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Abstract. This paper investigates the optimality conditions for mathe-
matical programming problems involving geometric and functional con-
straints, with objective functions that are Fréchet differentiable and their
gradient mappings are locally Lipschitz on an open set. We first estab-
lish formulas to compute the asymptotic second-order tangent cone of
the constraint sets and decompose the asymptotic second-order tangent
cone for the intersection of these sets. We then derive second-order neces-
sary and sufficient optimality conditions for mathematical programming
problems. The results are applied to a class of optimal control problems.
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1. Introduction

The theory of optimality conditions, a key area in variational analysis and
optimization, captivates many researchers; cf., e.g., [4-6,9-13,16,28, 30,31, 36,
37,39]. Hiriart-Urruty et al. [9] and Toan et al. [37] utilized the generalized
Hessian matrix to establish second-order necessary conditions for a class of
differentiable mathematical programming problems. Using a stricter reqularity
condition than the corresponding regularity condition in [37], Toan et al. [36]
established second-order necessary and sufficient optimality conditions for the
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mathematical programming problem in [37]. When the objective function may
not be differentiable, Toan et al. [39] derived directional first-order necessary
optimality conditions for the mathematical programming problem.

Gutiérrez et al. [11,12] employed the Hadamard parabolic and asymptotic
derivative to derive second-order necessary and sufficient optimality conditions
for general mathematical programming problems. Huy et al. demonstrated in
Section 4 of [10] that asymptotic and the second-order parabolic derivatives
may not exist. The authors in [10] introduced the second-order symmetric sub-
differential and its associated calculus rules to derive second-order necessary
and sufficient optimality conditions for differentiable mathematical program-
ming problems with geometric constraints. As noted in [28], the second-order
symmetric subdifferential can be strictly smaller than the generalized Hessian
matrix. Nevertheless, second-order necessary and sufficient optimality condi-
tions for mathematical programming problems with both geometric and func-
tional constraints described by target sets remain unexplored in this context.

In this work, by establishing formulas to compute the asymptotic second-
order tangent cone of the constraint sets and decompose the asymptotic
second-order tangent cone for the intersection of these sets, we derive second-
order necessary and sufficient optimality conditions for mathematical program-
ming problems with both geometric and functional constraints described by
target sets. We can say that this study extends Huy and Tuyen s results in
[10]. Moreover, we only use the regularity condition as in [37,39] to achieve suf-
ficient optimality conditions for mathematical programming problems, even if
the objective function may not be second-order differentiable. Thus, our results
also serve to develop and refine those of [36,39)].

The paper is organized as follows. Section 2 establishes auxiliary results
concerning formulas to compute the asymptotic second-order tangent cone of
the constraint sets and decompose the asymptotic second-order tangent cone
for the intersection of these sets, essential for the using in later sections. In
this section, we also derive the rules for decomposition of tangent sets (cones)
for the Cartesian product of sets and the symmetric second-order subdifferen-
tial for the sum of functions in C''!. The main results are Theorem 3.1 and
Theorem 3.4 on second-order necessary and sufficient optimality conditions
for a mathematical programming problem, presented in Section 3. At the final
section, we give an example to illustrate the main results. In this section, we
also discuss for the application of our main results to a discrete optimal control
problem with mixed constraints in the case where the objective function may
not be twice differentiable.
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2. Preliminaries and Auxiliary Results

2.1. Preliminaries

In this section, we review key concepts and facts from variational analysis and
generalized differentiation that will be utilized later. These notations and facts
are detailed in [6,8,18,23,28,29,34].

Let Fi and E5 be finite-dimensional Euclidean spaces and F : £y = Fy
be a multifunction. The effective domain, denoted by dom F' and the graph of
F, denoted by gph F, are defined as

dom F:={z€ Ey: F(2) # 0}
and
gph F :={(z,v) € E1 x Es :v € F(z)}.
The set
Lim sup,_,; F(z) ={z* € By : 3z, — z,2), — 2% with 2}, € F(z,) Vn € N}

is called the Kuratowski-Painlevé upper limit of F' at Z.

Let E be a finite-dimensional Euclidean space, D be a nonempty closed
subset of E, and Z € D. The closure, interior, conic hull, and convex hull of
D are denoted, respectively, by ¢l D,int D, cone D, and conv D. The set

D_>z
T'(D; z) =Lim sup,_o+ TZ =
such that z + t,h, € D Vn € N}

{hEE:th—>0+,3hn—>h

is called the tangent cone to D at zZ. The adjacent tangent cone to D at Z is
defined by

Tb(D; %) = Lim inf,_,o+ b t_ z
= {heE:th—>0+,E|hn — h such that z 4+ t, h, € D VneN}.
The set
C(D; %) = Lim inf b D-=z

::“EE:WWZENmeOﬂ%n%h
such that z, + t,h, € D Vn € N}

is called the Clarke tangent cone to D at Zz.
It is well known that if D is a convex set, then

T(D;z) = T"(D;z) = C(D; z) = cl(D(2)),

where

D(z) :=cone(D —2) ={A\d—2):d € D,\ > 0}.
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The second-order tangent set to D at z in the direction v € E is defined
by

D—zZ—tv
t2
2

T2(D;2,v) = Lim sup,_, o+
2
= {w : 3t, — 01, 3w, — w such that z + t,v + Enwn €D Vn GN}.

The set

D

_ L -z
T2(D; z,v) = Lim inf,_, o+ 7z
2

t2
= {w :Vt, — 01, 3w, — w such that Z + t,v + ?"wn €D Vne N}

is called the adjacent second-order tangent set to D at Z in the direction
veED.
When D is a convex set and v € D(Z) = cone(D — Z), then

T?(D;z,v) = T*(D;z,v) = T(T(D; 2); v)
by [18, Lemma 2.3]. Moreover, if D is a polyhedral convex set, then we also
have T%(D; z,v) = T(T(D; z);v) for all v € T(D; 2).
The asymptotic second-order tangent cone to D at Z in the direction
veFEis

17 t
T (D;z,v) = {w : A(tn, ) — (07,07), 3w, — w such that — — 0 and

Tn

1
Z+t,v+ Etnrnwn €D Vne N}.

The cone

1 tn
T °D;zv) = {w :V(tn,rn) — (01,07), Jw,, — w such that - — 0 and
Tn

1
Z+thv+ Etnrnwn €D Vne N}

is called the asymptotic adjacent second-order cone to D at Z in the direction
veE kR

When D is a convex set and v € D(Z) = cone(D — Z), then there exists
A > 0 such that v = A(z — 2) for some z € D. By the convexity of D, for any
(tn,mn) — (0F,0%), 12 — 0, we have

two=t,\z+ (1 —-t,\)z2—2€D -2z

This implies that z 4+ t,v € D, and so, 0 € T"?(D; z,v).
The cone T and the sets T2, T?* are well known. The cone T" was first
introduced by Penot in [32]. We refer the readers to [17, Section 4.11.3] for
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the definition and discussions related to cone T'°. If D is a convex set and
v € T(D; z) such that T' (D; z,v) # (), one has

T*(D;z,v) C T (D;z,v) = cl cone[cone(D — z) — v].

In general cases, there is no inclusion relation between T2(D;z,v) and
T"(D;z,v).
The set

~ z*, z

N.(D;z) := {z* ek: limDsup Gz < 5}

S P
is called the e— Fréchet normal set to D at z. When ¢ = 0, the set N(D; z) :=
No(D;z) is called the Fréchet normal cone to D at z. If Z ¢ D one puts

N.(D;Zz) := 0. The set
N¢(D; z) := (C(D;Z))* ={z"€ E: (z",z) <0 whenever z € C(D;2)}

is called the Mordukhovich ngrmal cone to D at z. The set D is said to be
normally reqular at z € D if N(D;Zz) = N(D;Zz). The set

Ne(D; z) := (C(D;E))* ={z" € E: (z",z) <0 whenever z € C(D;z)}

is called the Clarke normal cone to D at Z.

