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Abstract. This paper investigates the optimality conditions for mathe-
matical programming problems involving geometric and functional con-
straints, with objective functions that are Fréchet differentiable and their
gradient mappings are locally Lipschitz on an open set. We first estab-
lish formulas to compute the asymptotic second-order tangent cone of
the constraint sets and decompose the asymptotic second-order tangent
cone for the intersection of these sets. We then derive second-order neces-
sary and sufficient optimality conditions for mathematical programming
problems. The results are applied to a class of optimal control problems.
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1. Introduction

The theory of optimality conditions, a key area in variational analysis and
optimization, captivates many researchers; cf., e.g., [4–6,9–13,16,28,30,31,36,
37,39]. Hiriart-Urruty et al. [9] and Toan et al. [37] utilized the generalized
Hessian matrix to establish second-order necessary conditions for a class of
differentiable mathematical programming problems. Using a stricter regularity
condition than the corresponding regularity condition in [37], Toan et al. [36]
established second-order necessary and sufficient optimality conditions for the
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mathematical programming problem in [37]. When the objective function may
not be differentiable, Toan et al. [39] derived directional first-order necessary
optimality conditions for the mathematical programming problem.

Gutiérrez et al. [11,12] employed the Hadamard parabolic and asymptotic
derivative to derive second-order necessary and sufficient optimality conditions
for general mathematical programming problems. Huy et al. demonstrated in
Section 4 of [10] that asymptotic and the second-order parabolic derivatives
may not exist. The authors in [10] introduced the second-order symmetric sub-
differential and its associated calculus rules to derive second-order necessary
and sufficient optimality conditions for differentiable mathematical program-
ming problems with geometric constraints. As noted in [28], the second-order
symmetric subdifferential can be strictly smaller than the generalized Hessian
matrix. Nevertheless, second-order necessary and sufficient optimality condi-
tions for mathematical programming problems with both geometric and func-
tional constraints described by target sets remain unexplored in this context.

In this work, by establishing formulas to compute the asymptotic second-
order tangent cone of the constraint sets and decompose the asymptotic
second-order tangent cone for the intersection of these sets, we derive second-
order necessary and sufficient optimality conditions for mathematical program-
ming problems with both geometric and functional constraints described by
target sets. We can say that this study extends Huy and Tuyen s results in
[10]. Moreover, we only use the regularity condition as in [37,39] to achieve suf-
ficient optimality conditions for mathematical programming problems, even if
the objective function may not be second-order differentiable. Thus, our results
also serve to develop and refine those of [36,39].

The paper is organized as follows. Section 2 establishes auxiliary results
concerning formulas to compute the asymptotic second-order tangent cone of
the constraint sets and decompose the asymptotic second-order tangent cone
for the intersection of these sets, essential for the using in later sections. In
this section, we also derive the rules for decomposition of tangent sets (cones)
for the Cartesian product of sets and the symmetric second-order subdifferen-
tial for the sum of functions in C1,1. The main results are Theorem 3.1 and
Theorem 3.4 on second-order necessary and sufficient optimality conditions
for a mathematical programming problem, presented in Section 3. At the final
section, we give an example to illustrate the main results. In this section, we
also discuss for the application of our main results to a discrete optimal control
problem with mixed constraints in the case where the objective function may
not be twice differentiable.
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2. Preliminaries and Auxiliary Results

2.1. Preliminaries

In this section, we review key concepts and facts from variational analysis and
generalized differentiation that will be utilized later. These notations and facts
are detailed in [6,8,18,23,28,29,34].

Let E1 and E2 be finite-dimensional Euclidean spaces and F : E1 ⇒ E2

be a multifunction. The effective domain, denoted by dom F and the graph of
F, denoted by gph F, are defined as

dom F := {z ∈ E1 : F (z) �= ∅}
and

gph F := {(z, v) ∈ E1 × E2 : v ∈ F (z)}.

The set

Lim supz→z̄ F (z) = {z∗ ∈ E1 : ∃zn → z̄, z∗
n → z∗ with z∗

n ∈ F (zn) ∀n ∈ N}
is called the Kuratowski-Painlevé upper limit of F at z̄.

Let E be a finite-dimensional Euclidean space, D be a nonempty closed
subset of E, and z̄ ∈ D. The closure, interior, conic hull, and convex hull of
D are denoted, respectively, by cl D, int D, cone D, and conv D. The set

T (D; z̄) =Lim supt→0+
D − z̄

t
=
{
h ∈ E : ∃tn → 0+,∃hn → h

such that z̄ + tnhn ∈ D ∀n ∈ N}
is called the tangent cone to D at z̄. The adjacent tangent cone to D at z̄ is
defined by

T b(D; z̄) = Lim inft→0+
D − z̄

t

=
{
h ∈ E : ∀tn → 0+,∃hn → h such that z̄ + tnhn ∈ D ∀n ∈ N

}
.

The set

C(D; z̄) = Lim inf
t→0+, z

D−→z̄

D − z̄

t

=
{

h ∈ E : ∀zn
D−→ z̄,∀tn → 0+,∃hn → h

such that zn + tnhn ∈ D ∀n ∈ N}
is called the Clarke tangent cone to D at z̄.

It is well known that if D is a convex set, then

T (D; z̄) = T b(D; z̄) = C(D; z̄) = cl
(
D(z̄)

)
,

where
D(z̄) := cone(D − z̄) = {λ(d − z̄) : d ∈ D,λ > 0}.
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The second-order tangent set to D at z̄ in the direction v ∈ E is defined
by

T 2(D; z̄, v) = Lim supt→0+
D − z̄ − tv

t2

2

=

{
w : ∃tn → 0+, ∃wn → w such that z̄ + tnv +

t2n
2

wn ∈ D ∀n ∈ N

}
.

The set

T 2b(D; z̄, v) = Lim inft→0+
D − z̄ − tv

t2

2

=

{
w : ∀tn → 0+, ∃wn → w such that z̄ + tnv +

t2n
2

wn ∈ D ∀n ∈ N

}

is called the adjacent second-order tangent set to D at z̄ in the direction
v ∈ E.

When D is a convex set and v ∈ D(z̄) = cone(D − z̄), then

T 2(D; z̄, v) = T 2b(D; z̄, v) = T
(
T (D; z̄); v

)

by [18, Lemma 2.3]. Moreover, if D is a polyhedral convex set, then we also
have T 2(D; z̄, v) = T

(
T (D; z̄); v

)
for all v ∈ T (D; z̄).

The asymptotic second-order tangent cone to D at z̄ in the direction
v ∈ E is

T
′′
(D; z̄, v) =

{
w : ∃(tn, rn) → (0+, 0+),∃wn → w such that

tn
rn

→ 0 and

z̄ + tnv +
1
2
tnrnwn ∈ D ∀n ∈ N

}
.

The cone

T
′′b(D; z̄, v) =

{
w : ∀(tn, rn) → (0+, 0+),∃wn → w such that

tn
rn

→ 0 and

z̄ + tnv +
1
2
tnrnwn ∈ D ∀n ∈ N

}

is called the asymptotic adjacent second-order cone to D at z̄ in the direction
v ∈ E.

When D is a convex set and v ∈ D(z̄) = cone(D − z̄), then there exists
λ > 0 such that v = λ(z − z̄) for some z ∈ D. By the convexity of D, for any
(tn, rn) → (0+, 0+), tn

rn
→ 0, we have

tnv = tnλz + (1 − tnλ)z̄ − z̄ ∈ D − z̄.

This implies that z̄ + tnv ∈ D, and so, 0 ∈ T
′′b(D; z̄, v).

The cone T and the sets T 2, T 2b are well known. The cone T
′′

was first
introduced by Penot in [32]. We refer the readers to [17, Section 4.11.3] for
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the definition and discussions related to cone T
′′b. If D is a convex set and

v ∈ T (D; z̄) such that T
′′
(D; z̄, v) �= ∅, one has

T 2(D; z̄, v) ⊂ T
′′
(D; z̄, v) = cl cone[cone(D − z̄) − v].

In general cases, there is no inclusion relation between T 2(D; z̄, v) and
T

′′
(D; z̄, v).

