Metric subregularity of multifunctions and
applications *
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Abstract. The metric subregularity of multifunctions is a key notion in Variational
Analysis and Optimization. In this paper, we establish firstly a cretirion for met-
ric subregularity of multifunctions between metric spaces, by using the strong slope.
Next, we use a combination of abstract coderivatives and contingent derivatives to
derive verifiable first order conditions ensuring the metric subregularity of multifunc-
tions between Banach spaces. By using second order approximations of convex multi-
functions, we establish a second order condition for the metric subregularity of mixed
smooth-convex constraint systems, which generalizes a result established recently by
Gfrerer in [7].
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1 Introduction

Let FF : X = Y be a multifunction between metric spaces X and Y, which are
endowed with metrics both denoted by d(-,-). Recall that the mapping F is said to
be metrically reqular at some T € X with respect to § € F(Z) if there exist 7 > 0 and
a neighborhood U x V of (Z, %) such that

d(z, F~*(y)) < 7d(y, F(x)) forall (x,y9) €U x V. (1)

Where, we use the standard notation d(z,C) = inf,cc d(x, z), with the convention
that d(z,C') = 400 whenever C is empty, and B(z, ) stands for the ball centered at
x with radius r.

According to the long history of metric regularity there is an abundant literature
on conditions ensuring this property. This concept goes back to the surjectivity of a
linear continuous mapping in the Banach Open Mapping Theorem and to its extension
to nonlinear operators known as the Lyusternik & Graves Theorem ([21], [14], see also
[8] and [11]).

A weaker poperty of metric regularity, called metric subregularity, where the in-
equality (1) should hold only for fixed g, i.e., the set-valued mapping F' is said to be
metrically subregular at & with respect to § € F(z) (or, shortly at (z,y) € gph F) if
there exist 7 > 0 and a neighborhood U of Z such that

d(z, F7Y(9)) < 7d(y, F(z)) forall z¢€U. (2)

When F' is metrically regular at (Z,9) and F~1(j) = {Z}, we say that F is strongly
metrically reqular at (Z,y). The metric subregularity of F' at (z,¥) is equivalent to

the calmness of the inverse mapping F~! : Y = X at (,7) in the following sense:
There exist 7 > 0 and a neighborhood U x V of (Z, ) such that

e(F M y) NU,F(y)) < 7d(y, 1),
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where e(Q, P) denotes the excess of Q to P,

e(P,Q):=inf{e >0: Q C B(P,e)}, B(Pe):={zxeX: d(z,P)<e}.

This metric subregularity, which is closely related to the error bound property,
plays a crucial role to study constrained optimization problems for which the con-
straints can be formulated in an inclusion associated to a set-valued mapping F' :
0 € F(x). Recently, This property ’is founded’? a large range of applications in dif-
ferent areas of Variational Analysis as well as Optimization, such as for example, the
theory of optimality conditions; the subdifferential theory, penalty methods in math-
ematical progamming; the convergence analysis of algorithms for solving equations
or inclusions (see, e.g., [6], [16], [17], [19], [24], [32]). Recently, in [7], Gfrerer has
established a first order point-based criteria for the metric subregularity of set-valued
mapping. This characterization is based on the so-called limit set critical for metric
subregularity. Then, the author has given a second order characterization for smooth
constraint systems of the form:

0€g(z)—-C, (3)

where, g : X — Y is a C'— mapping and C' C Y is a closed convex set.

By using the strong slope, the first purpose is to establish a criterion for the metric
subregularity of multifunctions acting on metric spaces. Based on this characteriza-
tion, we then give a point-based first order sufficient condition based on the abstract
coderivative for metric subregularity, that is sharper than the one established in [7].
We also show that, for mixed smooth-convex constraint systems:

0€g(x) — F(x), (4)

where, g : X — Y is a C' —mapping and F : X =2 Y is a closed convex multifunction,
this sufficient condition is actually a necessary condition. Secondly, we give a second
order condition for metric subregularity of mixed smooth-convex system (4). This
second order condition is based on second order approximations of convex multifunc-
tions, and it generalizes the one in [7].

2 Metric subregularity on metric spaces

Let X,Y be metric spaces and let F': X = Y be a closed multifunction between X
and Y. For a given (Z,§) € gph F, consider the following inclusion :

Find x € X such that § € F(x). (5)
Denote by S the solution set of inclusion (5), i.e.,
S=F1y) ={reX: geF()} (6)

In general, the distance function from ¢ to F(z) does not lower semicontinuous.
Instead of it, we use its lower semicontinuous envelope function ¢ : X — X defined
by

o(x) :=liminfd(g, F(u)), =€ X. (7)

uU—x

Obviuously, one has
S={zreX: px)=0},

and the metric subregularity of F' at (z,¢) is equivalent to the error bound property
of the function ¢ at z, that is, there exist 7 > 0 and § > 0 such that

d(z,S) < T1p(x) forall z € B(Z,J). (8)



Recall from De Giorgi, Marino & Tosques [9], that the strong slope |V|p(x) of the
function ¢ at € Dom ¢ is the quantity defined by |V]p|(z) = 0 if = is a local
minimum of ¢, and

. p(z) — oY)
V0|p(z) = limsup ——F———=—=,
| |§O( ) Y—T,YFx d($7 y)

otherwise. For x ¢ Dom ¢, we set |V|p(x) = +o00.
For a locally Lipschitz mapping h: X — Y at & € X, we use the notation lip (h, Z)
to denote the Lipschitz modulus of h at Z, that is,

lip (h, ) := 131;11? W_

Theorem 1 Let X be a completed metric space and let Y be a metric space. Let
F: X 3Y be a closed multifunction and let be given (Z,7) € gph F.

(i). For any x ¢ S = F~1(y), one has
m(z)d(z,S) < p(z). 9)

Here the quantity m(x) is defined by

o d(z,z) < (1 —¢)d(z,9),
m) = It 1VOIG)) <plo), i < s o (0
As a result, if
liminf |V]p(z) :==m >0, (11)
T—T, ¢S
dfu(:i%)‘m
then there exist T > 0 and § > 0 such that
d(z,S) < 1p(z) for allz € B(Z,0).
That is, F is metrically subregular at (T, 7).
(ii). Assume thatY is a Banach space. If
liminf |V|p(z) =0, (12)
T—T, ¢S
(’g(m,) —0
d(z,z)

then there exists a locally Lipschitz mapping h : X — 'Y with h(Z) = 0; lip(h,T) = 0
such that F + h fails to be metrically subregular at (ZT,7).