It is also known that if D is a convex set, then the Fréchet normal cone
coincides with Mordukhovich normal cone, coincides with Clarke normal cone,
and coincides with normal cone of convex analysis for convex sets.

Note that the Clarke normal cone to D at Z always coincides with
the convex closure of the Mordukhovich normal cone, ie., No(D;z) =
cl conv N(D;z).

We denote the set of perpendicular vectors to z € E in E* by

2t ={z" € B*: (2%, 2) = 0}.

Let F : E1 = E5 be a multifunction, (z,y) € cl gph F. The multifunction
D*F(z,9) : E; = E4, defined by

D*F(z,9)(y*) :={z" € By : (z*,—y*) € N((z,9);gph F)}, Vy* € B,

is called the Mordukhovich coderivative of F at the point (Z,%). The symbol
D*F(Z) is used when F is single-valued at z and § = F(2).

Let ¢ : E — R be an extended real-valued function and z € E be such
that ¢(Z) is finite. For each € > 0, the set

d-p(2) := {z* € E : liminf () = ¢l2) = (2% 2 = 2) > —6}

iz Iz = 2|
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~

is called the e— Fréchet subdifferential of ¢ at Z. The set 5@(2) = Opp(Z) is
called the Fréchet subdifferential of ¢ at z and the set

0p(Z) := Lim sup d-0(2)
Q

z—Z

el0
is called the Mordukhovich subdifferential of ¢ at z. It is known that the Mor-
dukhovich subdifferential reduces to the classical Fréchet derivative for strictly
differentiable functions and to subdifferential of convex analysis for convex
functions. The set

and

ds()(2) == 0(¢)(2) UD* (¢)(2)
is called the upper subdifferential and the symmetric subdifferential of ¢ at z,
respectively.

The notation of the symmetric subdifferential was first introduced by
Kruger and Mordukhovich [28]. It is easy to see that ds(Ap)(Z) = Ads(p)(Z)
for all A € R. We also have the following result from the definition of the
symmetric subdifferential.

Proposition 2.1. Suppose that f : E — R is strictly differentiable at zZ and
g : E — R is Lipschitz continuous around z. Then,

9s(f +9)(2) = Vf(2) + 0s9(2).

Let (z,7) € gph dp. The Mordukhovich second-order subdifferential of ¢
at z relative to ¢ is a multifunction 9%¢(z, %) : E = E defined by

0%0(2,7)(u) = (D*9)(2.9)(u) = {v: (v, —u) € N(gph 05 (2,)) },  Vue E.

Let D be an open subset of E. We denote by C1}(D) the class of all real-
valued functions g, which are Fréchet differentiable on D, and whose gradient
mapping Vg(-) is locally Lipschitz on D. When g € C1(D) and z € D, we
get from [28, Theorem 1.90] that

0%g(2)(u) = 829(Z, Vg(é))(u) =90(u,Vg)(z), Yue€ E.

Let g € CYY(D) and z € D. The symmetric second-order subdifferential
of g at z is a multifunction 9% : E = E defined by

959(2)(u) = 959(2, Vg(2)) (u) = 0(u, Vg)(2) U™ (u,Vg)(2), Vu€ E.

The definition of the second-order subdifferential of a function via a
coderivative of the first-order subdifferential was suggested in [27]. Now, we
have the following properties of the symmetric second-order subdifferential
directly from the definition.
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Proposition 2.2. Let g € CY1(D) and z € D. The following assertions hold:
(i) For any X € R one has 02g(2)(\z) = \d2g(2)(z) Vz € E;

(ii) For any X € R one has 0%(\g)(2)(z) = A\0%g(2)(z) Vz € E;

(iii) For any z € E the mapping z — 0%g(2)(z) is locally bounded. Moreover,
if 2n — 2, 25 — 2% and 2z}, € 0%9(2,)(2) for all n € N, then z* € 0%g(2)(2).

2.2. Auxiliary Results

In this subsection, we suppose that E, F5, E3 are finite-dimensional Euclidean
spaces. Assume moreover that two functions Gy : By — Es, G : E5 — E3 have
second-order Gateaux derivatives around zy € E1, and C C E5 is a nonempty
closed convex set. Put

Q={z€Z:Gy(z)=0}.

Given z € QN G{YC) and v € FE;, this subsection
gives formulas to compute the asymptotic second-order tangent cones
T"(Q; 20,v), T (2N G7H(C); 29, v) and the asymptotic adjacent second-order
cone T"(€2; 20, v), T P (QN G (C); 20,v). We start with the following lemma.

Lemma 2.3. Assume that zg € QNGT(C), VGo(-) is continuous at zy. Sup-
pose further that VGa(zo) is surjective and the following regularity condition
is satisfied:

ﬂ [VGl(zo)(T(Q; z)) — C(Gl(zo))} = FEy for some r >0. (1)
zE€B(z0,m)NQ

Then, for each v € E;

TN Gy H(C); 20,v) =T (s 20,v) N [VG(20) "
(T"%(C; G (20), VG (20)0))]-

Proof. We will use some arguments as in the proof of [6, Theorem 3.1] and [18,
Theorem 2.3]. Take any w € T" *(QNGT*(C); zo, v). By the definition of the as-
ymptotic adjacent second-order tangent cone, for all (tx, ;) — (07,07), there
exists w, — w such that ;—i — 0 and zo—l—tkv—l—%tkrkwk IS QﬂGfl(C),Vk € N.
It follows that

1
G1(z0 + tpv + §tkrkwk) e C, Vk e N.
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By Taylor expansion, we get
1
G1(z0 + tgv + itkrkwk) = G1(z0) + tx VG (20)v

1 t
+ Etk’rk [VGl(Zo)wk + Q%VZGl(ZO)’U’U)
k

0<tk7"k)
+ tka }
= Gl(Zo) + thGl(ZQ)’U

1

t
+ itkrk {VGl(zo)wk + oltirs)

tkTk

|ec
for all £ € N. This implies that

VGi(z)w € T""(C; G1(z0), VG1(2)v).
It is equivalent to

w € VG (20) H(T(C; G (20), VG (20)v)).

Moreover, it is easy to see that

TN GTHC); 20,v) C T (; 20, v),
for all v € Z. Thus, we obtain

T QN G (C); 20,v) CT °(Q; 20,v) N [VGy (20) "
(T"*(C; G1(20), VGi(z0)v))].
Conversely, take any
w e T"(Q; 20,0) N [VG1(20) " (T(C; Gi(20), VGi(20)0))].
So, for all (t,,r,) — (0F,0%), there exists w, — w such that % — 0,
m+mw+%umwn€QVneN

and

tn n
d(Gl(Zo) +t,VG1(z0)v + - VG (20)w, C’) =o(tprn),Vn € N.

2

By [18, Theorem 2.2], there are positive numbers k; and e such that
d(z, 2N GTH(C)) < kd(G1(2),C),

for all z € Bz(z9,¢) N Q. This follows that

tnTn tnTn

2

d(zo +t,v+ Wn, QN GII(C)) < k:ld(G1(zo +t,v + W), C),
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for all n large enough. By Taylor expansion, we get

nT'n InTn InTn
Gl( 5 wn) = Gl(Zo) +t,VGy (Zo)’U + 9 VG1(Z0)’LUTL + O( 9 )
tn n
= G1(20) + taVG1(20)0 + 2’” VG (20)w
t Tn tnrn

(VGl(Z()) VGl(Zo) ) + 0(

)s
for all n € N. So,

’VL n tn n
<G1 (Zo +thv + " ), C) < d(Gl(Z()) + thGl(Zo)’U + 2’!‘ VGy (Zo)w, C)

2
t n tn n
| (VG (z0)wn — VGa(z0)w) +o( 22|
so@nrn) + 2 VG (s )um — VG (z0)wl| + oltarn) = oltarn),

for all n large enough. Hence,
d(zo + t,v —|— 2 L w,, QNG (C)) = o(tpry), for all n large enough.