The set

N̂ε(D; z̄) :=
{

z∗ ∈ E : lim sup
z

D−→z̄

〈z∗, z − z̄〉
‖z − z̄‖ ≤ ε

}

is called the ε− Fréchet normal set to D at z̄. When ε = 0, the set N̂(D; z̄) :=
N̂0(D; z̄) is called the Fréchet normal cone to D at z̄. If z̄ /∈ D one puts
N̂ε(D; z̄) := ∅. The set

NC(D; z̄) :=
(
C(D; z̄)

)∗ = {z∗ ∈ E : 〈z∗, z〉 ≤ 0 whenever z ∈ C(D; z̄)}
is called the Mordukhovich normal cone to D at z̄. The set D is said to be
normally regular at z̄ ∈ D if N̂(D; z̄) = N(D; z̄). The set

NC(D; z̄) :=
(
C(D; z̄)

)∗ = {z∗ ∈ E : 〈z∗, z〉 ≤ 0 whenever z ∈ C(D; z̄)}
is called the Clarke normal cone to D at z̄.

It is also known that if D is a convex set, then the Fréchet normal cone
coincides with Mordukhovich normal cone, coincides with Clarke normal cone,
and coincides with normal cone of convex analysis for convex sets.

Note that the Clarke normal cone to D at z̄ always coincides with
the convex closure of the Mordukhovich normal cone, i.e., NC(D; z̄) =
cl conv N(D; z̄).

We denote the set of perpendicular vectors to z ∈ E in E∗ by

z⊥ = {z∗ ∈ E∗ : 〈z∗, z〉 = 0}.

Let F : E1 ⇒ E2 be a multifunction, (z̄, ȳ) ∈ cl gph F . The multifunction
D∗F (z̄, ȳ) : E2 ⇒ E1, defined by

D∗F (z̄, ȳ)(y∗) := {z∗ ∈ E1 : (z∗,−y∗) ∈ N
(
(z̄, ȳ); gph F

)}, ∀y∗ ∈ E2

is called the Mordukhovich coderivative of F at the point (z̄, ȳ). The symbol
D∗F (z̄) is used when F is single-valued at z̄ and ȳ = F (z̄).

Let ϕ : E → R̄ be an extended real-valued function and z̄ ∈ E be such
that ϕ(z̄) is finite. For each ε ≥ 0, the set

∂̂εϕ(z̄) :=
{

z∗ ∈ E : lim inf
z→z̄

ϕ(z) − ϕ(z̄) − 〈z∗, z − z̄〉
‖z − z̄‖ ≥ −ε

}
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is called the ε− Fréchet subdifferential of ϕ at z̄. The set ∂̂ϕ(z̄) = ∂̂0ϕ(z̄) is
called the Fréchet subdifferential of ϕ at z̄ and the set

∂ϕ(z̄) := Lim sup
Ω

z→z̄
ε↓0

∂̂εϕ(z)

is called the Mordukhovich subdifferential of ϕ at z̄. It is known that the Mor-
dukhovich subdifferential reduces to the classical Fréchet derivative for strictly
differentiable functions and to subdifferential of convex analysis for convex
functions. The set

∂+ϕ(z̄) := −∂(−ϕ)(z̄)

and
∂S(ϕ)(z̄) := ∂(ϕ)(z̄) ∪ ∂+(ϕ)(z̄)

is called the upper subdifferential and the symmetric subdifferential of ϕ at z̄,
respectively.

The notation of the symmetric subdifferential was first introduced by
Kruger and Mordukhovich [28]. It is easy to see that ∂S(λϕ)(z̄) = λ∂S(ϕ)(z̄)
for all λ ∈ R. We also have the following result from the definition of the
symmetric subdifferential.

Proposition 2.1. Suppose that f : E → R is strictly differentiable at z̄ and
g : E → R is Lipschitz continuous around z̄. Then,

∂S(f + g)(z̄) = ∇f(z̄) + ∂Sg(z̄).

Let (z̄, ȳ) ∈ gph ∂ϕ. The Mordukhovich second-order subdifferential of ϕ
at z̄ relative to ȳ is a multifunction ∂2ϕ(z̄, ȳ) : E ⇒ E defined by

∂2ϕ(z̄, ȳ)(u) := (D∗∂ϕ)(z̄, ȳ)(u) =
{

v : (v,−u) ∈ N
(
gph ∂ϕ; (z̄, ȳ)

)}
, ∀u ∈ E.

Let D be an open subset of E. We denote by C1,1(D) the class of all real-
valued functions g, which are Fréchet differentiable on D, and whose gradient
mapping ∇g(·) is locally Lipschitz on D. When g ∈ C1,1(D) and z̄ ∈ D, we
get from [28, Theorem 1.90] that

∂2g(z̄)(u) = ∂2g
(
z̄,∇g(z̄)

)
(u) = ∂〈u,∇g〉(z̄), ∀u ∈ E.

Let g ∈ C1,1(D) and z̄ ∈ D. The symmetric second-order subdifferential
of g at z̄ is a multifunction ∂2

S : E ⇒ E defined by

∂2
Sg(z̄)(u) = ∂2

Sg
(
z̄,∇g(z̄)

)
(u) = ∂〈u,∇g〉(z̄) ∪ ∂+〈u,∇g〉(z̄), ∀u ∈ E.

The definition of the second-order subdifferential of a function via a
coderivative of the first-order subdifferential was suggested in [27]. Now, we
have the following properties of the symmetric second-order subdifferential
directly from the definition.
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Proposition 2.2. Let g ∈ C1,1(D) and z̄ ∈ D. The following assertions hold:
(i) For any λ ∈ R one has ∂2

Sg(z̄)(λz) = λ∂2
Sg(z̄)(z) ∀z ∈ E;

(ii) For any λ ∈ R one has ∂2
S(λg)(z̄)(z) = λ∂2

Sg(z̄)(z) ∀z ∈ E;
(iii) For any z ∈ E the mapping z �→ ∂2

Sg(z̄)(z) is locally bounded. Moreover,
if zn → z̄, z∗

n → z∗ and z∗
n ∈ ∂2

Sg(zn)(z) for all n ∈ N, then z∗ ∈ ∂2
Sg(z̄)(z).

2.2. Auxiliary Results

In this subsection, we suppose that E1, E2, E3 are finite-dimensional Euclidean
spaces. Assume moreover that two functions G1 : E1 → E2, G2 : E2 → E3 have
second-order Gâteaux derivatives around z0 ∈ E1, and C ⊂ E2 is a nonempty
closed convex set. Put

Ω = {z ∈ Z : G2(z) = 0}.

Given z0 ∈ Ω ∩ G−1
1 (C) and v ∈ E1, this subsection

gives formulas to compute the asymptotic second-order tangent cones
T

′′
(Ω; z0, v), T

′′
(Ω ∩ G−1

1 (C); z0, v) and the asymptotic adjacent second-order
cone T

′′b(Ω; z0, v), T
′′b(Ω∩G−1

1 (C); z0, v). We start with the following lemma.

Lemma 2.3. Assume that z0 ∈ Ω ∩ G−1
1 (C), ∇G2(·) is continuous at z0. Sup-

pose further that ∇G2(z0) is surjective and the following regularity condition
is satisfied:

⋂

z∈B(z0,r)∩Ω

[
∇G1(z0)

(
T (Ω; z)

)− C
(
G1(z0)

)]
= E2 for some r > 0. (1)

Then, for each v ∈ E1

T
′′b(Ω ∩ G−1

1 (C); z0, v) =T
′′b(Ω; z0, v) ∩ [∇G1(z0)−1

(
T

′′b(C;G1(z0),∇G1(z0)v)
)
].

Proof. We will use some arguments as in the proof of [6, Theorem 3.1] and [18,
Theorem 2.3]. Take any w ∈ T

′′b(Ω∩G−1
1 (C); z0, v). By the definition of the as-

ymptotic adjacent second-order tangent cone, for all (tk, rk) → (0+, 0+), there
exists wk → w such that tk

rk
→ 0 and z0+tkv+ 1

2 tkrkwk ∈ Ω∩G−1
1 (C),∀k ∈ N.

It follows that

G1(z0 + tkv +
1
2
tkrkwk) ∈ C, ∀k ∈ N.
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By Taylor expansion, we get

G1(z0 + tkv +
1
2
tkrkwk) = G1(z0) + tk∇G1(z0)v

+
1
2
tkrk

[
∇G1(z0)wk + 2

tk
rk

∇2G1(z0)vv
)

+
o(tkrk)
tkrk

]

= G1(z0) + tk∇G1(z0)v

+
1
2
tkrk

[
∇G1(z0)wk +

o(tkrk)
tkrk

]
∈ C,

for all k ∈ N. This implies that

∇G1(z0)w ∈ T
′′b(C;G1(z0),∇G1(z0)v).

