

(4) at each zero p of f in Kg, the Hessian D?f(p) of f at p is positive definite.

Then f € T (resp. f € Mg).

Remark 4 (1) Condition (3) in Theorem [6] requires each zero p of f in K¢
must be in the interior of K¢, then it follows that p is a local minimum
of fin Kg. Therefore, for a Taylor expansion of f in a neighborhood of p,
f=Hh+fHi+tfot--€ R[[X pl]], we have fo = fi1 = 0. Moreover, this
condition implies that (Tg) =Y R[[X —p]]%

(2) The Hessian condition of f at p in Theorern |§| implies that in the Tay-
lor expansion of f in a neighborhood of p, the quadratic form f; can be
written as 2% + --- + xﬁ (after changing coordinates). Then by some spe-
cial techniques and using Local-global principle (Theorem , we have the
conclusion for 1.

Like in previous sections, we fist give a result for diagonal polynomial matrices.
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Proposition 8 Let G = {G1, -+ ,Gp} C Sp(R[X]) and G C R[X] as in
Lemma @ Let D = D(dy,--- ,d,), r < mn, be an n x n diagonal polynomial
matriz in S, (R[X]). Assume

(1) Kg is compact (resp. Mg is Archimedean);

(2) D>0 onKg;

(8) each d; has only finitely many zeros in Kg, and all of them lie in the
interior of Kg;

(4) at each zero p of each d; in Kg, the Hessian D?d;(p) is positive definite.

Then D € (Tg)™ C Tg (resp. D € (Mg)™ C Mg).

Proof Theorem [0 applying for each d;, implies that each d; belongs to T
(resp. Mg). Then D € (T;)" (vesp. D € (Mg)"™) by Remark [1]

For arbitrary polynomial matrices we have the following

Theorem 7 Let G = {G1, -+ ,Gpn} C Sp(R[X]) and G C R[X] as in Lemma
(4 Let F € S, (R[X]). Assume

(1) Kg is compact (resp. M¢ is Archimedean);

(2) F =0 on Kg;

(3) for each x € R™\ {0}, xTFx has only finitely many zeros in Kg and each
zero lies in the interior of Kg;

(4) for each x € R™\ {0} and for each zero p of x'Fx in Kg, the Hessian
D? (XTFX) (p) is positive definite.

Then

(i) there exists a matriz X_ € M, (R[X]) such that X_FXT € (Tg)" C Tg
(resp. X_FXT € (Mg)" C Mg);

(ii) there exists a non-zero polynomial b € R[X] such that b®F € (Tg)" C Tg
(resp. b®F € (Mg)™ C Mg).

Proof By a similar argument to the one given in the proof of Theorem ] using
Proposition [§] we have the proof.

6.3 Boundary Hessian conditions for polynomial matrices

Let us recall the boundary Hessian conditions of a polynomial at a point,
which is defined by Marshall (cf. [8, section 9.5]). Let G C R[X] and f €
R[X]. We say that f satisfies the boundary Hessian conditions (BHC) at a
point p € Kg with respect to t1,--- ,tx, 1 < k < d, which are part of a
system of uniformizing parameters ¢, - ,t4 at p, if p is a non-singular point
of R, and in the completion R[[t1,--- ,t4]] of R[X] at p, f decomposes as
f=fo+ fi+ fo+--- (where f; is homogeneous of degree j in the variables
ty,--- ,tq with coefficients in R), f1 = a1t;+- -+ apte, a; >0fori=1,--- |k,
and the quadratic form fo(0,---,0,tg41, - ,tq) is positive definite. If k = 0
then these are precisely the Hessian conditions mentioned in Theorem |§| (3),

(4).
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Theorem 8 ([8, Theorem 9.5.3]) Let G C R[X] and f € R[X]. Assume

(1) Mg is Archimedean;

(2) f>0on Kg;

(3) each zero p of f in Kg is a non-singular point of R, and there exist
g1, g € Mg, 1 < k < d, which are part of a system of uniformizing
parameters at p such that f satisfies BHC with respect to g1, ,gr at p.

Then f € Mg.
Note that in this theorem G is an arbitrary subset of R[X], not necessarily

finite. Using this theorem, we have the following boundary Hessian criterion
for diagonal polynomial matrices.

Proposition 9 Let G C S, (R[X]) and G C R[X] as in Lemma[d Let D =
D(dy,--- ,d;), r < n, be an n x n diagonal polynomial matriz in S,(R[X]).
Assume

(1) Mg is Archimedean;

(2) D>0 on Kg;

(3) each zero p of each d; in Kg is a non-singular point of RY, and there exist
Giv, 9 € Mg, 1 <k < d, which are part of a system of uniformizing
parameters at p such that d; satisfies BHC with respect to gi,, - , i, at
p.

Then D € (Mg)™ C Mg.

Proof The result follows from Theorem [8] applying for each d; € R[X], and
Remark [I1

By a similar argument to the one given in the proof of Theorem [5| using
Proposition [9] we obtain the following

Theorem 9 Let G C S,(R[X]) and G C R[X]| as in Lemma[g Let F €
Sn(R[X]). Assume

(1) Mg is Archimedean;

(2) F =0 on Kg;

(3) for each x € R™\ {0}, each zero p of the polynomial xT Fx in Kg is a non-
singular point of R?, and there exist g, --gr € Mg, 1 < k < d, which are
part of a system of uniformizing parameters at p such that x? Fx satisfies
BHC with respect to g1,--- ,gx at p.

Then

(i) there exists a matriz X_ € M, (R[X]) such that X _FXT € (Mg)" C Mg;
(ii) there exists a non-zero polynomial b € R[X] such that b®F € (Mg)" C Mg.
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