Proof. (i). Given z ¢ S, since ¢ is nonnegative on the whole space, then

pla) < inf o(u) +p(2).

By the Ekeland variational principle, for any € € (0,1), we can find z € X such that

d(w,2) < (1 - )d(z,S), 9(2) < p(o);
w(z) < p(u) + %d(z,u) Yu € X.

The later relation follows that

and



Therefore, one obtains inequality (9), by the definition of m(x).

For the second part, suppose that (11) is satisfied. For a given k € (m~1, +00),
there exists § > 0 such that

IVig(z) > 7! forall z€ B(z,0)\S; dfz(zi) <. (13)

Let z € B(%,9/2) be given. If p(z)/d(z,Z) > §, then
d(z,S) < d(x,z) < p(z)/0.

Suppose that ¢(z)/d(z,Z) < §. For e > 0 sufficiently small, and for all z € X satisfying

. v(z) o(x)
d(z,5) < (1 - e)d(z, S); S U-o@s)

one has

z € B(z,0)\ S and d((pz(fa)c) < 4.

By the definition of m(x), one has m(z) > m. Hence , by setting 7 := max{x, 51},
one obtains
d(z,S) < 1p(x) forall xe€ B(z,0/2),

which completes the proof of the first part .
(3). Suppose now (12) is verified. We can find a sequence {z,} C X satisfying

Tn = T; §&F(zn); pl@n)/||len —Z| < n~2 and IVip(z,) < n_1/4 Vn.

Set t,, := d(x,, ), and by pick subsequences if necessary, we can assume that ¢,41 <

Lo for all n. For each n, there exists p, with p, € (0,£2) and p, < ne(z,)/2 such
that a( )
1‘7I'n.

plan) — (@) < W e € B, p). (14)

For each index n, by the definition of the semicontinuous envelope ¢, we can find
Up € B(xn, pn/2) and v, € F(u,) such that

pn

Yy — nil — n P 15
15— vl — )| < 22 (15)
Then by (14), one has
— — p’n d(fl}',xn)
> |7 — vl = B2 = :
d(y, F(x)) > ||y — val| in n for all « € B(zy, pn) (16)

Let h: X — Y be a mapping defined by

- — — pn(vn - y)
h(z) = Z —max{1 — 2t 'd(z,u,),0}> <vn -y - ) .
= nlvn =9l

Since Y is assumed to be a Banach space, and

32 max(1 - 245 (e, ,), 02 [, — 7 - 252D
S (lvn = gl = pn/2n) < 302 tan™? < o,

then h is well defined on the whole space X.

(17)

For each n, for all © € B(uy, pn/2), and for any index k # n, if k£ > n then

d(z,u) > d(Z,xy,) — d(Z, x) — d(x, x0) — d(Tk, k) > tn — te — pn — /2 > te/2;



otherwise, similarly one also has
d(x,ur) >ty —tn — pn — pr/2 > tr/2.
Consequently,

2t 'd(w,up) > 1 for allk #n; allz € B(ug, pr/2).

h(z) = — max{1—2t, d(z,u,),0}* <vn -y - [M) for all x € B(un, pn/2);

moreover, h(Z) = 0, by the definition of (¢,). It implies that
Ay, F(un) + h(un)) < |5 = vn = h(un)|| = pn/n- (18)
On the other hand, for any « € B(uy, d,/2), by relations (15) and (16), one has
A(G, F(z) + h() > (G, F@) — [h@)]| = pu/n — pu/An — d(z, 2,)/4n > po/2n > 0.

This shows that # ¢ F~1(y) for all x € B(un, pn/2), that is, d(un, F~X(y)) > pn/2.
This together with relation (18) shows that F + h is not metrically regular at (T, 7).

To complete the proof, we demonstrate that h is locally Lipschitz at Z with
lip (h, Z) = 0. Let £ > 0 be arbitrarily given. Since > oo t. v, — gl < >0 n72 <
00, then there exists an index N such that > 2 . |t} ||v, | < /4. By noting he func-
tions 2t,,1d(-, u,) are Lipschitz with modulus 2¢,;!, respectively, and 2¢,, 1d(Z, u,) > 1,
for all n, we can find § > 0 such that for all n =1,...,N, all z,y € B(&,¢), one has

|max{l — 2t d(z, u,), 0} — max{1 — 2t d(y, un), 0}%| < %d(x,y).
Therefore, we have the follwing estimates

Ih(z) = h(y)l| < 3oy |max{l — 2t;'d(z, un), 0}* — max{1 — 2t;1d(y, un), 0}2||v, — g+
+ ZZOZNH | max{1 — 2t td(z,u,),0}% — max{1 — 2t_L1d(y, u,), 0}?|||v. — 7|
< ed(z,y)/2 +2d(2,y) X0  nyr B Hlon — 9l < ed(z,y).

As ¢ is arbitrarily small, we conclude lip (h,Z) = 0. The proof is completed. (]

3 First order characterizations of the metric sub-
regularity

Let X be a Banach space. We use the symbol d to denote any abstract subdifferentials,
that is any set-valued mapping which associates to every function defined on X and
every x € X the set 9f(x) C X* (possibly empty), in such a way that

(C1) If f: X - RU{+o0} is a L.s.c convex function, then df coincides with the
Fenchel-Moreau-Rockafellar subdifferential:

Of (x) :={z" € X" : (2" y —x) < f(y) — f(x) Vye X}

(C2) Of(x) = 9g(z) if f(y) = g(y) for all y in a neighborhood of z.

(C3) Let f: X - RU{+0c0} be a ls.c function and g : X — R be convex and
Lipschitz. If f + g attains a local minimum at zg, then for any € > 0, there exist
x1,T2 € xo + eBx, x7 € 0f(x1), x5 € Jg(x2), such that |f(x1) — f(zo)] < € and
27 + 5] <e.

It is well known that the class of abstract subdifferentials includes Fréchet subd-
ifferentials in Asplund spaces, viscosity subdifferentials in smooth Banach spaces as



well as the Ioffe and the Clarke-Rockafellar subdifferentials in Banach spaces. For a
closed subset C of X, the normal cone to C' with respect to a subdifferential operator
0 at © € C is defined by Ny(C,z) = 0dc(z), where d¢ is the indicator function of C
given by dc(x) = 0 if € C and d¢(x) = 400 otherwise and we assume here that
0dc(x) is a cone for any closed subset C' of X.