It is equivalent to

w ∈ ∇G1(z0)−1
(
T

′′b(C;G1(z0),∇G1(z0)v)
)
.

Moreover, it is easy to see that

T
′′b(Ω ∩ G−1

1 (C); z0, v) ⊂ T
′′b(Ω; z0, v),

for all v ∈ Z. Thus, we obtain

T
′′b(Ω ∩ G−1

1 (C); z0, v) ⊂T
′′b(Ω; z0, v) ∩ [∇G1(z0)−1

(
T

′′b(C;G1(z0),∇G1(z0)v)
)
].

Conversely, take any

w ∈ T
′′b(Ω; z0, v) ∩ [∇G1(z0)−1

(
T

′′b(C;G1(z0),∇G1(z0)v)
)
].

So, for all (tn, rn) → (0+, 0+), there exists wn → w such that tn

rn
→ 0,

z0 + tnv +
1

2
tnrnwn ∈ Ω, ∀n ∈ N

and

d
(
G1(z0) + tn∇G1(z0)v +

tnrn

2
∇G1(z0)w,C

)
= o(tnrn),∀n ∈ N.

By [18, Theorem 2.2], there are positive numbers k1 and ε such that

d(z,Ω ∩ G−1
1 (C)) ≤ k1d

(
G1(z), C

)
,

for all z ∈ BZ(z0, ε) ∩ Ω. This follows that

d
(
z0 + tnv +

tnrn

2
wn,Ω ∩ G−1

1 (C)
) ≤ k1d

(
G1(z0 + tnv +

tnrn

2
wn), C

)
,



Second-Order Necessary and Sufficient Optimality Conditions. . . Page 9 of 33   226 

for all n large enough. By Taylor expansion, we get

G1(z0 + tnv +
tnrn

2
wn) = G1(z0) + tn∇G1(z0)v +

tnrn

2
∇G1(z0)wn + o(

tnrn

2
)

= G1(z0) + tn∇G1(z0)v +
tnrn

2
∇G1(z0)w

+
tnrn

2
(∇G1(z0)wn − ∇G1(z0)w

)
+ o(

tnrn

2
),

for all n ∈ N. So,

d
(
G1(z0 + tnv +

tnrn

2
wn), C

)
≤ d
(
G1(z0) + tn∇G1(z0)v +

tnrn

2
∇G1(z0)w,C

)

+‖ tnrn

2

(∇G1(z0)wn − ∇G1(z0)w
)

+ o(
tnrn

2
)‖

≤o(tnrn) +
tnrn

2
‖∇G1(z0)wn − ∇G1(z0)w‖ + o(tnrn) = o(tnrn),

for all n large enough. Hence,

d
(
z0 + tnv +

tnrn

2
wn,Ω ∩ G−1

1 (C)
)

= o(tnrn), for all n large enough.

Thus, w ∈ T
′′b(Ω ∩ G−1

1 (C); z0, v). The proof of the lemma is complete. �

A key improvement over [6, Theorem 3.1] is that the above lemma only
requires the set Ω to be closed, whereas [6] required Ω to be both closed
and convex. This sharper version plays an important role in establishing the
Lagrange multiplier rule. When set Ω is not necessarily convex, Kien and Nhu
[18, Theorem 2.3] established formulas to decompose the adjacent second-order
tangent set for Ω ∩ G−1

1 (C). By applying arguments similar to those in Kien
and Nhu’s proof, we obtain the above result for decomposition the asymptotic
adjacent second-order cone of Ω ∩ G−1

1 (C).
To obtain the dual form of the optimality conditions, we must calculate

T
′′
(Ω; z0, v), T

′′b(Ω; z0, v) and T
′′
(C; z0, v), T

′′b(C; z0, v). The following results
provide the corresponding formulas.

Lemma 2.4. Assume that z0 ∈ Ω, ∇G2(·) is continuous at z0 and ∇G2(z0) is
surjective.

If v ∈ T (Ω; z0), then

T
′′
(Ω; z0, v) = T

′′b(Ω; z0, v) = T (Ω; z0) =
{
w ∈ Z : ∇G2(z0)w = 0

}
.

Proof. We will employ techniques from the proof of [18, Lemma 2.2]. Take
any v ∈ T (Ω; z0) and w ∈ T

′′b(Ω; z0, v). Then, for all (tk, rk) → (0+, 0+),
there is wk → w such that tk

rk
→ 0 and z0 + tkv + 1

2 tkrkwk ∈ Ω, for all
k ∈ N. So, G2(z0 + tkv + 1

2 tkrkwk) = G2(z0) = 0, for all k ∈ N. Note that
T (Ω; z0) =

{
w ∈ Z : ∇G2(z0)w = 0

}
. Hence,
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G2(z0 + tkv + 1
2 tkrkwk) − G2(z0 + tkv)

tkrk

2

+
G2(z0 + tkv) − G2(z0) − tk∇G2(z0)v

tkrk

2

= 0,

for all k ∈ N. We have

lim
k→∞

G2(z0 + tkv + 1
2 tkrkwk) − G2(z0 + tkv)

tkrk

2

= ∇G2(z0)w

and

lim
k→∞

G2(z0 + tkv) − G2(z0) − tk∇G2(z0)v
tkrk

2

= lim
k→∞

G2(z0)+∇G2(z0)tkv+1
2∇2G2(z0)(tkv)2+o(tkv)2 − G2(z0) − tk∇G2(z0)v

tkrk

2

= ∇2G2(z0)v2 lim
k→∞

tk

rk

+ lim
k→∞

o(tkv)2

tkrk

2

= 0.

So,

T
′′b(Ω; z0, v) ⊂ {w ∈ Z : ∇G2(z0)w = 0} = T (Ω; z0), for all v ∈ T (Ω; z0).

Conversely, let v ∈ T (Ω; z0) and w belong to the right-hand side. Then,
for (tn, rn) → (0+, 0+) such that tn

rn
→ 0, we have

0 = ∇G2(z0)w = ∇2G2(z0)vv lim
n→∞

tn
rn

= lim
n→∞

G2(z0 + tnv) − G2(z0) − tn∇G2(z0)v
tnrn

2

.

Note that ∇G2(z0) is surjective. By the Ljusternik theorem [14, page 30],
there is a neighborhood V of z0, a number � > 0, and a mapping Υ : V → Z
such that

G2

(
ζ + Υ(ζ)

)
= G2(z0), ‖Υ(ζ)‖ ≤ �‖G2(ζ) − G2(z0)‖, for all ζ ∈ V.

Put ζn = z0 + tnv + tnrn

2 w for each n ∈ N. Then,

0 = G2

(
z0 + tnv +

tnrn

2
w + Υ(ζn)

)
= G2

(
z0 + tnv +

tnrn

2
(
w +

Υ(ζn)
tnrn

2

)
)
,
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for n large enough. Put wn = w + Υ(ζn)
tnrn

2
. We will show that wn → w or

Υ(ζn)
tnrn

2
→ 0. Indeed, we get

‖Υ(ζn)
tnrn

2

‖ ≤ �
∥
∥
∥

G2

(
z0 + tnv + tnrn

2 w
)− G2(z0)

tnrn

2

∥
∥
∥

= �
∥
∥
∥

G2

(
z0 + tnv + tnrn

2 w
)− G2(z0 + tnv)

tnrn

2

+
G2

(
z0 + tnv

)− G2(z0) − tn∇G2(z0)v
tnrn

2

∥
∥
∥,

with v ∈ T (Ω; z0). This follows that

lim
n→∞ ‖Υ(ζn)

tnrn

2

‖ ≤ �
∥
∥
∥ lim

n→∞
G2

(
z0 + tnv + tnrn

2 w
)− G2(z0 + tnv)

tnrn

2

+ lim
n→∞

G2

(
z0 + tnv

)− G2(z0) − tn∇G2(z0)v
tnrn

2

∥
∥
∥

= �‖∇G2(z0)w + ∇2G2(z0)vv lim
n→∞

tn
rn

‖ = �‖∇G2(z0)w‖ = 0.