Thus, w € T *(Q N GT(C); 20, v). The proof of the lemma is complete. [

A key improvement over [6, Theorem 3.1] is that the above lemma only
requires the set € to be closed, whereas [6] required € to be both closed
and convex. This sharper version plays an important role in establishing the
Lagrange multiplier rule. When set €2 is not necessarily convex, Kien and Nhu
[18, Theorem 2.3] established formulas to decompose the adjacent second-order
tangent set for QN Gfl(C). By applying arguments similar to those in Kien
and Nhu’s proof, we obtain the above result for decomposition the asymptotic
adjacent second-order cone of QN G *(C).

To obtain the dual form of the optimality conditions, we must calculate
T (% 20,v), T"*(Q; 20,v) and T" (C; 29, v), T °(C; 29, v). The following results
provide the corresponding formulas.

Lemma 2.4. Assume that zo € Q, VG3(-) is continuous at zg and VGa(zp) is
surjective.
If v € T(Q; 20), then

T (2 z0,0) = T °(Q; 20, 0) = T(; 20) = {we Z:VGy(z0)w = 0}.

Proof. We will employ techniques from the proof of [18, Lemma 2.2]. Take
any v € T(;20) and w € T °(Q; z9,v). Then, for all (t,7%) — (07,07),
there is wi — w such that f,—z — 0 and zg + tpv + %tkrkwk € Q, for all
k € N. So, Ga(zo + trv + %tkrkwk) = Ga(z9) = 0, for all k& € N. Note that
T(Q;20) = {w € Z : VGa(20)w = 0}. Hence,
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Ga(z0 + tgv + %t;&“kwk) — Ga(z0 + tkv)

IkTh
2
GQ(ZO + tkv) - GQ(Z()) - thGQ(ZQ)U ~0
+ teTL - Y
2
for all £k € N. We have
Ga(zo + trv + 2tarpwy) — Ga(2o + tiv
lim 2(z0 + 1 2 ktk ) 2(70 + ) = VGa(zp)w
hoo o
and
. GQ(ZO + tk’l)) — GQ(Z()) — thGQ(Zo)U
lim LT
k— o0 LTk
2
lim G2(20)+VG2(Zo)tk'[}—‘—%szQ(ZO)(tkU)2+O(tkU)2 — G2(Z()) — tkaQ(Z())U
= =
2
= V2G2(z20)v? lim t—k—i- lim O(fkv) =0.
k—oo rp k— 0o ’C;"'

So,
T"°(Q; 20,v) C {w € Z : VGa(z0)w =0} =T(Q;20), forall v e T(Q;z0).

Conversely, let v € T(€;29) and w belong to the right-hand side. Then,
for (tn,r,) — (0%,0%) such that = — 0, we have

Tn

ln
0 = VGa(20)w = V2Ga(z0)vv lim -

n—00 1,

i G2(20 F 1) — Ga(z0) — taVGa(z0)v.

n—oo tnTn

2

Note that VG2(z0) is surjective. By the Ljusternik theorem [14, page 30],
there is a neighborhood V' of 2y, a number ¢ > 0, and a mapping T : V — Z
such that

G (¢ + () = Ga(20), [T < lG2(¢) — G2(20)], for all ¢ € V.
Put {, = 20 + ty,v + t’”‘#w for each n € N. Then,

w + T(Cn)) =Gy (ZO 4+ t,0 + tn%(w +

tnTn

2

T(Cn)))’

tnTn

0= GQ(Zo—l-tnU—l-
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for n large enough. Put w, = w + % We will show that w, — w or
2
% — 0. Indeed, we get
”T(Cn)” gHGZ(ZO‘FtnU‘F %W) —GQ(ZQ)H
£HG2 20 + tav 4+ L w) — Ga(20 + )
o tnTn
n Gy (Zo + tnv) — GQ(ZO) — thGQ(Zo)U‘
tnTn ’

with v € T'(€; 29). This follows that

lim |7 e, |<¢ Ga (20 +tnv + 72 w) — Ga(20 + tnv)
n—oo ”QT" n—>:>O t”%
+ lim GQ (Z() + tn’l)) GQ(Z()) —t VGQ(ZO) H
n—oo 2T"

tn
= L|VGa(z0)w + V2G2(z0)vv nh—>n;o r—|| = L|VG2(zp)w| = 0.

Hence, we have showed that w,, — w and zg + t,v + tnz"" w, € Q. So, w €
T”b(Q;zO,v). Thus,

T(Q; 20, v) = T(Q; 2) = {we Z:VGa(z)w =0},
for all v € T'(€; 2).
By similar arguments, we can show that
T" (2 20,0) = T(Q; 20) = {w € Z : VGo(z9)w = 0},
for all v € T(; 29). The proof of the lemma is complete. O
Lemma 2.5. Assume that zo € C, v € C(zg). Then
T”(C’; 20,V) = T”b(C; 20,0) = T(T(C; 20); v).

Proof. We will apply certain arguments similar to those used in the proof of
[6, Proposition 3.1]. We first prove that

w+ T (T(C; 2);0) € T °(C; 20,0) € T(T(C; 2);v), (2)

for all w € T//b(C; 20, ). Indeed, for each w € T”b(C; 20,v) and choose wy,. —
w with zo—&-tv—i—%”w” eCforallt >0, 7>0andt=o(r) asr — 0. Let
y € C and A\, € RT. Then, for all r sufficiently small, ¢t = o(r) as 7 — 0%, we
get

Ar

7) [zo +tv + t—rwtr] + &

5 5 [20 + pt(y — 20)] € C.

(1~
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So,
tr AT
20 4+ tv + 5[(1 - 7)10,57« + Ay — z0) — M| € C.
This follows that
w+ Mp(y — 20) —v) =w+ Ay — 20) — Av € T”b(C; 20,0).

From C' is convex, T(C; z9) = cl(cone(C — z)) and T"(C; 2, v) is closed by
[17, Theorem 4.11.11], we get

w+ A[T(C;20) —v] C T"(C 29, v).
Note that T(C; zp) is also convex. So,
w+ T(T(C;z0);v) C T"(C; 20, v).
We now prove the second inclusion of (2). Note that C' C zyp + T(C}; 2p). So,
t
d(z0 + tv + gw; C) > td(v+ gw;T(C; 20)).

Hence, w € T °(C; zp,v) follows that d(v+ Sw;T(C; 20)) ~ o(r) as r — 0.
This implies that 2w € T(T(C; z9);v). Note that T'(T(C; 29); v) is a cone. So,
w € T(T(C; 29);v). Thus, the inclusion (2) is valid. From v € C(z), we have
0e T”b(C; 20,v). Thus,
T"%(C; 20,0) = T(T(C;20);v) C T (C; z0,0).
Conversely, take any w € T" (C'; zo, v). Then, there are (¢, ;) — (07,01)

and wy, — w such that 7% — 0 and zq —|—tkv+%tkrkwk = zo+tp(v+Fwy) € C,
for all £ € N. This implies that

v+ %wk € T(C; zp).
It follows that
wi € T(T(C;20);v).
Letting k — oo, we get w € T(T(C; zo);v). Thus,
T”(C’; 20,v) C T(T(C;20);v) = T”b(C’; 20,0).
The proof of the lemma is complete. O

Since lemmas 2.3 - 2.5, we have the following corollary.