Let X, Y be Banach spaces, and let 9 be a subdifferential on X xY. Let F: X = Y
be a closed multifunction (graph-closed) and let (Z,y) € gphF. The multifunction
D*F(z,y) : Y* = X* defined by

D*F(z,9)(y*) = {«" € X*: (2", —y") € No(gphF, (z,9))}
is called the d—coderivative of F at (Z,7).

Let FF : X = Y be a closed multifunction and as above, for given (Z,7y) €
gph F, denote by ¢(z), x € X the lower semicontinuous envelope of the function
x— d(g, F(z)), and set

m:= liminf |V]p(x), (19)
T—T, x¢S

dq(;L(ISZ) —0

We next establish a characterization of the metric subregularity by using abstract
coderivatives of multifunctions.

Theorem 2 Let X,Y be Banach spaces and let O is a subdifferential operator on
X x Y. Suppose that F' : X =Y be a closed multifunction between X and Y. For
given (Z,y) € gph F, if

(T + tu,y + tv) € gphF, z* € D*F(Z + tu,y + tv)(y*), ||ly*]| =1,

Jiminf inf ¢ {2 - ull =1, 2 +tu ¢ F~1(y), tlo]| < (1+n)d(y, F(Z + tu)), >0,
O [(y*,0) = [lo]l] < nllv]|
(20)

then F is metrically subregular at (Z, 7).

This theorem follows directly from Theorem 1 and the following lemma, which gives
an estimation for the quatity m by using the abstract subdifferential operator on
X xY.

Lemma 3 Let 0 be a subdifferential on X x Y. Then one has

(T +tu,§+ tv) € gphF, z* € D*F(z + tu, g + tv)(y*), ||lv*|| =1,

m> lminf inf < 2*]: lull =1, 2+ tug F(g), tlo] < (1 +n)d(y, F(@ + tu),
g (™ v) = [lolll < nllo]

(21)

Proof. Let {x,} € X be such that

Tp = T, Ty & F*I(gj), lim M

n=oe |z, — I

=0, and ILm IVIe(, y)(zy) :=m.

Take a sequence of positives (e,,) such that €, € (0, ¢(z,)) and €, /p(x,) — 0. Then
for each n, there is 1, € (0,&,) with 29, + &, < ¢(x,)) and 1 — (m + &, +2)n, >0
such that d(g, F(z)) > ¢(xn)(1 — €n), Vz € B(xy, 4n,) and

p(en) — o(2)

m-+ e, >
|zn — 2|l

for all z € B(zy,nn)-

Equivalently,

p(rn) < @(2) + (m+en)llz — @l for all 2 € By, 1n).



Take z, € B(xpn,n2/4), w, € F(z,) such that ||§ — w,|| < ¢(z,) + n2/4. Then,
17— wnll < ¢(2) + (m +en)llz = @nll + 17 /4 ¥z € Bz, m0)-
Therefore,
17 =wnll < [F=wl+8gph (2, w)+(mten)lo=zn |+ (mten+1)nn /4 V(z,w) € B, 1) xY.
By applying the Ekeland variational principle to the function
(2,0) 1 11§ = W] + Sy, 0) + (m + )2 = 2

on B(zn,n,) x Y, we can select (2}, w}) € (2n, wn) + L Bxxy with (2}, w}) € gphF
such that
ly = wall < lly = wall(< @(wn) +0°/4); (22)

and that the function

(zw) 5 [l — w] + 3,

phr (W) + (m+ )|z —ull + (m + e+ 1)l (z,w) — (2, wy)|
attains a minimum on B(z,,7,) X Y at (z},w?). Hence, by (C3), we can find
wy, € By (wy,0n); (20, wn) € Bxoey (2, wy,), 1) N gphF;
wy €0y —-ll(wp); (27, —wy") € N(gphPF, (2, w,))
satisfying
lwi —wi | < (m+en+2)mn and |27 Sm et (mten+2)ma. (23)

Since wy* € 0|ly — +[|(wy;) (note that ||y — will > [|§ — wnll = [|wj — wall =
o(zn) — €n — 21, > 0), then ||w2*|| = 1 and (w2*, w2 — §) = ||J — va||. Thus, from the
first relation in (23), it follows that

lwp” [l = [lwg* [l = (m+ e + 2)i0 = 1 = (M + € + 2)10n;

[w || < w2 || + (m + en + 2)np = 1+ (m + &5 + 2)1.

Set
tn=llzn — 2l un = (25 = 2)/tn; vn = (W) —§)/tn,
and
Yn = wy Nwp [y @, =237/ wy" .
Since

o(wn) —en < d(T, F(7 + toun)) < tullva| < (|7 — w}z” + 10 < () + 7772L/4 + Mnj
and
tn = llzp — Zl| = |lon — 2| — lw) — x|l > |z — Z)| — 07 /4 — 300 /4,

then )
(Tn) + 00 /4+ 00
n = Z| = n3/4 = 3n./4

As o(xn)/||xn — Z|| — 0 as well as 1, /w(x,) — 0, one obtains

<
||'UnH — Hx

lim v, = 0. (24)

n—oo

Next one has z¥ € D*F (T + tpun, § + thv,)(y)) with ||y|| = 1 and by the second
relation of (23), one derives that

m+5n+(m+5n+2)nn
1—(m+en+2)n,

b= Nl 11/ llwp” || < (25)



On the other hand,

2k 2 — 2% 3 2 3k 2% 3 -
* — <w'n, !wn7y>+<wn 3wn7wn>+<wn —w, 7w77,7y>
ty <yn, Un> = [w3=]|
> Hg_wi”_Q'Vln_(m"'fn""g)nnHg_will > (A—=(m+e+2)nn)tn l|vnll =310
= 14+(m+en+2)n, = 1—(m+e+2)n, .

Hence,
2(m + en + 2)0n||vnll + 30

. yUn) — ||Un S 26
0} = o < 2 2D el 25 (26)
Since &, /¢(x,) — 0 and n,, € (0,&,), and
T Tn
< — 0 as n — o0,
tavn — @(Tn) —ma /4 — 2,
by combining relations (24), (25), (26), we complete the proof. O

Let us recall from [7] the notion of limit set critical for metric subregularity of
a set-valued mapping. The definition in [7] is stated for the Frechét subdifferential,
however it is also valid for any subdifferential operator.