Hence, we have showed that wn → w and z0 + tnv + tnrn

2 wn ∈ Ω. So, w ∈
T

′′b(Ω; z0, v). Thus,

T
′′b(Ω; z0, v) = T (Ω; z0) =

{
w ∈ Z : ∇G2(z0)w = 0

}
,

for all v ∈ T (Ω; z0).
By similar arguments, we can show that

T
′′
(Ω; z0, v) = T (Ω; z0) =

{
w ∈ Z : ∇G2(z0)w = 0

}
,

for all v ∈ T (Ω; z0). The proof of the lemma is complete. �

Lemma 2.5. Assume that z0 ∈ C, v ∈ C(z0). Then

T
′′
(C; z0, v) = T

′′b(C; z0, v) = T
(
T (C; z0); v

)
.

Proof. We will apply certain arguments similar to those used in the proof of
[6, Proposition 3.1]. We first prove that

w + T
(
T (C; z0); v

) ⊂ T
′′b(C; z0, v) ⊂ T

(
T (C; z0); v

)
, (2)

for all w ∈ T
′′b(C; z0, v). Indeed, for each w ∈ T

′′b(C; z0, v) and choose wtr →
w with z0 + tv + tr

2 wtr ∈ C for all t > 0, r > 0 and t = o(r) as r → 0+. Let
y ∈ C and λ, μ ∈ R

+. Then, for all r sufficiently small, t = o(r) as r → 0+, we
get

(
1 − λr

2
)[

z0 + tv +
tr

2
wtr

]
+

λr

2
[
z0 + μt(y − z0)

] ∈ C.
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So,

z0 + tv +
tr

2
[(

1 − λr

2
)
wtr + λμ(y − z0) − λv

] ∈ C.

This follows that

w + λ
(
μ(y − z0) − v

)
= w + λμ(y − z0) − λv ∈ T

′′b(C; z0, v).

From C is convex, T (C; z0) = cl
(
cone(C − z0)

)
and T

′′b(C; z0, v) is closed by
[17, Theorem 4.11.11], we get

w + λ
[
T (C; z0) − v

] ⊂ T
′′b(C; z0, v).

Note that T (C; z0) is also convex. So,

w + T
(
T (C; z0); v

) ⊂ T
′′b(C; z0, v).

We now prove the second inclusion of (2). Note that C ⊂ z0 + T (C; z0). So,

d
(
z0 + tv +

tr

2
w;C

) ≥ td
(
v +

r

2
w;T (C; z0)

)
.

Hence, w ∈ T
′′b(C; z0, v) follows that d

(
v + r

2w;T (C; z0)
) ∼ o(r) as r → 0+.

This implies that 1
2w ∈ T

(
T (C; z0); v

)
. Note that T

(
T (C; z0); v

)
is a cone. So,

w ∈ T
(
T (C; z0); v

)
. Thus, the inclusion (2) is valid. From v ∈ C(z0), we have

0 ∈ T
′′b(C; z0, v). Thus,

T
′′b(C; z0, v) = T

(
T (C; z0); v

) ⊂ T
′′
(C; z0, v).

Conversely, take any w ∈ T
′′
(C; z0, v). Then, there are (tk, rk) → (0+, 0+)

and wk → w such that tk

rk
→ 0 and z0+tkv+ 1

2 tkrkwk = z0+tk(v+ rk

2 wk) ∈ C,
for all k ∈ N. This implies that

v +
rk

2
wk ∈ T (C; z0).

It follows that
wk ∈ T

(
T (C; z0); v

)
.

Letting k → ∞, we get w ∈ T
(
T (C; z0); v

)
. Thus,

T
′′
(C; z0, v) ⊂ T

(
T (C; z0); v

)
= T

′′b(C; z0, v).

The proof of the lemma is complete. �

Since lemmas 2.3 - 2.5, we have the following corollary.

Corollary 2.6. Assume that z0 ∈ Ω ∩ G−1
1 (C), ∇G2(·) is continuous at z0.

Suppose further that ∇G2(z0) is surjective and the following regularity condi-
tion is satisfied:

⋂

z∈B(z0,r)∩Ω

[
∇G1(z0)

(
T (Ω; z

)− C
(
G1(z0)

)]
= E2 for some r > 0.
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Then for each v ∈ T (Ω; z0), ∇G1(z0)v ∈ C
(
G1(z0)

)
, one has

T
′′
(Ω ∩ G−1

1 (C); z0, v) = T
′′b(Ω ∩ G−1

1 (C); z0, v)

= T
′′b(Ω; z0, v) ∩ [∇G1(z0)−1

(
T

′′b(C;G1(z0),∇G1(z0)v)
)
]. (3)

Proof. For each v ∈ T (Ω; z0), ∇G1(z0)v ∈ C
(
G1(z0)

)
, by Lemma 2.3 - Lemma

2.5, we have

T
′′
(Ω; z0, v) ∩ [∇G1(z0)−1

(
T

′′
(C;G1(z0),∇G1(z0)v)

)
]

= T
′′b(Ω; z0, v) ∩ [∇G1(z0)−1

(
T

′′b(C;G1(z0),∇G1(z0)v)
)
]

= T
′′b(Ω ∩ G−1

1 (C); z0, v) ⊂ T
′′
(Ω ∩ G−1

1 (C); z0, v).

We now take any w ∈ T
′′
(Ω∩G−1

1 (C); z0, v). By similar arguments in the first
of the proof of Lemma 2.3, we can show that

w ∈ T
′′
(Ω; z0, v) ∩ [∇G1(z0)−1

(
T

′′
(C;G1(z0),∇G1(z0)v)

)
].

Thus, the inclusion (3) is valid. �

The following lemma gives the rules for decomposition of tangent sets
(cones) for the Cartesian product of sets.

Lemma 2.7. Let Di = (−∞, 0] for all i = 1, 2, . . . ,m and D =
m∏

i=1

Di, z̄ =

(z̄1, z̄2, . . . , z̄m) ∈ D. Suppose that v = (v1, v2, . . . , vm) ∈ T (D; z̄). Then

(a) T 2(D; z̄, v) =
m∏

i=1

T 2(Di; z̄i, vi);

(b) T
′′
(D; z̄, v) =

m∏

i=1

T
′′
(Di; z̄i, vi).

Proof. By properties of the tangent cone to convex sets (see [2, page 141]), we
get

T (D; z̄) = T (
m∏

i=1

Di; (z̄1, z̄2, . . . , z̄m)) =
m∏

i=1

T (Di; z̄i). (4)

Since Di are polyhedral convex sets, we have T 2(Di; z̄i, vi) = T
(
T (Di; z̄i); vi

)
,

for all i = 1, 2, . . . ,m. We get from (4) that

T
(
T (D; z̄); v

)
= T

( m∏

i=1

T (Di; z̄i); (v1, v2, . . . , vm)
)

=
m∏

i=1

T
(
T (Di; z̄i); vi

)
=

m∏

i=1

T 2(Di; z̄i, vi).

Hence, we have the assertion (a) of lemma.
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We will prove the assertion (b) of lemma. Since D is a convex set, we get

T
′′
(D; z̄, v) = cl

(
cone

[
cone(D − z̄) − v

])
.

Combining this and the proof of [37, Lemma 5.1], we have

T
′′
(D; z̄, v) = cl

(
cone

[ m∏

i=1

cone(Di − z̄i) − (v1, v2, . . . , vm)
])

= cl
(
cone

[ m∏

i=1

[cone(Di − z̄i) − vi]
])

. (5)

By [37, Lemma 5.1], we get that the set

cone(D − z̄) = cone
m∏

i=1

(Di − z̄i) =
m∏

i=1

cone(Di − z̄i)

is closed and T (D; z̄) = cone(D − z̄). Beside, v = (v1, v2, . . . , vm) ∈ T (D; z̄) =∏m
i=1 T (Di; z̄i). So, vi ∈ T (Di; z̄i) = cone(Di − z̄i). Using [37, Lemma 5.1]

again, we have

cone
[ m∏

i=1

[cone(Di − z̄i) − vi]
]

=
m∏

i=1

cone[cone(Di − z̄i) − vi].

So, (5) implies

T
′′
(D; z̄, v) = cl

( m∏

i=1

cone[cone(Di − z̄i) − vi]
)

=
m∏

i=1

cl
(
cone[cone(Di − z̄i) − vi]

)
=

m∏

i=1

T
′′
(Di; z̄i, vi).

Thus, the proof of the lemma is complete. �

The final lemma gives the rule for decomposition of the symmetric second-
order subdifferential for a sum of functions in C1,1.