Corollary 2.6. Assume that zo € QN G7HC), VGa() is continuous at 2.
Suppose further that VGa(zg) is surjective and the following regularity condi-
tion is satisfied:

N [VGl(zo)(T(Q; 2) - C(Gl(zo))] — E, for some r > 0.
z€B(z0,r)NQ
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Then for each v € T(; z9), VGl(zo)v € C(G1(20)), one has
T(QN Gy (C); 20,v) = T P(QNGTH(C); 20,0)
T7°(9; 20,0) N [VGi(20) "
(T"°(C; G1(20), VGi(20)v))].  (3)

Proof. For each v € T'(; 29), VG1(20)v € C(G1(20)), by Lemma 2.3 - Lemma
2.5, we have

T (€5 20,0) N [VGi(20) " (T (C3 G (20), VG (20)0))]
= T"(; 20,0) N [VG1(20) " (T"(C; G1(20), VGi(20)v))]
=T QN GTHO); 20,0) C T (2N GTH(C); 20,0).
We now take any w € T (2N G5 H(C); zo,v). By similar arguments in the first
of the proof of Lemma 2.3, we can show that
weT (Qz,0) N [VGl(Zo)fl(T”(C’; G1(20), VG1(z0)v))].
Thus, the inclusion (3) is valid. O

The following lemma gives the rules for decomposition of tangent sets
(cones) for the Cartesian product of sets.

Lemma 2.7. Let D; = (—00,0] for alli = 1,2,...,m and D = [[ D;, Z =
i=1
(Z1,%2,- -+, Zm) € D. Suppose that v = (v1,v9,...,vy) € T(D;Z). Then

(a) T2(D: 2,v) = ﬁ T2(Dy: 2, v3);
(b) T ( ) 1;[ (Duzzavz)

Proof. By properties of the tangent cone to convex sets (see [2, page 141]), we
get

m m

T(D;z) = T(H Dy; (71,22, Zm)) = HT(Dz‘;«?z’)- (4)

i=1 i=1
Since D; are polyhedral convex sets, we have T2(D;; Z;, v;) = T(T(Di; Z); fui),
foralli=1,2,...,m. We get from (4) that

T(T(D; z); v) = T(HT(Di; zi); (v1,v9, . .. 7vm))

ﬁ D'uzz z) :HT2(Di§§i7vi)~

i=1

=1
Hence, we have the assertion (a) of lemma.
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We will prove the assertion (b) of lemma. Since D is a convex set, we get
T (D;z,v) = cl(cone [cone(D — z) — v])

Combining this and the proof of [37, Lemma 5.1], we have

T (D;z,v) = cl(cone Hcone P — Zi) — (vl,vg,...,vm)])
i=1

=cl (cone[ H[cone(Di —Z) — vi]]). (5)

i=1
By [37, Lemma 5.1], we get that the set

m
cone(D — Z) = cone H(D’ —Zz) H cone(D; — z;)
i=1

is closed and T'(D; Z) = cone(D — Z). Beside, v = (’Ul,Ug, cooyum) €T(D; 2) =
[[:%, T(Dj; z). So, v; € T(D;;%;) = cone(D; — %). Using [37, Lemma 5.1]
again, we have
cone[ H[cone(Di —z) — H conefcone(D; — z;) — v;].
i=1
So, (5) implies

=

T (D;z,v) = cl( conefcone(D; — z;) — vz})

=1

||::]3

(coneconeD -z —vz) HT (Ds; Zi, v5).

Thus, the proof of the lemma is complete. O

The final lemma gives the rule for decomposition of the symmetric second-
order subdifferential for a sum of functions in Ot

Lemma 2.8. Let D be an open subset of R™. Suppose that p; : R™ — R belong
to CYY(D) for all i = 1,2,...,m. Furthermore, assume that for each j =
2,3,...,m Vy; is strictly differentiable at z € D, with its derivative denoted
by V2p;(2) (in particular, p; € C*(D)). Then,

5@(2 ©i)(2) = 05p1(2) + ZVZ%(Z)*- (6)

Proof. By the symmetric second-order subdifferential definition, we have
05p1(2) = Pp1(2) U 201 (2),
with 0721 (2) = D*0%p1(2). By [26, Corollary 4.8], we get
(o1 + 92)(2) = Pp1(2) + Vipa(2)*
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and
92 (o1 + p2)(2) = 0 201(2) + Vi(2)".
So,
93 (p1 + 92)(2) = 05p1(2) + Vo (2)".
Hence, the equality (6) is satisfied for m = 2. Assume that the equality (6)
is satisfied for m = n — 1, we will prove that it also holds for m = n. By the

assumptions of lemma, the function Z?;ll ¢; belongs to C1(D). From [26,
Corollary 4.8], we have

(Y e)(2) as(zsozwn) aszsoz )+ V2o (2)".

Combining this and the inductive hypothesis, we obtain

m

3 Z% = 03( Zsoz )+ Ven(2)" = 0301(2) + Y VZi(2)".

i=2
The proof of the lemma is complete. O

3. Optimality Conditions for Mathematical Programming
Problems

In this section, we suppose that Z, E|Y are finite-dimensional Euclidean
spaces, f1 : Z — R is a given function. Assume moreover that two func-
tions F : Z — Y, H : Z — E have second-order Gateaux derivatives around
zo € Z,and D C Y is a nonempty closed convex set. Let H* : E — Z be an
adjoint mapping of H. We put

A={z€Z:H(z) =0}.

We are interested in deriving the second-order optimality conditions for the
following problem

(P) Minimize{ f1(z) : z € A, and F(z) € D}

by using the asymptotic second-order tangent cone.

3.1. Second-Order Necessary Optimality Conditions

We now establish our first main result: the second-order necessary conditions
for the problem (P) under the assumption that f; € C11(2).

Theorem 3.1. Suppose zg € AN F (D) is a local minimum for (P) at which
the regularity condition (1) is satisfied, T(D;F(z0)) = D(F(20)), VH() is
continuous at zy, and VH(zp) is surjective. Then, the following assertions
hold:

(a) (V f1(20),v) >0 for allv € Z : VH(zo)v =0 and VF (z0)v € T(D; F(z0));
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(b) For any v € Z, VH(z)v =0, VF(z0)v € T(D; F(20)), (Vfi1(20),v) =0,
one has

(Vf1(z0),u) >0 Vu € v+, VH(z)u=0, VF(zo)ueT" (D; F(20), VF(20)v)

and there is z* € 0% f1(z0)(v) such that

(Vfi(20),w) + (z*,v) >0, Vw € v', and VH(zo)w + V2H(2)vv = 0,
VF(z0)w € T?(D; F(z0), VF(z0)v — V> F(20)vv).

Proof. For all v € Z such that VH(zp)v = 0 and VF(z)v € T(D; F(20)), we

have from [18, Lemma 2.2 (i)] that v € T'(A; z9) = T°(A; 29) and

v € VF(20) " (T(D; F(20))) = F(20) " (T*(D; F(20)))-
By [18, Theorem 2.3 (i)],

v e TYA; 2) N Vf(zo)_l(Tb(D; F(20))) = Tb(Aﬁ FH(D); 20)
CT(ANF 1 (D); ).

Since [10, Corollary 4.2], we have the assertion (a). We will prove the
assertion (b). For any v € Z, VH(zo)v = 0, VF(20)v € T(D;F(2)) and
(V f1(z0),v) = 0 we get v e T(ANF1(D);2). So

vE T(.Aﬂ]:_l(D); zo) Nker V f1(zo).