Definition 4 Let XY be Banach spaces and let 0 is a subdifferential operator on
XXY. Let F: X =Y be a closed multifunction. For a given (T,y) € gph F, the limit
set critical for metric subregularity of F at (Z,q) denote by CrF(Z,y) is defined as the
set of all (v,x*) € Y x X* such that there exist sequences (ty,) | 0, (vn,zk) — (v, z*),
(Un,y) € Sx X Sy~ with x}, € D*F(T + tpun,§ + thvn)(y)). Where, Sx stands for
the unit sphere in X.

In [7], the author has established that (0,0) ¢ CrF(z,y) is a sufficient condition for
the metric subregularity of F' at (Z, ). Theorem 2 permit us to obtain a sufficient
condition which is weaker the one mentioned in [7] . We present a strict version of
Definition 4.

Definition 5 For a closed multifunction F : X =Y and (Z,y) € gph F, the strict
limit set of critical for the metric subreqularity of F at (Z,y) denote by SCrF(z,y)
is defined as the set of all (v,x*) € Y x X* such that there exist sequences (t,) | 0,
(vn,xk) = (v,2%), (un,y:) € Sx X Sy~ with & € D*F(T + tpun,§ + tnvn)(yl),
g ¢ F(Z + thu,) (Yn), and Wastn) g

llonl

Obviously, SCrF(Z,§) C CrF(Z, ). Theorem 2 yields immediately the following corol-
lary.

Corollary 6 Let X,Y be Banach spaces and let O be a subdifferential operator on
X XxY. Let FF: X Y be a closed multifunction between X and Y and let (Z,7y) €
gph F. If (0,0) ¢ SCrF(z,y) then F is metrically subregular at (Z,7).

Let us consider the mixed smooth- convex inclusion of the form:
0 € g(x) — F(z) = G(x), (27)

where g : X — Y is a mapping of C* class around 7 € G71(0); F : X =2 Y is a closed
convex multifunction. In this case, the condition (0,0) ¢ SCrG(Z, 0) is also a necessary
condition for the metric subregularity, as showed in the following proposition.

Proposition 7 With the assumptions as above, the multifunction G := g — F is
metrically regular at (z,0) if and only if (0,0) ¢ SCrG(z,0).



Proof. Tt suffices to prove the necessary part. Suppose that G is metrically subregular
at (Z,0). There are 7 > 0, 6 > 0 such that

d(z,G~Y(9)) < rd(§, F(z)) Yz € B(z,0) (28)

Take e € (0,771), since g is of C class around Z, there is, say the same § as above,
such that

lg(z1) — g(w2) — Dg(w1) (w1 — 22)|| < €l|z1 — 22| Va1, 22 € B(Z,6).  (29)

Let sequences (tn), (un), (vn), (z3), (y);) such that (¢,) | 0; (un,¥)) € Sx X Sy~;
7} € D*G(T + tutin, § + tnvn) (43); § ¢ G(T + tun) (¥0); (v,) — 0 and Lol — 1,
We will prove that (%) does not converge to 0. Indeed, pick a sequence (g,,) J 0 with
Tn(1 4 &n) < §/2, by assuming without loss of generality ¢, € (0,0/2), for each n,
there exists z, € G71(¢) such that

lzn — T — thun|| < 7(1 + £,)d(7, G(T + thun)) < 7(1 4+ n)tnl|vn]l- (30)

Consequently, z, € B(Z,0), for all n. By the standard sum rule for the coderivative
(see, e.g., [22]),

2y = Dg(T + thu,) (yh) + 25, with 2z} € D*F(Z + tpun, 9(T + thtn) — trvn) (Y ).
Since F' is a convex multifunction, then
(zh,2 =T —tpun) + (yn, w — g(T + thun) + thvy) <0 VY(z,w) € gph F.

By taking (z,w) := (25, g(2,)) into account , one has
(xf, Tt+tnun—2n) > =yl g(T+tnun)—g(2) — Dg(T+tnun ) (T+tntn—20)) (Yl , vn)-
Therefore, from relations (29), (30), one obtains

T+ en)tnllonllllanll = (27, 20 = T = tnun) 2 tn(yp, vn) — e7(1 4 €n)tnllon].
This follows that liminf, . ||z}|| > (1 — 7¢) > 0, which ends the proof. O

For this smooth-convex inclusion, as showed in the following proposition, which
generalizes Proposition 3.9 in [7], the condition (0,0) ¢ CrG(z,0) is also actually a

sufficient and necessary condition for either the strong metric subregularity or the the
metric regularity of G at (Z,0).

Proposition 8 For the mized smooth-convex inclusion (27) and for given z € G=1(0),
(0,0) ¢ CrG(z,0) if and only if G is either strongly metrically subregular or metrically
regular at (Z,0).

Proof. The necessary part was proved in ([7], Proposition 3.8), it is valid for any
closed multifunction G. For the sufficient part, suppose that (0,0) ¢ CrG(z,0), and
assume that G is not strongly metrically subregular at (Z,0). Then there exists a
sequence (z,) — & with 2, € G71(0), z, # 7. Assume to contrary that G is not
metrically regular at (Z,0). By the coderivative characterization of the metric regu-
larity (see, e.g., [4]), we can find sequences (z,,yn) — (Z,0) with (z,,y,) € gph G;
xf € D*G(Tn,yn)(yy) with |lyx]] = 1 such that ||z|| — 0. Then, there exists

n

2k € D*F(xn, g(zn) — yn)(—y}) such that
;= Dg(zn)"(yy) + 27,

By taking a subsequences if necessary, we can assume that z, # x, for all n, and by
setting 7, := ||zn — xn|| > 0, and that

lznll < 1/GBn%); llyall < 7a/(30%); N9(2n) = g(wn) — Dg(@)(2 — @n)ll < 70/(30%).