Lemma 2.8. Let D be an open subset of Rn. Suppose that ϕi : Rn → R belong
to C1,1(D) for all i = 1, 2, . . . ,m. Furthermore, assume that for each j =
2, 3, . . . ,m ∇ϕj is strictly differentiable at z̄ ∈ D, with its derivative denoted
by ∇2ϕj(z̄)

(
in particular, ϕj ∈ C2(D)

)
. Then,

∂2
S(

m∑

i=1

ϕi)(z̄) = ∂2
Sϕ1(z̄) +

m∑

i=2

∇2ϕi(z̄)∗. (6)

Proof. By the symmetric second-order subdifferential definition, we have

∂2
Sϕ1(z̄) = ∂2ϕ1(z̄) ∪ ∂+2ϕ1(z̄),

with ∂+2ϕ1(z̄) = D∗∂+ϕ1(z̄). By [26, Corollary 4.8], we get

∂2(ϕ1 + ϕ2)(z̄) = ∂2ϕ1(z̄) + ∇2ϕ2(z̄)∗
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and
∂+2(ϕ1 + ϕ2)(z̄) = ∂+2ϕ1(z̄) + ∇2ϕ2(z̄)∗.

So,
∂2

S(ϕ1 + ϕ2)(z̄) = ∂2
Sϕ1(z̄) + ∇2ϕ2(z̄)∗.

Hence, the equality (6) is satisfied for m = 2. Assume that the equality (6)
is satisfied for m = n − 1, we will prove that it also holds for m = n. By the
assumptions of lemma, the function

∑n−1
i=1 ϕi belongs to C1.1(D). From [26,

Corollary 4.8], we have

∂2
S(

n∑

i=1

ϕi)(z̄) = ∂2
S

( n−1∑

i=1

ϕi + ϕn

)
(z̄) = ∂2

S

( n−1∑

i=1

ϕi

)
(z̄) + ∇2ϕn(z̄)∗.

Combining this and the inductive hypothesis, we obtain

∂2
S(

n∑

i=1

ϕi)(z̄) = ∂2
S

( n−1∑

i=1

ϕi

)
(z̄) + ∇2ϕn(z̄)∗ = ∂2

Sϕ1(z̄) +
m∑

i=2

∇2ϕi(z̄)∗.

The proof of the lemma is complete. �

3. Optimality Conditions for Mathematical Programming
Problems

In this section, we suppose that Z, E, Y are finite-dimensional Euclidean
spaces, f1 : Z → R is a given function. Assume moreover that two func-
tions F : Z → Y , H : Z → E have second-order Gâteaux derivatives around
z0 ∈ Z, and D ⊂ Y is a nonempty closed convex set. Let H∗ : E → Z be an
adjoint mapping of H. We put

A = {z ∈ Z : H(z) = 0}.

We are interested in deriving the second-order optimality conditions for the
following problem

(P ) Minimize{f1(z) : z ∈ A, and F(z) ∈ D}
by using the asymptotic second-order tangent cone.

3.1. Second-Order Necessary Optimality Conditions

We now establish our first main result: the second-order necessary conditions
for the problem (P ) under the assumption that f1 ∈ C1,1(Z).

Theorem 3.1. Suppose z0 ∈ A ∩ F−1(D) is a local minimum for (P ) at which
the regularity condition (1) is satisfied, T (D;F(z0)) = D(F(z0)

)
, ∇H(·) is

continuous at z0, and ∇H(z0) is surjective. Then, the following assertions
hold:
(a) 〈∇f1(z0), v〉 ≥ 0 for all v ∈ Z : ∇H(z0)v = 0 and ∇F(z0)v ∈ T (D;F(z0));



  226 Page 16 of 33 L. Q. Thuy et al. Results Math

(b) For any v ∈ Z, ∇H(z0)v = 0, ∇F(z0)v ∈ T (D;F(z0)), 〈∇f1(z0), v〉 = 0,
one has

〈∇f1(z0), u〉 ≥ 0 ∀u ∈ v⊥, ∇H(z0)u = 0, ∇F(z0)u ∈ T
′′(D;F(z0),∇F(z0)v

)

and there is z∗ ∈ ∂2
Sf1(z0)(v) such that

〈∇f1(z0), w〉 + 〈z∗, v〉 ≥ 0, ∀w ∈ v⊥, and ∇H(z0)w + ∇2H(z0)vv = 0,

∇F(z0)w ∈ T 2
(D;F(z0),∇F(z0)v − ∇2F(z0)vv

)
.

Proof. For all v ∈ Z such that ∇H(z0)v = 0 and ∇F(z0)v ∈ T (D;F(z0)), we
have from [18, Lemma 2.2 (i)] that v ∈ T (A; z0) = T b(A; z0) and

v ∈ ∇F(z0)−1
(
T (D;F(z0))

)
= F(z0)−1

(
T b(D;F(z0))

)
.

By [18, Theorem 2.3 (i)],

v ∈ T b(A; z0) ∩ ∇F(z0)−1
(
T b(D;F(z0))

)
= T b

(A ∩ F−1(D); z0

)

⊂ T
(A ∩ F−1(D); z0

)
.

Since [10, Corollary 4.2], we have the assertion (a). We will prove the
assertion (b). For any v ∈ Z, ∇H(z0)v = 0, ∇F(z0)v ∈ T (D;F(z0)) and
〈∇f1(z0), v〉 = 0 we get v ∈ T

(A ∩ F−1(D); z0

)
. So

v ∈ T
(A ∩ F−1(D); z0

) ∩ ker ∇f1(z0).

For any u ∈ v⊥ and ∇H(z0)u = 0, ∇F(z0)u ∈ T
′′(D;F(z0),∇F(z0)v

)
, we

have from Lemma 2.4 and Lemma 2.5 that

u ∈ T (A; z0) = T
′′
(A; z0, v) = T

′′b(A; z0, v)

and
u ∈ ∇F(z0)−1

(
T

′′b(D;F(z0),∇F(z0)v)
)
.

By Corollary 2.6,

u ∈ T
′′b(A; z0, v) ∩ ∇F(z0)−1

(
T

′′b(D;F(z0),∇F(z0)v)
)

= T
′′b(A ∩ F−1(D); z0, v

)

= T
′′(A ∩ F−1(D); z0, v

)
.

So,
u ∈ T

′′(A ∩ F−1(D); z0, v
) ∩ v⊥.

Then, there exist (tk, rk) → (0+, 0+), uk → u such that tk

rk
→ 0 and

zk = z0 + tkv +
1
2
tkrkuk ∈ A ∩ F−1(D), for all k ∈ N.

From lim
k→∞

zk = z0 and z0 is a local minimum for (P ), we have

f1(zk) − f1(z0) ≥ 0, for all large enough k.
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Since 〈∇f1(z0), v〉 = 0, we get

f1(zk)−f1(z0) = [f1(zk)−f1(z0+tkv)]+[f1(z0+tkv)−f1(z0)−〈∇f1(z0), tkv〉].
By [10, Corollary 2.1], there exist θk ∈ (0, 1) and w∗

k ∈ ∂2
Sf1(z0 + θktkv)(tkv)

such that

f1(z0 + tkv) − f1(z0) − 〈∇f1(z0), tkv〉 =
1
2
〈w∗

k, tkv〉 =
1
2
tk〈w∗

k, v〉.
Note that ∂2

Sf1(z0 + θktkv)(tkv) = tk∂2
Sf1(z0 + θktkv)(v). So, there is

z∗
k ∈ ∂2

Sf1(z0 + θktkv)(v)

such that w∗
k = tkz∗

k. Hence,

f1(z0 + tkv) − f1(z0) − 〈∇f1(z0), tkv〉 =
1
2
〈w∗

k, tkv〉 =
1
2
t2k〈z∗

k, v〉. (7)

By the mean value theorem, there exists εk between z0 + tkv and zk such that

f1(zk) − f1(z0 + tkv) = 〈∇f1(εk),
1
2
tkrkuk〉.

Combining this with (7), we have

f1(zk) − f1(z0) =
1
2
t2k〈z∗

k, v〉 +
1
2
tkrk〈∇f1(εk), uk〉 ≥ 0, (8)

for all large enough k. This implies that
tk
rk

〈z∗
k, v〉 + 〈∇f1(εk), uk〉 ≥ 0,

for all large enough k. Taking k → ∞, we obtain

〈∇f1(z0), u〉 ≥ 0.

We will prove the second part. Take any w ∈ v⊥ and

∇H(z0)w + ∇2H(z0)vv = 0, ∇F(z0)w ∈ T 2
(D;F(z0),∇F(z0)v − ∇2F(z0)vv

)
.