For any u € vt and VH(z0)u = 0, VF(z0)u € T" (D; F(20), VF(20)v), we
have from Lemma 2.4 and Lemma 2.5 that

e T(A;z0) =T (A; 20,0) = T (A 20,v)
and
u € VF(20) (T °(D; F(20), VF(20)0)).
By Corollary 2.6,
we T (A; 20,v) N VF(20) 1 (T"(D; Flz0), VF (20)0))
=T"° (AN FYD); 2,v)
=7 (ANFH(D); z0,v).
So,
wueT" (ANFHD);2p,v) N vt
Then, there exist (tg,7%) — (07,0"), up — u such that i—i — 0 and
1
2k = 20+ v + Slkrguy € ANF YD), for all k € N.
From lim z; = z¢ and zg is a local minimum for (P), we have

k—oo

f1(zx) — fi(z0) > 0, for all large enough k.
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Since (V f1(z0),v) = 0, we get

fi(zr) = f1(20) = [f1(zr) = fi(z0+Ex0)] 4 [f1 (20 +E50) = f1(20) = (V f1(20), tx0)]-

By [10, Corollary 2.1], there exist 6, € (0,1) and w} € 9% f1(z0 + Oxtrv)(txv)
such that

1, 1,

filzo +trv) = fi20) = (Vf1(20), trv) = 5 (wie, thv) = Stu(wi, v).
Note that 3§f1(zo + Optpv)(trv) = tk(‘?%fl(zo + Oktrv)(v). So, there is

2p € 0% f1(20 + Oxtv) (v)
such that w;, = t;.2;. Hence,
1 1

F1(20 + tkv) = f1(20) = (Vfi(20), thv) = S (Wi, tiv) = Stilz,0). (7)

By the mean value theorem, there exists ¢; between zg + ¢;v and z; such that
1
JiGe) = fi(zo + tev) = (V filen), Stervur)-

Combining this with (7), we have

1 1
f1(zk) = f1(20) = fﬁ(z}i,w + tere(Vfiler) uk) 20, (8)
for all large enough k. This implies that
i

(25> v) + (Vfi(er),ux) > 0,
Tk

for all large enough k. Taking & — oo, we obtain
(Vfi(z0),u) > 0.

We will prove the second part. Take any w € v+ and

VH(20)w + V*H(20)vv = 0, VF(20)w € T?(D; F(20), VF (20)v — VEF (20)vv).
We have w € T?(A; z9,v) = T?*(A; z0,v) and w € VF(20) 7!
(T2 (D; F(20), VF (20)v — VQ.F(ZO)UU)> by [18, Lemma 2.2 (ii)]. Since [17,
Theorem 4.9.5],
VF(zo)v — V2F(z0)vv € T(D; F(20)) = D(F(20))-

So, T?(D;F(z0),VF(z0)v — V2F(z)vv) = T?*(D;F(2), VF(z0)v —
V2F (z0)vv) from [18, Lemma 2.3]. By similar arguments in the proof of Corol-
lary 2.6, we can show that

w e T2b<Aﬂ.7:_1(D);Zo,U) = TQ(Amf_l(D)§ZO7U)'

So, there exist ¢, — 07, wy — w such that

1
2, = 20 + v + §(t§“)2wk € ANF YD), for all k € N.
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From lim 2, = zp and zg is a local minimum for (F we have
k 0 0 )
k—o0

f1(z) — fi(20) > 0, for all large enough k. (9)
Since (Vf1(z0),v) = 0, we get

fi(zr) = fi(z0) = [f1(zh) = fr(zo+ )]+ [f1 (20 + E4v) = f1(20) = (V f1(20), t0)]-
(10)
Similar to the proof of formula (7), we can show that there exist 6}, € (0,1)
and
vk € 05f1(z20 + Oit3v) (v)
such that

Fuleo + th0) ~ fa(z0) — (Vii(eo) o) = S (2 0e), (1)

for all £ € N. From the mean value theorem, there is vy between 2o + t},v and
z;. such that

Fulah) = 1o + o) = (VFi()s 5 (6)Pw) = (VA0 wid, (12

for all k£ € N. Combining (11), (12) and (10), we have

Fuleh) = o) = (62 (i) + 5V AGR)w), (13)

for all large enough k. This and (9) imply that

<y;:a ”U> + <Vf1(7k)7wk> >0, (14)

for all large enough k. By Proposition 2.3 (iii), 02 f1(-)(v) is locally bounded
at zp. Moreover, klim (20 + 0tiv) = 2o, we have that {y;} is bounded. So,

we can assume that klijrgo yi = 2* € 0% f1(20)(v). Passing k — oo in (14), we
obtain

(Vf1(z0),w) + (z",v) > 0.
Thus, the proof of the theorem is complete. O

Remark 3.2. Compared to Huy and Tuyen’s results [10], which derived second-
order necessary optimality conditions for mathematical programming problems
with only geometric constraints, our work extends their results. Besides, when
the objective functions are not of class C2, Toan and Thuy [39] have only
derived directional first-order necessary optimality conditions for the problem
(P). Theorem 3.1 improves the result in [39, Theorem 1] by establishing second-
order necessary optimality conditions for problem (P), getting closer to the
sufficient optimality conditions presented in the following subsection.
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3.2. Second-Order Sufficient Optimality Conditions

Definition 3.3. (see [41, Definition 1.1]) A point z is said to be a strict local
minimizer of order 2 for (P), iff there exist § > 0 and p > 0 such that:

fi(x) > fi(z0) + pllz = 20l%, V2 € ANF7H(D) N [B(20,0)\{20}].

The following theorem provides sufficient conditions for a strict local
minimizer of (P), constituting our second main result.

Theorem 3.4. Suppose zo € ANF (D), T(D; F(z0)) = D(F(20)), VH(:)
is continuous at zo, VH(z0) is surjective, and the regularity condition (1) is
satisfied. Assume moreover that the following conditions are hold:

(a) (Vfi(z0),v) > 0, forall v € Z : VH(zo)v = 0 and VF(zg)v €
T(D; F(20));

(b) For anyv € Z\{0}, VH(z0)v =0, VF(z0)v € T(D; F(z0)), (V f1(z0),v) =

0, one has

(Vfi(z0),u) >0 Yu € v \{0},  VH(z0)u=0, VF(z0)ueT (D;F(z), Vf((zféq)})

and
(Vf1(z0),w) + (z*,v) > 0, Yw € v, VH(z)w + V>*H(z0)vv = 0,

VF(z0)w € T?(D; F(20), VF(20)v — V2F(29)vv),Vz* € 0F fl(zo)(v)(. |
16

Then, zo is a strict local minimizer of order 2 for (P).

We will prove theorem by contradiction. Suppose that zq is not a strict
local minimizer of order 2 for (P). Then, for each p;, — 07, there exist z; €
AN FYHD)\{20} such that limy_. 2 = 29 and

fi(ze) — f1(20) < prllze — 20l%, Vk € N. (17)

Put ty = [|zx—20|| and v, = 2= forall k € N. We get [|vg|| = 1, forallk € N.
Without any loss of generality, we can suppose that limg_,, vy = v. Note that
2 = 20 + tpug, and by, = ||z — 20]| — 0, as k — c0. So, v € T(ANF~H(D); 29)
and ||v|]] = 1. By similar arguments in the first of the proof of Lemma 2.3,
we can show that v € T'(A;zy) and VF(zo)v € T(D;F(2)). From Lemma
2.4, we have VH(zp)v = 0 and VF(z0)v € T(D;F(z)). From the Fréchet

differentiability of f; and (17), we have

(V fu(z0),0) = lim L1 = f1(z0)

k—o00 tr

S lim pktk =0.
k—o0

Combining this with (a), we get (Vfi(z0),v) = 0. Thus, v € Z\{0},
VH(zo)v =0, VF(20)v € T(D; F(20)), (Vfi(z0),v) = 0. On the other hand,
since [15, Lemma 3.4, pages 129-130], we can assume that there is a subse-
quence of {z;} denoted also by {zx}, such that either
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Tk

e — 0 and uy = ZuoZo—tel

(i) there is a sequence r, — 0T such that T
2
converges to some vector u € T (AN F~HD); zp,v) Nv+\{0} or
(ii) wy, := w converges to some vector w € T? (ANF~1(D); z9,v) Nvt.
27k

For (i), we get zr = zo + tgv + %tkmuk. Note that (Vfi(z0),v) = 0.
Similar to the proof of formula (8) in Theorem 3.1, we can show that there
exist 0, € (0,1), z; € 8§f1 (20 + Oxtrv)(v) and ek between zo+t,v and 2z such
that

Fulaw) = fa(eo) = 52{52,0) + Stara{Vfa(en), ), (13)

for all large enough k. Substituting (18) into the left side of (17) we obtain
1 1
§tkrk<Vf1(5k),uk> + iti(zz,w < prllze — 20|, for all large enough k.
So,
(7 tr 1 9
(Vf1(&k), ug) + r<zk7v> < 2T—pk||v + §tkukH , for all large enough k.
k k

Similar to the proof at the end of Theorem 3.1, we can assume that
limy 00 25 = 2* € 0% f1(20)(v). Taking k — oo and note that ﬁ—’; — 0, pr — 07T,
we obtain (V f1(z0),u) <0, this is contradictable with (15). Hence, the asser-
tion (a) is proven.