Since z,, € D*F(In,g(:cn) - yn)(_y:)a then
(25 2 — xn) + (Yr,w — g(x0) + yn) <0 V(z,w) € gph F. (31)
Therefore,

(2n,2n) + (W 9(20)) = (25, @a) + (Un, 9(Tn) — Yn)
@y 20— Tn) + (Yn> 9(2n) — 9(Tn) — Dg(x0) (20 — ) + (Yns Yn) -
> (25, Tn) + (YUns 9(Tn) — Yn) — Tn/n2~

The later relations imply that

(zns—zn) + (s —g(2n)) < inf {21, =2) + (y, —w)} + 1 /0.
(z,w)Egph F

By the Ekeland variational principle, we can find (%, ¢(Zr)—3n) € B((2n, 9(2n)), Tn/n)N
gph F' such that

(2n:2 = Zn) + (Yn, w = 9(Zn) = Yn < ([l2 = 2|l + [lw = g(@n ) + gnl)) /0

for all (z,w) € gph F. That is,

k% _ _ _ 1
Therefore, there exists (z, %) with 25 € D*F (%, 9(Zn) — §n) (7)) such that

1z wn) = (Zs Gl < 1/
Set
Wy, = Y/ NGl 7, = Dg(Zn)* (wy,) + 20/ [1Un || € D7 G(Zn, §n) (wr);
Tp =T+ tpUn; Yn = tnUn.
Then, it is easy to check from the above relations that

z, —0; t,—0 and v, —0,

which follow that (0,0) € CrG(Z,0). This completes the proof. O

4 Second order characterizations of the metric sub-
regularity

Let X be a normed space, S C X and z € S. The tangent cone T(S,z) of S at T is
defined by

T(S,z):={veX: 3,10, Iz,) CS, z, =z, v=Ilim(z, —Z)/tn}.

We say that S is first order tangentiable at T if for every € > 0, there is a neighborhood
U of the origin such that

(S—=2)NU C[T(5;7)l

where [T(S;Z)]e :=={z € X : d(z/|z|,T(S;Z)) < e} U {0} is the e-conic neighbor-
hood of T'(S; Z).

We note that in a finitely dimensional space, every nonempty set is tangentiable
at any point ( see [12]).

We also recall that the contingent derivative of a multifunction F' : X =2 Y at
(z,y) € gph F, denoted by CF(z,y), is a set valued map from X to Y defined by

CF(z,y)(u):={veY : (u,v) € T(gph F,(z,y))}.
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Lemma 9 Let S C X, {z,} C S\ {Z} and T € S. Assume that S is tangentiable at
z, T(S, ) is locally compact at the origin and {x,} converges to . Then the sequence

{H;”:;H} has a convergent subsequence.
n

Proof. Since S is tangentiable at T, by passing to a subsequence if necessary, we
may assume that
Ty, —T 1

d( T(S;z)) < e Vn.

lzn —||”

Then for every n, there exists u,, € T(S,Z) such that

Since T'(S, Z) is a cone and locally compact at 0, there exists a subsequence {ug,, } C

{un} converges to some point u. Then {%} is also converges to u. O

Ty —

Tn — 2 <L
n

Un,

|zn — ||

We note that in an infinite dimensional space there exist first order tangentiable
sets with their tangent sets are locally compact at the origin such that they are
not contained in any finitely dimensional subspace. For instant let H be a infinite

dimensional Hilbert space with a countable base {ej,ea,...,e,,...} such that
L, i=y;
€i,€) = o
< ? J> {0’ i # j.
Denote

S:={en: n=2,3,..} U{te; : t>0}.

Then T'(S;0) = {te; : ¢ > 0}. One can see that S is first order tangentiable at 0,
T(S;0) is locally compact at 0 and no finitely dimensional subspace of H contains S.

Now let G : X =2 Y be a multifunction. The following two propositions, giving the
metric subregularity of the contingent derivative of a metrically regular multifunction,
are generalizations of Proposition 2.1 in [7]. The first is for a general multifunctions.
Here, instead of the finite dimensional assumption on X, we assume that G=1(7) is
tangentiable at # and T(G~1(%), Z) is locally compact at the origin.

Proposition 10 LetG: X =Y be a set-valued map from X to another normed space
Y. Assume that G is metrically subregular at (Z,y) € gph G with some modulus k.
If G=Y(y) is tangentiable at T and T(G~1(y),z) is locally compact at the origin then
the contingent derivative CG(Z,q) is metrically subregular at (0,0) with modulus k.

Proof. The proof of this proposition is very direct from definition, which is similar
to that of Proposition 2.1. in [7] except some changes concern to infinitely dimensional
property of the space X. Let u € X and € > 0 be arbitrary. Choose v € CG(Z, 7)(u)
such that ||v|| < d(0,CG(Z,y)(u)) + €. Since (u,v) € T(gph G, (Z,7y)) there are
sequences t, | 0 and (un,v,) = (u,v) such that (Z + tpun, § + t,v,) € gph G. We
have

AT + totin, G1(G)) < Kd(F, G(T + tatn)) < Ktnllvn]l < Kta[d(0, CG(Z, 7)(w)) + €]

for k sufficiently large. Then we can find z,, € G_l(gj) such that =z, — T — t,u, €
ktn[d(0, CG(Z, §)(u))+2€]Bx. This implies the boundedness of the sequence {w 1.

Hence we may assume that {M} converges to some «. On otherhand, by Lemma

9, we also may assume that the sequence {Hzn_f } converges to some point a. Set

wn_i”
U, = *=%. Then u, € u, + £[d(0,CG(7,y)(u)) + 2¢|Bx and @, — @ = aa.
Therefore @ € u + k[d(0,CG(Z,%)(u)) + 2¢|Bx. Since § € G(Z + t,iu,) we have

0 € CG(z,y)(u). Thus
d(u, CG(z,5)1(0)) < [lu —al| < £[d(0,CG(Z,7)(u) + 2¢].

11



Taking € — 0 we complete the proof. O

Now consider again the following mixed constraint system:
0€g(x) - F(z), (32)

where, as the preceding section, F' : X =2 Y is a closed and convex set-valued map
and g : X — Y is assumed to be continuously differentiable in a neighbourhood of
a point # € (g — F)~(0). Set G(x) := g(x) — F(x) and C := CG(z,0)"1(0) = {u €
X : Dg(z)(u) € CF(Z,9(Z))(u)}. Denote by Bx the closed unit ball in X.

Proposition 11 For the mized smooth-convex constraint system (32), and for a given
T € GH0) := (g — F)~X0), if G is metrically subregular at (Z,0) and assume that
X is reflexive, then CG(Z,0) is metrically subregular at (0,0) with the same modulus

as G.

Proof. Suppose that G is metrically regular at (Z,0) with modulus . Firstly, note
that for the mixed smooth-convex constraint system (32), one has

CG(z,0)(u) = Dg(Z)(u) — CF(Z,9(Z))(u), ue X.