We have w ∈ T 2(A; z0, v) = T 2b(A; z0, v) and w ∈ ∇F(z0)−1
(
T 2
(D;F(z0),∇F(z0)v − ∇2F(z0)vv

))
by [18, Lemma 2.2 (ii)]. Since [17,

Theorem 4.9.5],

∇F(z0)v − ∇2F(z0)vv ∈ T
(D;F(z0)

)
= D(F(z0)

)
.

So, T 2
(D;F(z0),∇F(z0)v − ∇2F(z0)vv

)
= T 2b

(D;F(z0),∇F(z0)v −
∇2F(z0)vv

)
from [18, Lemma 2.3]. By similar arguments in the proof of Corol-

lary 2.6, we can show that

w ∈ T 2b
(A ∩ F−1(D); z0, v

)
= T 2

(A ∩ F−1(D); z0, v
)
.

So, there exist t′k → 0+, wk → w such that

z′
k = z0 + t′kv +

1
2
(t′k)2wk ∈ A ∩ F−1(D), for all k ∈ N.
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From lim
k→∞

z′
k = z0 and z0 is a local minimum for (P ), we have

f1(z′
k) − f1(z0) ≥ 0, for all large enough k. (9)

Since 〈∇f1(z0), v〉 = 0, we get

f1(z′
k)−f1(z0) = [f1(z′

k)−f1(z0+t′kv)]+[f1(z0+t′kv)−f1(z0)−〈∇f1(z0), t′kv〉].
(10)

Similar to the proof of formula (7), we can show that there exist θ′
k ∈ (0, 1)

and

y∗
k ∈ ∂2

Sf1(z0 + θ′
kt′kv)(v)

such that

f1(z0 + t′kv) − f1(z0) − 〈∇f1(z0), t′kv〉 =
1
2
(t′k)2〈y∗

k, v〉, (11)

for all k ∈ N. From the mean value theorem, there is γk between z0 + t′kv and
z′
k such that

f1(z′
k) − f1(z0 + t′kv) = 〈∇f1(γk),

1
2
(t′n)2wk〉 =

1
2
(t′n)2〈∇f1(γk), wk〉, (12)

for all k ∈ N. Combining (11), (12) and (10), we have

f1(z′
k) − f1(z0) =

1
2
(t′k)2〈y∗

k, v〉 +
1
2
(t′n)2〈∇f1(γk), wk〉, (13)

for all large enough k. This and (9) imply that

〈y∗
k, v〉 + 〈∇f1(γk), wk〉 ≥ 0, (14)

for all large enough k. By Proposition 2.3 (iii), ∂2
Sf1(·)(v) is locally bounded

at z0. Moreover, lim
k→∞

(z0 + θ′
kt′kv) = z0, we have that {y∗

k} is bounded. So,

we can assume that lim
k→∞

y∗
k = z∗ ∈ ∂2

Sf1(z0)(v). Passing k → ∞ in (14), we

obtain

〈∇f1(z0), w〉 + 〈z∗, v〉 ≥ 0.

Thus, the proof of the theorem is complete. �

Remark 3.2. Compared to Huy and Tuyen’s results [10], which derived second-
order necessary optimality conditions for mathematical programming problems
with only geometric constraints, our work extends their results. Besides, when
the objective functions are not of class C2, Toan and Thuy [39] have only
derived directional first-order necessary optimality conditions for the problem
(P ). Theorem 3.1 improves the result in [39, Theorem 1] by establishing second-
order necessary optimality conditions for problem (P), getting closer to the
sufficient optimality conditions presented in the following subsection.
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3.2. Second-Order Sufficient Optimality Conditions

Definition 3.3. (see [41, Definition 1.1]) A point z0 is said to be a strict local
minimizer of order 2 for (P ), iff there exist δ > 0 and ρ > 0 such that:

f1(x) > f1(z0) + ρ‖z − z0‖2, ∀z ∈ A ∩ F−1(D) ∩ [B(z0, δ)\{z0}].

The following theorem provides sufficient conditions for a strict local
minimizer of (P ), constituting our second main result.

Theorem 3.4. Suppose z0 ∈ A ∩ F−1(D), T (D;F(z0)) = D(F(z0)
)
, ∇H(·)

is continuous at z0, ∇H(z0) is surjective, and the regularity condition (1) is
satisfied. Assume moreover that the following conditions are hold:
(a) 〈∇f1(z0), v〉 ≥ 0, for all v ∈ Z : ∇H(z0)v = 0 and ∇F(z0)v ∈
T (D;F(z0));
(b) For any v ∈ Z\{0}, ∇H(z0)v = 0, ∇F(z0)v ∈ T (D;F(z0)), 〈∇f1(z0), v〉 =
0, one has

〈∇f1(z0), u〉 > 0 ∀u ∈ v⊥\{0}, ∇H(z0)u = 0, ∇F(z0)u ∈ T
′′(D; F(z0),∇F(z0)v

)

(15)

and

〈∇f1(z0), w〉 + 〈z∗, v〉 > 0, ∀w ∈ v⊥, ∇H(z0)w + ∇2H(z0)vv = 0,

∇F(z0)w ∈ T 2
(D;F(z0),∇F(z0)v − ∇2F(z0)vv

)
,∀z∗ ∈ ∂2

Sf1(z0)(v).
(16)

Then, z0 is a strict local minimizer of order 2 for (P ).

We will prove theorem by contradiction. Suppose that z0 is not a strict
local minimizer of order 2 for (P ). Then, for each ρk → 0+, there exist zk ∈
A ∩ F−1(D)\{z0} such that limk→∞ zk = z0 and

f1(zk) − f1(z0) ≤ ρk‖zk − z0‖2, ∀k ∈ N. (17)

Put tk = ‖zk−z0‖ and vk = zk−z0
tk

, for all k ∈ N. We get ‖vk‖ = 1, for all k ∈ N.
Without any loss of generality, we can suppose that limk→∞ vk = v. Note that
zk = z0 + tkvk and tk = ‖zk − z0‖ → 0, as k → ∞. So, v ∈ T

(A ∩ F−1(D); z0

)

and ‖v‖ = 1. By similar arguments in the first of the proof of Lemma 2.3,
we can show that v ∈ T

(A; z0

)
and ∇F(z0)v ∈ T

(D;F(z0)
)
. From Lemma

2.4, we have ∇H(z0)v = 0 and ∇F(z0)v ∈ T (D;F(z0)). From the Fréchet
differentiability of f1 and (17), we have

〈∇f1(z0), v〉 = lim
k→∞

f1(zk) − f1(z0)
tk

≤ lim
k→∞

ρktk = 0.

Combining this with (a), we get 〈∇f1(z0), v〉 = 0. Thus, v ∈ Z\{0},
∇H(z0)v = 0, ∇F(z0)v ∈ T (D;F(z0)), 〈∇f1(z0), v〉 = 0. On the other hand,
since [15, Lemma 3.4, pages 129-130], we can assume that there is a subse-
quence of {zk} denoted also by {zk}, such that either
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(i) there is a sequence rk → 0+ such that tk

rk
→ 0 and uk := zk−z0−tkv

1
2 tkrk

converges to some vector u ∈ T
′′(A ∩ F−1(D); z0, v

) ∩ v⊥\{0} or
(ii) wk := zk−z0−tkv

1
2 t2k

converges to some vector w ∈ T 2
(A∩F−1(D); z0, v

)∩v⊥.

For (i), we get zk = z0 + tkv + 1
2 tkrkuk. Note that 〈∇f1(z0), v〉 = 0.

Similar to the proof of formula (8) in Theorem 3.1, we can show that there
exist θk ∈ (0, 1), z∗

k ∈ ∂2
Sf1(z0 +θktkv)(v) and εk between z0 + tkv and zk such

that

f1(zk) − f1(z0) =
1
2
t2k〈z∗

k, v〉 +
1
2
tnrn〈∇f1(εk), uk〉, (18)

for all large enough k. Substituting (18) into the left side of (17) we obtain

1
2
tkrk〈∇f1(εk), uk〉 +

1
2
t2k〈z∗

k, v〉 ≤ ρk‖zk − z0‖2, for all large enough k.

So,

〈∇f1(ξk), uk〉 +
tk
rk

〈z∗
k, v〉 ≤ 2

tk
rk

ρk‖v +
1
2
tkuk‖2, for all large enough k.