For (ii), we get zx = 2o + trv + %t%wk. Similar to the proof of formula
(13) in Theorem 3.1, we can show that there exist ), € (0,1), 2} € 92 f1 (20 +
Ortrv)(v) and & between zg + tv and zj such that

i) = Fa(zo) = 5B (VA1(E), we) + 5810, (19)

for all large enough k. Combining (17) and (19), we have

1 1
5ti<Vf1(§k),wk> + 515%(2,’;, v) < prllze — 20]|?, for all large enough k.

So,
1
(Vf1(&k),wr) + (z1,v) < 2pi|lv + étkwkﬂz7 for all large enough k.

Similar to the proof at the end of Theorem 3.1, we can also assume that
limg o0 25 = 2* € 0%f1(20)(v). Taking k — oo, we obtain (V fi(z0),w) +
(z*,v) < 0, this is contradictable with (16). Hence, the assertion (b) is also
proven. Thus, 2 is a strict local minimizer of order 2 for (P). The proof of the
theorem is complete.

Remark 3.5. When the objective functions are of class C?, the authors in
[36] employ a stricter regularity condition than that in [37] to derive suffi-
cient optimality conditions for problem (P). In contrast, Theorem 3.4 derives



Second-Order Necessary and Sufficient Optimality Conditions. .. Page 21 of 33 226

second-order sufficient optimality conditions using the same regularity condi-
tion as in [37,39]. Furthermore, we achieve a “no-gap” property between the
second-order necessary and sufficient optimality conditions in this case.

4. Example and Application
4.1. An Example

We now give an example to illustrate our main results.

Example 4.1. Let Z=Y =R3, E=R, D=R xR xR,

H(z) = H(z1, 22, 23) = 23 + sin zp — 225 + 222 and
F(z) = F(z1, 22, 23) = (21, 22, 23).
We consider the following optimization problem
Min{f1(2) : H(z) =0, F(z) € D}, (20)
where
322 + 223 + 29 + 222 + 23 + 22 cos(In|z1|) if 21 #0
22§+ZQ+2z§—|—23 if z1 =0.

F1(2) = Fi(er, 22, 2) :{

Then, zZ = (0,0,0) is a strict local minimum of order 2 for problem (20).

Indeed, it is easy to check that Vf1(z) = (0,1, 1), f € CH1(R?), VH(-)
is continuous at z and VH(Z) is surjective. We now prove that the regularity
condition (1) is also satisfied. For each r > 0, 2 = (21, 22, 23) € B(z,7) N A, we
have

VF(z) (T(A;é)) = T(A; 2) = {(wl,wg,wg) e R?: 23w
+ (COS 29 — 2)11)2 + 4zZ3w3 = 0}
Note that D(F(z)) = D(z) = D. We will prove that
T(A;2) =D =R

Take any y = (y1,%2,y3) € R®. We can assume that y3 = yi — y3, with
2

y; > 0. Choose w; = 0, w3 = y% There exists wo € R such that (cosZs —
2wy = —423w3 = —423y3. Then, w = (wy,wa,w3) = (0,ws,ys) € T(A; 2),
(—y1, —y2 + w2, y3) € D and

(0, wa,y3) = (—y1, —y2 + w2, 43) = (y1,Y2,93)-

Thus, T(A; 2) — D = R3. We have
T(D;F(z)) =T(D;z) =D
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and
T2(D; F(2),0) =T (D; F(2),v) = T(T(D; F(2));v) = T(D; )
{D if v = (v1,v1,0)
(

R3 if v = (v1,v1,v3), v3 > 0.

Take any v = (v1,v1,v3) € Z such that VH(z)v = 0 and VF(z)v €
T(D; F(z)), we have (vi,v1,v3) € T(D; F(z)) = D. Note that VH(Z)v = —wvs.
So, v3 > 0 and vo = 0. Hence, (Vf1(Z),v) = v + v3 > 0, and so the as-
sertion (a) of Theorem 3.4 is satisfied. Take any v = (vy,v1,v3) € Z\{0},
VH(Z)v =0,VF(z)v € T(D; F(Z)), (Vfi(Z),v) =0, we have —vy = 0, vz > 0,
ve +v3 = 0. So, v2 = v3 =0, v; # 0. Hence, v = (v1,0,0) with v; # 0. We
now take u € v\{0}, VH(2)u =0, VF(Z)ueT" (D; F(2), VF(2)v), we get
u = (0,u9,u3), —uz =0, VF(Z)u =u = (0,0,u3) € T (D; F(2), VF(2)v) =
7" (D; Z, v) =D. So, uz > 0. Hence,
<Vf1(2),u> =ug >0,
and so (15) is satisfied. We will check for (16). Take any w
vh 2% € 0%2f1(2)(v) such that VH(Z)w + V*H(Z)vv = 0, VF(2)w
T?(D; F(2), VF(2)v — VEF(2)vv), we get w = (0, wa, w3), —wa + 207 + 403
—wy + 20} =0, VF(2)w = (0, w2, w3) € T?(D; F(2), VF(2)v — V2F(2)vv) =
T?(D;z,v) = D. So, wy = 207 > 0 and wy > 0. Hence, (Vf1(2),w) =
wg + w3 > 0. Note that v = ( 1,0,0), we have
95f1(2)(v) = 0s (v, V1(-))(2) = 05 (11 V=, f1(1)) (2)
= v10g (vzlfl(»(,?) = (vlo”'sg(O),0,0),

I m m

where

9(z1) :== V., f(2) = 621 + 221 cos(In |z1|) — z1 sin(In |z1]),
for all z = (21, 29,23) € Z.

From the Lipschitzian property of g(-), one has

659(0):[ liminf Vg(z), limsup Vg(zl)]
21—0,21#£0 21—0,21#0

We have
Vg(z1) = 6+ cos(In|z|) — 3sin(ln |z1|), Vz1 # 0.

So, we can check that

RN()w) = {= = (21,25, 5) € Z: 2f = avy, 2 = 25 =0,
c [6—\/10,6+\/10}.
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Hence,
(V1(2),w) + (2%,0) = wy + w3 + av} > 0,

for all z* = (avy,0,0) € 9% f1(2)(v). Thus, the assertion (b) of Theorem 3.4 is
also satisfied. By Theorem 3.4, z = (0,0, 0) is a strict local minimum of order
2 for problem (20).

4.2. Application to an optimal control problem

Let Xg,Uy for each £ = 0,1,..., N — 1, and Xy are the finite-dimensional
Euclidean spaces, where N is a positive natural number. Assume that

— hi: X xUp — R, hy : Xy — R are real functions;
— g+ X X Uy — X1 is a vector function;
— g : Xi x Up — R is a real function.