As in the proof of Proposition 10, for given u € X, € > 0, take v € CG(Z,0)(u) such
that |lv|| < d(0,CG(Z,0)(u)) + €, and we can find sequences ¢, | 0 and (up,v,) —
(u,v) such that (Z + t,un,t,v,) € gph G. There exist then x,, € G~1(§) such that

|zn — & — tpun|| < Ktn[d(0, CG(Z, 0)(u)) + 2€].

By setting u, := ””'fi, since (uy,) is bounded and X is reflexive, then by passing

to a subsequence if necessary, we can assume that (u,) weakly converges to some
@ € X. Therefore, (w) also weakly converges to Dg(Z)(@). Since gph F

n

is convex, then

(a, Dg(z)(u)) € clycone(gph F — (Z,9(Z))) = clcone(gph F — (,g(Z)))
= T(gph F, (z,9(2))).

Consequently, u € CG(z,0)7*(0), and one has
d(u, CG(2,0)71(0) < [lu —al| < [d(0,CG(z,0)(u)) + 2¢].
As € > 0 is arbitrary, this completes the proof. a

In what follows, we make use of the following two assumptions.

Assumption 1. There exist n, R > 0 such that for every x,x’ € B(Z, R) the following
inequality holds

lg(z) = g(=") = Dg(@)(x — 2')|| < nmaa{||lz — z|, |2 — Z[[}| — 2”]].

Assumption 2. The second order directional derivative

w9 +tu) — g(z) — tDg(F)(u)
g (:v,u) T tlig{r t2/2

exists for every u € C and convergence is uniform with respect to u in bounded subsets
of C.

An consequence of Assumption 1,2 is

lg” (&, v)|| < 2n,Yu € CN Sx. (33)
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Definition 12 ([7]) Let S be a closed convex subset of a Banach space Z, A : X — Z
be a continuous linear map and s € S,u € A~1(T(S;s)). Let & be a nonnegative real
number. A set T C Z is called an inner second order approzimation set for S at s
with respect to A,u and £ if

2
lim ¢t~2d(s + tAu + t—w, S +12¢ABx) =0 (34)
t—0+ 2

holds for all w € T. A set-valued map Ag s ae: A7 (T(S;8)) NSx = Z is an inner
second order approximation mapping for S at s with respect to A, & if for each u €
ATHT(S;5))NSx the set Ag s a.¢(u) is an inner second order approzimation set with
respect to A,u and & and the limit (34) holds uniformly for allu € A=Y(T(S;s))NSx
and all w € Ag s a.¢(u).

Denote by Ix is the identify map on X. It can see that

C = (Ix, Dg(z))~ (T (gphF. (7,9(7))))-

As usual, the support function of a set C' C X is denoted by o¢ : X* — R U {+o0},
and is defined by

oc(x*) = sgg(m*,x), zt e X*.
x

Theorem 13 Suppose that Assumptions 1,2 are fulfilled.

1. If the contingent derivative CG(Z,0) is metrically subregular at (0,0) and there
are real £ > 0 and an inner second order approzimation map A for gph F at (%, g(T))
with respect to (Ix, Dg(Z)) and & such that for each sequence {(z,*, yn*)} C X* XSy~
satisfying

lim [{(2,", "), (2,9(2))) — Ty #(@n",y")] = lim [Dg(@)"y" + 2,7 =0

n—roo

one has
liminf sup {(yn*, 9" (%, u)) — oa@) (xn* yn")} <0, (35)

N0 4eCNSx
then G is metrically subregular at (Z,0).
2. Conversely, if G is metrically subregular at (Z,0) and
_ Dalz (3
ey 10(2) + tDg(2) () (@ + tu)

2
t—0+ t

(36)

is bounded on C N Sx and convergence is uniform for all w € C N Sx, then there are
real £ > 0 and an inner second order approzimation map A gph F at (z,g(T)) with
respect to (Ix,Dg(z)) and & such that for each sequence {(z,*,yn*)} C X* X Sy~
satisfying

n—oo

lim [((zn",yn"), (%, 9(2))) = ogph F (20", yn")] = lim [[Dg(2)"yn" + 57| =0,

one has
liminf sup {(yn*, 9" (%, u)) — oA (Tn* yn™)} < 0. (37)
n—00 u€eCNSx
Moreover, if G=1(0) is tangentiable at & and the tangent cone T(G~1(0),Z) is locally
compact at the origin then the contingent derivative CG(Z,0) is metrically subregular
at (0,0).

To prove this theorem we need the following lemma.

Lemma 14 Suppose that Assumption 1, 2 are fulfilled and G is metrically subreqular
at (z,0). If (36) is bounded on C N Sx and convergence is uniform for all u €
C N Sx, then the mapping A(u) = {(0,¢"(Z,u))},u € C N Sx, is an inner second
order approximation mapping for gph F at (Z, g(T)) with respect to (Ix, Dg(Z)) and
some £ > 0.
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Proof. Let a sequence t,, — 07, u € CNSx. Since G is metrically subregular at (Z, 0)
there exists some k > 0 such that for n sufficiently large one has

d(T + t,u, GH0)) < kd(0,G(T + tou)) = kd(g(Z + tow), F(T + tau)).

Then for n sufficiently large, there exists w,, € X such that g(Z +t,u,) € F(ZT+tnuy)
and
tollu — un| < kd(g(Z + tou), F(Z + tau)) + t,2. (38)

By combining Assumption 2 , (38), (33) together hypothesis, there exist some
&> 0,N € N not depend on u such that

tollu — un|| < £t,2,¥n > N.

By this and by Assumption 1, for every n > N, we have

2d((2,9(@)) + ta(u Dyl@) ) + . (0,6// (@), zph F+1,%(Lx. Dal@)Bx)

< (@ + tyu g(a) + tnDy(a) ) + Lo (@), F — 1L Dy(@)) (1 — )
= 2+t 0@) + 10Dl ) + @) b )

< t%d((f + tutn, 9(Z) + t, Dg(%) (uy) + %g”(i, u)), {Z + taun} X F(Z + tauy))

— 3 (9(2) + ta Dg(2) () + o (@), F(@ + )

< 2o + taa) @) ~ taDg(2) )~ g @)

< 51005 + ) = 9(@ + ) = 0D (&) — )|+

42l + ) - 0(2) ~ £.Dg(2)(w) ~ g’ (2. 0)]

n

< 28n(1 + Etn)tn + IItlz[g(fE +tou) = 9(Z) = tn Dg(7)(u)] — g" (2, u).