Similar to the proof at the end of Theorem 3.1, we can assume that
limk→∞ z∗

k = z∗ ∈ ∂2
Sf1(z0)(v). Taking k → ∞ and note that tk

rk
→ 0, ρk → 0+,

we obtain 〈∇f1(z0), u〉 ≤ 0, this is contradictable with (15). Hence, the asser-
tion (a) is proven.

For (ii), we get zk = z0 + tkv + 1
2 t2kwk. Similar to the proof of formula

(13) in Theorem 3.1, we can show that there exist θk ∈ (0, 1), z∗
k ∈ ∂2

Sf1(z0 +
θktkv)(v) and ξk between z0 + tkv and zk such that

f1(zk) − f1(z0) =
1
2
t2k〈∇f1(ξk), wk〉 +

1
2
t2k〈z∗

k, v〉, (19)

for all large enough k. Combining (17) and (19), we have

1
2
t2k〈∇f1(ξk), wk〉 +

1
2
t2k〈z∗

k, v〉 ≤ ρk‖zk − z0‖2, for all large enough k.

So,

〈∇f1(ξk), wk〉 + 〈z∗
k, v〉 ≤ 2ρk‖v +

1
2
tkwk‖2, for all large enough k.

Similar to the proof at the end of Theorem 3.1, we can also assume that
limk→∞ z∗

k = z∗ ∈ ∂2
Sf1(z0)(v). Taking k → ∞, we obtain 〈∇f1(z0), w〉 +

〈z∗, v〉 ≤ 0, this is contradictable with (16). Hence, the assertion (b) is also
proven. Thus, z0 is a strict local minimizer of order 2 for (P ). The proof of the
theorem is complete.

Remark 3.5. When the objective functions are of class C2, the authors in
[36] employ a stricter regularity condition than that in [37] to derive suffi-
cient optimality conditions for problem (P ). In contrast, Theorem 3.4 derives



Second-Order Necessary and Sufficient Optimality Conditions. . . Page 21 of 33   226 

second-order sufficient optimality conditions using the same regularity condi-
tion as in [37,39]. Furthermore, we achieve a “no-gap” property between the
second-order necessary and sufficient optimality conditions in this case.

4. Example and Application

4.1. An Example

We now give an example to illustrate our main results.

Example 4.1. Let Z = Y = R
3, E = R, D = R × R × R+,

H(z) = H(z1, z2, z3) = z2
1 + sin z2 − 2z2 + 2z2

3 and

F(z) = F(z1, z2, z3) = (z1, z2, z3).

We consider the following optimization problem

Min{f1(z) : H(z) = 0, F(z) ∈ D}, (20)

where

f1(z) = f1(z1, z2, z3) =

{
3z2

1 + 2z2
2 + z2 + 2z2

3 + z3 + z2
1 cos(ln |z1|) if z1 �= 0

2z2
2 + z2 + 2z2

3 + z3 if z1 = 0.

Then, z̄ = (0, 0, 0) is a strict local minimum of order 2 for problem (20).
Indeed, it is easy to check that ∇f1(z̄) = (0, 1, 1)T , f ∈ C1,1(R3), ∇H(·)

is continuous at z̄ and ∇H(z̄) is surjective. We now prove that the regularity
condition (1) is also satisfied. For each r > 0, ẑ = (ẑ1, ẑ2, ẑ3) ∈ B(z̄, r)∩A, we
have

∇F(z̄)
(
T (A; ẑ)

)
= T

(A; ẑ
)

=
{
(w1, w2, w3) ∈ R

3 : 2ẑ1w1

+ (cos ẑ2 − 2)w2 + 4ẑ3w3 = 0
}
.

Note that D(F(z̄)
)

= D(z̄) = D. We will prove that

T
(A; ẑ

)− D = R
3.

Take any y = (y1, y2, y3) ∈ R
3. We can assume that y3 = y1

3 − y2
3 , with

y2
3 ≥ 0. Choose w1 = 0, w3 = y1

3 . There exists w2 ∈ R such that (cos ẑ2 −
2)w2 = −4ẑ3w3 = −4ẑ3y

1
3 . Then, w = (w1, w2, w3) = (0, w2, y

1
3) ∈ T

(A; ẑ
)
,

(−y1,−y2 + w2, y
2
3) ∈ D and

(0, w2, y
1
3) − (−y1,−y2 + w2, y

2
3) = (y1, y2, y3).

Thus, T
(A; ẑ

)− D = R
3. We have

T
(D;F(z̄)

)
= T

(D; z̄
)

= D



  226 Page 22 of 33 L. Q. Thuy et al. Results Math

and

T 2
(D;F(z̄), v

)
= T

′′(D;F(z̄), v
)

= T
(
T
(D;F(z̄)

)
; v
)

= T (D; v)

=

{
D if v = (v1, v1, 0)
R

3 if v = (v1, v1, v3), v3 > 0.

Take any v = (v1, v1, v3) ∈ Z such that ∇H(z̄)v = 0 and ∇F(z̄)v ∈
T (D;F(z̄)), we have (v1, v1, v3) ∈ T (D;F(z̄)) = D. Note that ∇H(z̄)v = −v2.
So, v3 ≥ 0 and v2 = 0. Hence, 〈∇f1(z̄), v〉 = v2 + v3 ≥ 0, and so the as-
sertion (a) of Theorem 3.4 is satisfied. Take any v = (v1, v1, v3) ∈ Z\{0},
∇H(z̄)v = 0, ∇F(z̄)v ∈ T (D;F(z̄)), 〈∇f1(z̄), v〉 = 0, we have −v2 = 0, v3 ≥ 0,
v2 + v3 = 0. So, v2 = v3 = 0, v1 �= 0. Hence, v = (v1, 0, 0) with v1 �= 0. We
now take u ∈ v⊥\{0}, ∇H(z̄)u = 0, ∇F(z̄)u ∈ T

′′(D;F(z̄),∇F(z̄)v
)
, we get

u = (0, u2, u3), −u2 = 0, ∇F(z̄)u = u = (0, 0, u3) ∈ T
′′(D;F(z̄),∇F(z̄)v

)
=

T
′′(D; z̄, v

)
= D. So, u3 > 0. Hence,

〈∇f1(z̄), u〉 = u3 > 0,

and so (15) is satisfied. We will check for (16). Take any w ∈
v⊥, z∗ ∈ ∂2

Sf1(z̄)(v) such that ∇H(z̄)w + ∇2H(z̄)vv = 0, ∇F(z̄)w ∈
T 2
(D;F(z̄),∇F(z̄)v −∇2F(z̄)vv

)
, we get w = (0, w2, w3), −w2 + 2v2

1 + 4v2
2 =

−w2 + 2v2
1 = 0, ∇F(z̄)w = (0, w2, w3) ∈ T 2

(D;F(z̄),∇F(z̄)v − ∇2F(z̄)vv
)

=
T 2
(D; z̄, v

)
= D. So, w2 = 2v2

1 > 0 and w3 ≥ 0. Hence, 〈∇f1(z̄), w〉 =
w2 + w3 > 0. Note that v = (v1, 0, 0), we have

∂2
Sf1(z̄)(v) = ∂S〈v,∇f1(·)〉(z̄) = ∂S

(
v1∇z1f1(·)

)
(z̄)

= v1∂S

(∇z1f1(·)
)
(z̄) =

(
v1∂Sg(0), 0, 0

)
,

where

g(z1) := ∇z1f(z) = 6z1 + 2z1 cos(ln |z1|) − z1 sin(ln |z1|),
for all z = (z1, z2, z3) ∈ Z.

From the Lipschitzian property of g(·), one has

∂Sg(0) =
[

lim inf
z1→0,z1 
=0

∇g(z1), lim sup
z1→0,z1 
=0

∇g(z1)
]
.

We have
∇g(z1) = 6 + cos(ln |z1|) − 3 sin(ln |z1|), ∀z1 �= 0.

So, we can check that

∂2
Sf1(z̄)(v) =

{
z∗ = (z∗

1 , z∗
2 , z∗

3) ∈ Z : z∗
1 = av1, z

∗
2 = z∗

3 = 0,

a ∈ [6 −
√

10, 6 +
√

10
}

.
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Hence,
〈∇f1(z̄), w〉 + 〈z∗, v〉 = w2 + w3 + av2

1 > 0,

for all z∗ = (av1, 0, 0) ∈ ∂2
Sf1(z̄)(v). Thus, the assertion (b) of Theorem 3.4 is

also satisfied. By Theorem 3.4, z̄ = (0, 0, 0) is a strict local minimum of order
2 for problem (20).