We describe a control system with state variable xj and control variable uy at
time k. The objective function is the sum of functions hy for £k = 0,1,..., N.
The state variable space at stage k is denoted by Xj, and the control variable
space at stage k is denoted by Uy.

Consider the following discrete optimal control problem: Find a pair (z, u)
where © = (zo,z1,...,2n5) € Xo X X1 X -+ X Xy is a trajectory and u =
(ug,u1,...,un—1) € UgxUy x---xUp_1 is a control sequence, which minimizes
the objective function

N—1

Z hi(zk, ug) + hy(xn), (21)
k=0

and satisfy the state equation

Tpt1 = or(Tr,uk), k=0,1,...,N—1, (22)

the initial condition
zg = c € X, (23)

and the constraints
gk (zp,ur) <0, k=0,1,...,N—1. (24)

This class of problems has been studied extensively in the literature; see,
for example, [1,3,7,19-22,24,25,33,35-37,40] and the references therein for
further details.

Define the product spaces:

X=XoxXyx--xXy, U=UyxUy x---xUpn_1.

For each x = (xg,21,...,2n) € X and u = (ug, u1,...,uny—1) € U, we put

N—-1

flau) =Y hi(wr,up) + hy(zy)

k=0
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and
F(z,u) = (go0(z0,u0), 91(x1,u1), .., gn-1(TN—1,un—1)). (25)
Let
N—-1
Dy =(-0,0] (k=0,1,....,N=1), D= ][] D, Z=X xU.
k=0

Then, problem (21)—(24) can be written as the following form:

Minimize f(z)

subject to z€ A, F(z)€ D, (26)
where H : Z — X is defined by

H(z) = H(xg, 1, .., TN, U0y UL,y .-, UN—1)
= (20 — ¢, 1 — wo(@o, u0), 2 — @1 (w1, 1), .., N — PN-1(TN-1,uN-1))
and
A={zeZ:H(z)=0}. (27)

A pair (Z,u) satisfying (22), (23), and (24) is called admissible
for the problem (21)—(24). For a given admissible couple (Z,u), symbols
Bk: 8Ek azﬁk

E)uk ) 6ukc’)zk ’
2

(E)‘Zk%m)(a’:k,ﬂk),etc.7 where

etc., stand, respectively, for hy (T, ax), (g—ﬁl’z)(g’ck,ﬂk),

9*hy, 3*hy %hy,
aw}cauk &w}caui e Owiaufﬁvf
o7 82;lk azflk 82Ek
0 hk B axiauk Bxiaui U c%v%auff’
axkauk
9*hy, 9*hy, 9%hy,
Oz Oul, OxzFoui """ Oz ouM
: _ 1 2 S . _ 1 2 M _ M
if o = (xp,25,...,27) € X =R, and ui = (uy,up,...,u,") € Uy = R™.

We denote z} as the transpose of the matrix zj. An admissible couple (z,u)
is said to be a local minimum for the problem (21)—(24) if there exists € > 0
such that for all admissible couples (z,u), the following implication holds:

(@, u) = (z,0)||z < €= f(z,u) = f(Z,0).
We now state assumptions for the problem (21)—(24).

(Hy) The function hg is Fréchet differentiable around (Zg, ig), whose gradi-
ent mapping Vhg is locally Lipschitz around (Zg, ). For each k =
1,2,...,N — 1, the function hj belongs to C? around (Zy, ), and the
function hy belongs to C? around Zy.

(Hs2) For each k =0,1,...,N — 1, the functions pj, and gy are twice differen-
tiable around (Zg, ).
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(H3) For all (&,4) in neighborhood of (Z,u), for all k € I(Z,u) and vy < 0,
there exist o =0, w € U; (1=0,1,...,N —1) such that

0g 0g
a—i: k+a%uk—vk<0 if ke I(z,q),
where
Ti41 = %ﬁ;(il,ﬁl)xz + %(fl,ﬁl)uz,
and

I(z,u)={k:k=0,1,...,N — 1 such that g = 0}.

We now establish the second-order necessary and sufficient conditions for

the problem (21)—(24) without requiring all objective functions to be of class
C2.

Theorem 4.2. Suppose that (z,u) = (ZTo,T1,...,TN, U0, U1,-..,UN-1) IS an
admissible point for the problem (21)—(24) and assumptions (Hy)—(Hs) are
satisfied. If (Z,a) is a local minimum for the problem (21)—(24), then the fol-
lowing conditions are fulfilled:

(i) For all z = (xg,x1,. .., TN, U, UL, ..., uN-1) € Z, k0 =0, Tp11 = gm T+
gf:u &, and 89’“ Lok + 5 8% Luy, € T(Dy;gr) (VE=0,1,...,N — 1), one has

Z%xk Z%ukm

(ii) For all z = (xo,21,..., TN, U0, UTy..., UN—1) € Z, Tg = 0, T4 =

@ 99k

SPk ) + gﬁ:uk, B9 3, + dgkuk € T(Dy;gr) (V k =0,1,....N = 1), and

Qﬁ

Q|
l~2
e

oh _
oa "’E@k“k 0, one has

Mz

k

k=0 (’)uk
N—1
for all Z = (Zo,Z1,...,ZN,00,U1,...,UN-1) € Z, Z TeZp + Y. uplr = 0,
k=1
o = 0, Tp41 = kaxk + aukuk, 2—5,’3% + ngM’Zuk e (Dk;gm@wk +
g%’;uk) v k = 0,1,....N — 1), and there exist zj = (z},uy) €
%ho(Zo, ﬂo)(zo, ug) such that
N .7 N—1
8hk R ahk R 27
mekﬂL . Du iy, + (25, 1), (o, u0)) + > (ks wr) " V2R (r, un)

k=1
+ IJJ\}V27LN$N >0,
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. P A . N . N—1 .
for all 2 = (o, Z1,..., TN, Uo, Uty .-, UN-1) € Z, D poq ThTp+ D py Uply =
0,
o =0
- 9Pk 4 T 8% Sok: T_9%%) T_8%¢; T 8%%; _
Tpt1 — aﬂ% Tk~ By Uy, — xj, o mk = Tk Perourn Uk T Uk upowy, Tk T Uk au? up =0
Vk=0,1,...,N—1),
O gk gk g 2 g, 02 g
Tp + ——Ug €T2<Dk'§k xk-l——uk—xTixk—xTiuk
Ay, duy, "I By, duy, a2 * 9k duy,

2 gr 9?gr
T T
—uT T TR (YVE=0,1,...,N —1).
Yk Sz, * T o2 “’“) ( )

The above conditions are also sufficient for (Z,a) is a local minimum for
the problem (21)—(24) if the following condition holds:

(ii’) For all z = (20, X1, .., TN, U, UL, ... ,un—1) € Z\{0}, o = 0, 2441 =
gg:x + a4 S8y € T(Diigr) (Y k= 0,1,...,N — 1),

h dh
Z ik + Z Fuoup =0, one has

th~ Z ki >0,

k=

N-1
for all Z=(Zo,Z1,...,ZN,Uo, U1,...,un—1) € Z\{0}, Z TRy + Z R—

~ ~ o g 93 P
0,20 = 0, Tpy1 = Omkxk“‘ ‘Pku,w gkxk—|— g’“u;CET (Dk§gk7ﬁl’k+

%uk) VEk=0,1,....,N — 1), and

Oug
N N-1
ahk ~ ahk: ~ * % 5
STk + —— Uy, + (x5, u), (0, ug)) + (2hs ure) T V2 (g, ug)
ark 8
0 k=1
+J),1]\}v277,]v$]v >0,
for all =5 = (xf, ug) € O2ho(Zo, to) (0, uo),
N-1
z= (i’o,{%l,...,iﬁj\[,ﬁo,ﬁl,.. ’LLN 1) S Z Z xk.’Ek + Z Uk’LLk —0
o =0
(Vk:o,l,...,N—l),
[ Ogr 2 Ogi Ogr Tazgk r %Gk
T+ ——Up GT(D T+ —u — T, ————
Bzr T Buy, K950 5o ™ Bun ™ T T a2 T T Tk g
9. %G )
T T
—Uj, U U VvV k=0,1,...,N—1).
auka k k: k 8 2 k ( )
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Remark 4.3. To establish sufficient conditions, the authors in [36] required the
functions gq’“ Ui — R to be surjective, even when all objective functions were
of class C?. In contrast, we achieve sufficient conditions using only assumption
(Hj3). This assumption is weaker than the surjectivity requirement of [36], and
notably, our result holds even if one of objective functions lacks C? smoothness.