By Assumption 2, the last right hand part of inequalities above converges to 0 as
n — oo uniformly for all w € C N Sx. Therefore A(u) := {(0,¢"(Z,u))},YVu € CNSx
is an inner second order approximation map for gph F' at (Z, g(z)) with respect to
(Ix,Dg(x)) and € . O

Proof of Theorem 13. 1. Suppose in the contrary that G is not metrically sub-
regular at (Z,0). Then by Theorem 2, there exist sequences x, — T, €, — 0, y, €
F(zn), yn* € Sy+, x,* € D*F(xp,yn)(—yn™) such that

d(0, g(xn) = F(xn))

g(xn) ¢ F(zn), =0, [Dg(z)"yn" +z"[| = 0. (39)

zn — 2|
l9(xn) = ynll < (14 €,)d(0,g(xn) — F(zn)) (40)
Y™ 9(zn) = yn) = lg(zn) — yulll < enllg(zn) — yull- (41)

Immediately, from definitions of z,*, y,* and from (40) we have

lim [<($n*vyn*)a (Eag(f)»_agph F(xn*a yn*)] = lim <(xn*a yn*)v (jag(i'))_(‘rnJJn)) =0.

n—oo n—oo
(42)

Since CG(Z,0) is metrically subregular at (0,0) there exist k,0 > 0 such that for
every u € B(0,6) one has d(u, CG(Z,0)71(0)) < rkd(0, CG(z,0)(u)),or equivelantly,

d(u,C) < kd(Dg(T)(u), CF(z, g(T))(u)).
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Hence for each n sufficiently large, there exist u,, € C N Sx,t, > 0 such that

[#n — & = tnun | < kd(Dg(z)(zn — ), CF(Z,9(2))(2n — T))
< kd(Dg(Z)(xn — Z), F(zn) — g(z))(since F(zn) —g(z) C CF(Z,9(2))(xn — T))
= rd(g(z) + Dg(T)(xn — T), F(xn)).

Then by Assumption 1 one has

20 = Z = tnunl| < Kld(g(xn), F(zn)) + nllz, — Z[|] (43)

which together (39) give

Ty — T tn d(g(xy), F(xy, _

e = gl < A e, gl - 0 - o0

lzn — 2l llzn — Z|] (]|

Hence "
|zn — ||

We have

(@n™,yn™)s (T + totn, 9(T + thuy,))) — nghF(xn*7 Yn'") =
= (zn", T+ taun) + (U™, 9(Z + tpun)) — (20", Yn"), (Tn, Yn)) (since z," € D*F(zn, yn)(—yn"))
= (20", T + tptin — Tn) + (Yn™, 9(T + tntin) — Yn)
Ty, T+t — Tn) + (Yn", 9(T + taun) — 9(70)) + (Yn", 9(Tn) — Yn)
— Zn) + (Y 0 Dg(Z), T + tnun — xn) — mmax{|[tpunll, |2n — Z| HIZ + tnun — 2|+
1 —é)|lg(xn) — ynl| (by Assumption 1 and (41))
1= en)d(g(an), F(zn)) = 20" 4+ yn™ 0 Dg(@)[|.[|Z + tnun — 2nll = 0al|Z + trun — 24|
(1 := —mmax{|[tpunl], |zn — 2|} — 0)
= (1 = en)d(g(zn), F'(2n)) = 0| + tptn — 20| (6n = [|20" + yn™ 0 Dg(Z)|| + 1 — 0)
> (1= en — £6,)d(9(x0), F(20)) — 160, |T — 2, (by 43).
Therefore
ol v ), @ + e, 902+ b))~ T (a0 2
(1—€,—Kdp)

> O g, () = s, (122l

~+

n

Hence

. . 1 * * — _ * *
llnn—l>l<>réft72[<(xn s Yn )7 (LL' + tnunvg(x + tnun>)> - JgphF(xn y Yn )] > 0 (44)
n

Since

* * = = = tn2 * *
(0" yn"), (F + toun, 9(T) + t,Dg(T)(un))) + 7G.A(un)(93n Yn") =
oWy (m o . tn?
= sup (@), (7, 9(2)) + tnl(un, Dg(Z)(us)) + %(wl’wz»
(w1, w2)EA(ur)
< Ogph F (20", yn") + 2]l 2n + Dg(Z) yn* || + o(tn?)
2

(since (%, g(T)) + tn(un, Dg(z)(uy)) + %(wl,wg) € gphF + t,%6(Ix, Dg(Z))Bx + o(t,*)Bx xy)

one has

(@™, yn"), (T + tntn, g(T + thun))) — Ogpnr (20", yn™) <

< <(xn*7yn*)a (j + tntn, g(T + tnun))> - <(xn*>yn*)’ (i + tntn, g(7) + tan(j)(un)»
tn2 * * * —\ * *

- TUA(un)(fn » Yn, )+tn2§||ffn + Dg(Z) yn ™| + O(tnz)

2
= (g, 9T + totin) — 9(7) — ta Dg(E) () — oo

2 A(un)(xn*yyn*)
+ tn*Ellen* + Dg(Z) yn || + o(tn”).
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Therefore

2

ﬁ[<(mn*7 yn*)v (‘i' + tnunvg(:f + tnun))> - UQPhF(xn*v yn*)] <

< <yn*u tlz[g(f + tnun) - g(i.) - tan(i')(un)]> - UA(un)(xn*vyn*>+

n

* =\ * * © tﬂz
+ 28], + Dy(@) | + 2
* — * * * 2 — — —
= (" 0" (%, un)) = T4y @0y ") + (Un"s 5 [9(ZT + thun) — 9(2) — tn Dg(%) (un )]~
t
O(tn2)

- gll(jvun» + 28|z + Dg(ZT) yn " || + 2

which together (39), (42), (45) and Assumption 2 imply

. . 2 * * _ _ * *
liminf-— [((zn", yn"), (Z + tntin, g(T + tnun))) = Tapn F (20", yn")] <0
n

which contradict to (44).

2. By Lemma 14 there exists & > 0 such that A(u) := {(0,¢"(Z,u))},u € CNSx
is an inner second order approximation map for gphF at (Z,g(Z)) with respect to
(Ix,Dg(Z)),&. Then (37) holds immediately. The last assertion of Theorem 13 is
obvious from Proposition 10. The proof is complete. O

Remark 15 Theorem 13 above is a generalized version of Theorem 5.4 in [7], in
which the set valued map F is assumed a constant map.