If at least one objective function is not of class C2, the authors [39)]
derived only directional first-order necessary optimality conditions for the dis-
crete optimal control problem (21)—(24). In contrast, Theorem 4.2 establishes
second-order necessary and sufficient optimality conditions for the same prob-
lem under this assumption. Thus, our results significantly strengthen those in
[39] by providing higher-order conditions that are also sufficient.

We now rewrite the problem (21)—-(24) in the form

Minimize f(z)

subject to z € AN F~Y(D),
where F' and A are defined by (25) and (27), respectively. The next step is to
apply Theorem 3.1 and Theorem 3.4 to prove Theorem 4.2.

Proof of Theorem 4.2. Assume that z = (ZTo,Z1,...,TN, U0, U1,---,UN—1) 1S
an admissible point for the problem (21)—(24) and assumptions (H;)—(Hs)
are satisfied. From [37, Lemma 5.1], we get T(D; F(2)) = D(F(2)). By [38,
Lemma 7], we have that VH (Z) is surjective and the regularity condition (1)
is satisfied. If z = (%o, Z1, ..., TN, Uo, U1, - - -, Un—1) 1S a local minimum for the
problem (21)—(24), then Z is a locally optimal solution of problem (26). Since

N—1
f(Z) hk zk,uk +hN(1‘N)
k=0
we have
Vf(z) =Vf(z )
oh oh Oh Oh
:(70(5307170), (@1, 01), -y o (EN 1, UN—1), o (N,
Oxo orn_1 ox N
Oh oh Oh
B (@0, 70), 5 (1, 00), o, S @y i) ).
So, for each z = (z,u) = (xo,21,...,TN, Uy, U1,. .., UN—1) € Z We get
N a7 N—1 o7
oh Oh
(Vi@ 2) =Y >—ap+ Y o uy, (28)

ox ou
k i—o YUk
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9P 9o 0P dp1
( ) 0, 41 axo ) 0, 42 8(E1 aul 1 ;
OPN-1 OPN-1
TN — € - UN-1 |,
TN_1 Oun_1
(29)
and
990 990 O0g 99 OGN 1 0gn—1
VFZz—(— 2 Ug, o T + u,)
(2) 920 70T Dug 0 92, S T 9 Y By L Gy V-1
(30)
We also get
2o 9%@o 9%@o %50
To217(5\0 _ T T T T
z'V°H(z)z = (O,xo 733@(2) zo + xg 8x08u0u0 + ug 3 oamoxo + ug 2 UQy -« vy
2pN_1 02PN 1
T T
TN _ TN—1+Tny_ 41 —————————UN-—
N-1 61?\7_1 N1 N 18xN,16uN,1 N=1
0?pN_1 Ppn-1
wh —— T an uk UN— ) 31
+ NﬁlauN_laxN_l N1 UN 3u?\,71 N1 ( )
and
%go 9%go g0 go
To2 sy (T T T T
z'V°F(2)z = (10 8:70(2) z0 + x) 83:08u0u0 03 g 0 + ug 5 %uo,
2%q %1 9%g1 021 0%GN_1
T T T T T
1 0z? o ! axlaulu e Ou10z1 T ou? Uloe TN -1 856%]_1 N1
82Gn— 2gn_ 2gn_
T N-1 T gN-1 T gN-1
TN Gy 1Buy N N ey, N N1, un-1):
(32)

Since Lemma 2.8 for each z* € 92 f(2)(z), there exists z§ = (zf,u) €
8§h0(f0, o) (xo, up) such that
N-1 B B
(=%, 2) = (&g, up), (0, u0)) + D (@hy ur) " V2 hye(wh, up) + 23 VZhyay. (33)
k=1
By Theorem 3.1, the following assertions hold:
(@) (Vf(2),z) >0forall z€ Z:VH(2)z =0 and VF(2)z € T(D; F(2));
(b)) For any z € Z, VH(Z)z = 0, VF(2)z € T(D; F(%)), and (Vf(%),2z) =0,
one has
(Vf(2),5) >0Vzezt, VH(2)2=0, VF(2)z € T (D; F(2), VF(2)2)
and there is z* € 9% f(2)(z) such that
(VF(2),2)+ (2%,2) > 0,Vz € 2z, and VH(2)2 + 2T V2H(2)z = 0,
VF(z)2 € T*(D; F(2),VF(2)z — 2" V?F(2)z).
Since (28)—(30) and Lemma 2.7, the assertion (a’) implies that for all

= (Z‘O,.’El,...,.’l}N,UO,Ul,...,UNfl) EZ,
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JZOZO
{xkﬂ_gggxngj:uk, Vk=0,1,...,N—1
and

a7 07
ﬁxkﬁ-ﬁuk € T(Dy;gx), VE=0,1,...,N -1,
a$k 8uk

one has v N
%ik + Z %uk >0,
=0 8l‘k P 8uk
this is the assertion (i) of Theorem 4.2.
Since (31)-(33) and Lemma 2.7, Lemma 2.8, the assertion (b’) implies
that for all z = (zg,z1,...,2N, U0, U1, .., uN_1) € Z,

330:0
Thi1 = 22 ap + G2y, VE=0,1,...,N — 1
k+1 Oy, Uk Juy, k> ) )

g 85
O e+ ST € T(Dyigi), Yk =0,1,...,N —1
ka 8uk

and v v
oh — oh
ZETJWF > aTLk“k:Ov
k=0 K k=0 K
one has N N
Ohy — Ohy,
%k —Ea, >0,
8$kxk + Z aukUk -
k=0 k=0
for all z = (.i'o,.i‘l, c L IN, U, UL,y - - - 7'&/N71> ez,

N N—-1
E T + E upty = 0,
k=1 k=1

=0
{fk+1mfk+gi:ﬂk, Vk=01,. ,N-1,

Oxp

g 95 , 97
Ok e+ e e (Dk;gk,ﬁxﬁ—uk), VEk=01,... N-1,
Uk axk

and there exist 2§ = (zf, uy) € 0%ho(Zo, Uo) (o, up) such that

N, oh = on _
LN i+ (20, up), (zo,u0)) + (zh, u) T V2R (2, uy,)
8xk 8uk

k=0 k=0
+ !E%VQBNQTN Z 0,

for all Z = (imi‘l,...,@N7ﬁ0,ﬁ1,...,ﬁN71) €z,

N N-1
E TLTE + E upty = 0,
k=1 k=1
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A_Tawk _ T _ 9% _ T _9%@, _ T 9% _
ouy Yk T Tk a2 Tk T Tk 5 ou, Yk T Yk Gugow, Tk T Uk auguk_o’

Vk=0,1,...,N—1,

r %Gk

09k ., Ok i oG, g, T "
8xk8uk

89
%9, 1 294 € 12(Dyi g, 0,
akk-i-a U kgka xk-l-au Uk 3%96

0% 0*gk )

T T

Ik I ), YE=0,1,...,N —1,
Y 8uk8xkx G ou? Uk

this is the assertion (ii) of Theorem 4.2. By Theorem 3.4, we can prove the suf-

ficient optimality conditions for the problem (21)—(24). The proof of Theorem

4.2 is complete. O
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