When Y is finite dimensional, one can simplify the second order condition in the
preceding theorem as follows.

Corollary 16 Let Y be finite dimensional and suppose that Assumptions 1,2 are
fulfilled. If the contingent derivative CG(Z,0) is metrically subregular at (0,0) and
there are real € > 0 and an inner second order approzimation map A for gph F' at
(Z, g(Z)) with respect to (Ix, Dg(Z)) and & such that for each y* € Sy~ satisfying

(=Dg(®)"y"y"), (%,9(7))) = ogph #(=Dg(2)"y", y");

one has

sup  {(y", ¢"(Z, ) — o4 (=Dg(x)"y",y")} <0, (45)
ueCNSx

then G is metrically subregular at (Z,0).

Proof. 1t follows directly from Theorem 13 by passing the limit. O

References

[1] Aragén Artacho, F. J., Mordukhovich, B.S, Metric regularity and Lipschitzian
stability of para-metric variational systems, Nonlinear Analysis, 72, (2010), 1149-
1760.

[2] Aubin, J.-P, Lipschitz behavior of solutions to conver minimization problems,
Math. Oper. Res. 9 (1984), 87-111.

[3] Azé, D., A survey on error bounds for lower semicontinuous functions, Pro-
ceedings of 2003 MODE-SMAI Conference, ESAIM Proc., 1, (2003), 1-17, EDP
Sciences.

[4] Azé, D., A unified theory for metric regularity of multifunctions, Journal of
Convex Anal., 13, (2006), no. 2, 225-252.

16



[5]

[16]

[17]

[18]

[19]

[20]

[21]

Borwein, J. M., Zhu, Q. J., Techniques of Variational Analysis. CMS Books in
Mathematics/Ouvrages de Mathématiques de la SMC, 20. Springer-Verlag, New
York, (2005).

Burke J. V., Calmness and exact penalization, SIAM J. Control Optim., 29
(1991), 493-497

Gfrerer H., First order and second order characterizations of metric subregularity
and calmness of constrant set mapping, STAM J. Optim. 21, 4 (2011), 1439-1474.

Dmitruk A. V., Milyutin, A. A., Osmolovskii N. P., The Lusternik theorem and
the theory of extremum, Uspekhi Math. Nauk, 35, no. 6, 11-52 (1980); English
translation in Russian Math. Survey 35, no. 6, 11-52, (1980).

De Giorgi, E., Marino, A., Tosques, M., Problemi di evoluzione in spazi metrici
e curve di massima pendenza (Evolution problems in metric spaces and curves
of mazimal slope), Atti. Accad. Naz. Lincei rend. Cl. Sci. fis. Mat. Natur., 68,
(1980), 180-187.

Dmitruk, A. V., Kruger, A. Y., Metric reqularity and systems of generalized
equations, J. Math. Anal. Appl. 342, 2, (2008), 864-873.

Dontchev, A.L., The Graves theorem revisited. J. of Convex Analysis, 3, no. 1,
45-53, (1996).

Draha, A., Luc, D.T., Tinh, P.N., On second-order conditions for nonsmooth
problems with constraints, accepted to V.J.M.

Ekeland, I., On the variational principle, J. Math. Anal. and Appl., 47, (1974),
324-353.

Graves, L.M., Some mapping theorems, Duke Mathematical Journal, 17 (1950),
111-114.

Hoffman, A. J., On approzimate solutions of systems of linear inequalities, J.
Research Nat. Bur. Standards 49 (1952), 263-265.

Toffe, A. D., Metric regularity and subdifferential calculus, Russian Math. Surveys
55, (2000), 501-558.

Toffe A. D., Outrata V., On metric and calmness qualification conditions in sub-
differential calculus, Set-Valued Anal., 16 (2008), 199-227

Jourani, A., Thibault,L., Verifiable conditions for openness and metric requ-
larity of multivalued mappings in Banach spaces, Transactions of the American

Mathematical Society, 347 (1995), 1255-1268.

Klatte, D., Kummer, B., Nonsmooth equations in Optimization. Regularity, cal-
culus, methods and applica- tions, 60, Nonconvex Optimization and its Appli-
cations. Kluwer Academic Publishers, Dordrecht, (2002).

Kruger, A. Y. A., Covering theorem for set-valued mappings, Optimization 19,
6 (1988), 763-780.

Lyusternik, L. A. On conditional extrema of functionals, Math. Sbornik 41
(1934), 390-401. In Russian.

Mordukhovich, B.S., Variational Analysis and Generalized Differentiation. I. Ba-
sic theory. Grundlehren der Mathematischen Wissenschaften [Fundamental Prin-
ciples of Mathematical Sciences], 330, Springer-Verlag, Berlin, (2006).

Ngai, H. V, Tron, N. H., Théra, M., Implicit multifunction theorems in complete
metric spaces, accepted to Math. Progr. Serie B.

17



[24]

[25]

[28]

[29]
[30]

Ngai, H.V., Théra, M., Error bounds for systems of lower semicontinuous func-

tions in Asplund spaces, Math. Progr., Ser. B no.116, (2009), 397-427.

Ngai, H. V., Théra, M., Error bounds in metric spaces and application to the
perturbation stability of metric regularity, STAM J. Optim., 19, no. 1, (2008),
1-20.

Penot, J.P., Metric reqularity, openness and Lipschitz behavior of multifunctions,
Nonlinear Anal. 13, (1989), 629-643.

Robinson, S.M., Theory for systems of inequalities, I. Linear systems, STAM J.
Numer. Anal., 12, (1975), 754-769.

Robinson, S.M., Stability theory for systems of inequalities, II. Differentiable
nonlinear systems, STAM J. Numer. Anal., 13, (1976), 497-513.

Rockafellar, R. T., Wets R. J.-B., Variational Analysis, Springer, Berlin, (1997).

Wu Z., Ye J., On error bounds for lower semicontinuous functions, Math. Pro-
gram., 92, 301-314, (2002).

Zalinescu, C., Convex Analysis in General Vector Spaces, World Scientific, Sin-
gapore, (2002).

Zheng X. Y., Ng K. F., Metric subreqularity and constraint qualifications for
coonvex generalized equations in Banach, STAM J. Optim., 18 (2007), 437-460

18