4.2. Application to an optimal control problem

Let Xk, Uk for each k = 0, 1, ..., N − 1, and XN are the finite-dimensional
Euclidean spaces, where N is a positive natural number. Assume that

– hk : Xk × Uk → R, hN : XN → R are real functions;
– ϕk : Xk × Uk → Xk+1 is a vector function;
– gk : Xk × Uk → R is a real function.

We describe a control system with state variable xk and control variable uk at
time k. The objective function is the sum of functions hk for k = 0, 1, . . . , N .
The state variable space at stage k is denoted by Xk, and the control variable
space at stage k is denoted by Uk.

Consider the following discrete optimal control problem: Find a pair (x, u)
where x = (x0, x1, . . . , xN ) ∈ X0 × X1 × · · · × XN is a trajectory and u =
(u0, u1, . . . , uN−1) ∈ U0×U1×· · ·×UN−1 is a control sequence, which minimizes
the objective function

N−1∑

k=0

hk(xk, uk) + hN (xN ), (21)

and satisfy the state equation

xk+1 = ϕk(xk, uk), k = 0, 1, . . . , N − 1, (22)

the initial condition

x0 = c ∈ X0, (23)

and the constraints

gk(xk, uk) ≤ 0, k = 0, 1, . . . , N − 1. (24)

This class of problems has been studied extensively in the literature; see,
for example, [1,3,7,19–22,24,25,33,35–37,40] and the references therein for
further details.

Define the product spaces:

X = X0 × X1 × · · · × XN , U = U0 × U1 × · · · × UN−1.

For each x = (x0, x1, . . . , xN ) ∈ X and u = (u0, u1, . . . , uN−1) ∈ U , we put

f(x, u) =
N−1∑

k=0

hk(xk, uk) + hN (xN )



  226 Page 24 of 33 L. Q. Thuy et al. Results Math

and

F (x, u) =
(
g0(x0,u0), g1(x1, u1), . . . , gN−1(xN−1, uN−1)

)
. (25)

Let

Dk = (−∞, 0] (k = 0, 1, . . . , N − 1), D =
N−1∏

k=0

Dk, Z = X × U.

Then, problem (21)–(24) can be written as the following form:

Minimize f(z)

subject to z ∈ A, F (z) ∈ D, (26)

where H : Z → X is defined by

H(z) = H(x0, x1, . . . , xN , u0, u1, . . . , uN−1)

=
(
x0 − c, x1 − ϕ0(x0, u0), x2 − ϕ1(x1, u1), . . . , xN − ϕN−1(xN−1, uN−1)

)

and

A = {z ∈ Z : H(z) = 0}. (27)

A pair (x̄, ū) satisfying (22), (23), and (24) is called admissible
for the problem (21)–(24). For a given admissible couple (x̄, ū), symbols
h̄k, ∂h̄k

∂uk
, ∂2h̄k

∂uk∂xk
, etc., stand, respectively, for hk(x̄k, ūk), (∂hk

∂uk
)(x̄k, ūk),

( ∂2hk

∂uk∂xk
)(x̄k, ūk), etc., where

∂2h̄k

∂xk∂uk
=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

∂2h̄k

∂x1
k∂u1

k

∂2h̄k

∂x1
k∂u2

k
. . . ∂2h̄k

∂x1
k∂uM

k

∂2h̄k

∂x2
k∂u1

k

∂2h̄k

∂x2
k∂u2

k
. . . ∂2h̄k

∂x2
k∂uM

k

...
...

...
...

∂2h̄k

∂xS
k ∂u1

k

∂2h̄k

∂xS
k ∂u2

k
. . . ∂2h̄k

∂xS
k ∂uM

k

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

if xk = (x1
k, x2

k, . . . , xS
k ) ∈ Xk = R

S , and uk = (u1
k, u2

k, . . . , uM
k ) ∈ Uk = R

M .
We denote xT

k as the transpose of the matrix xk. An admissible couple (x̄, ū)
is said to be a local minimum for the problem (21)–(24) if there exists ε > 0
such that for all admissible couples (x, u), the following implication holds:

‖(x, u) − (x̄, ū)‖Z ≤ ε ⇒ f(x, u) ≥ f(x̄, ū).

We now state assumptions for the problem (21)–(24).
(H1) The function h0 is Fréchet differentiable around (x̄0, ū0), whose gradi-

ent mapping ∇h0 is locally Lipschitz around (x̄0, ū0). For each k =
1, 2, . . . , N − 1, the function hk belongs to C2 around (x̄k, ūk), and the
function hN belongs to C2 around x̄N .

(H2) For each k = 0, 1, . . . , N − 1, the functions ϕk and gk are twice differen-
tiable around (x̄k, ūk).
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(H3) For all (x̆, ŭ) in neighborhood of (x̄, ū), for all k ∈ I(x̄, ū) and vk ≤ 0,
there exist x0 = 0, ul ∈ Ul (l = 0, 1, . . . , N − 1) such that

∂ḡk

∂xk
xk +

∂ḡk

∂uk
uk − vk ≤ 0 if k ∈ I(x̄, ū),

where

xl+1 =
∂ψl

∂xl
(x̆l, ŭl)xl +

∂ψl

∂ul
(x̆l, ŭl)ul,

and

I(x̄, ū) = {k : k = 0, 1, . . . , N − 1 such that ḡk = 0}.

We now establish the second-order necessary and sufficient conditions for
the problem (21)–(24) without requiring all objective functions to be of class
C2.

Theorem 4.2. Suppose that (x̄, ū) = (x̄0, x̄1, . . . , x̄N , ū0, ū1, . . . , ūN−1) is an
admissible point for the problem (21)–(24) and assumptions (H1)–(H3) are
satisfied. If (x̄, ū) is a local minimum for the problem (21)–(24), then the fol-
lowing conditions are fulfilled:
(i) For all z = (x0, x1, . . . , xN , u0, u1, . . . , uN−1) ∈ Z, x0 = 0, xk+1 = ∂ϕ̄k

∂xk
xk +

∂ϕ̄k

∂uk
uk, and ∂ḡk

∂xk
xk + ∂ḡk

∂uk
uk ∈ T (Dk; ḡk) (∀ k = 0, 1, . . . , N − 1), one has

N∑

k=0

∂h̄k

∂xk
xk +

N−1∑

k=0

∂h̄k

∂uk
uk ≥ 0;

(ii) For all z = (x0, x1, . . . , xN , u0, u1, . . . , uN−1) ∈ Z, x0 = 0, xk+1 =
∂ϕ̄k

∂xk
xk + ∂ϕ̄k

∂uk
uk, ∂ḡk

∂xk
xk + ∂ḡk

∂uk
uk ∈ T (Dk; ḡk) (∀ k = 0, 1, . . . , N − 1), and

N∑

k=0

∂h̄k

∂xk
xk +

N−1∑

k=0

∂h̄k

∂uk
uk = 0, one has

N∑

k=0

∂h̄k

∂xk
x̃k +

N−1∑

k=0

∂h̄k

∂uk
ũk ≥ 0,

for all z̃ = (x̃0, x̃1, . . . , x̃N , ũ0, ũ1, . . . , ũN−1) ∈ Z,
N∑

k=1

xkx̃k +
N−1∑

k=1

ukũk = 0,

x̃0 = 0, x̃k+1 = ∂ϕ̄k

∂xk
x̃k + ∂ϕ̄k

∂uk
ũk, ∂ḡk

∂xk
x̃k + ∂ḡk

∂uk
ũk ∈ T

′′
(
Dk; ḡk, ∂ḡk

∂xk
xk +

∂ḡk

∂uk
uk

)
(∀ k = 0, 1, . . . , N − 1), and there exist z∗

0 = (x∗
0, u

∗
0) ∈

∂2
Sh0(x̄0, ū0)(x0, u0) such that

N∑

k=0

∂h̄k

∂xk
x̂k +

N−1∑

k=0

∂h̄k

∂uk
ûk + 〈(x∗

0, u
∗
0), (x0, u0)〉 +

N−1∑

k=1

(xk, uk)T ∇2h̄k(xk, uk)

+ xT
N∇2h̄NxN ≥ 0,
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for all ẑ = (x̂0, x̂1, . . . , x̂N , û0, û1, . . . , ûN−1) ∈ Z,
∑N

k=1 xkx̂k +
∑N−1

k=1 ukûk =
0,

⎧
⎪⎨

⎪⎩

x̂0 = 0

x̂k+1 − ∂ϕ̄k
∂xk

x̂k − ∂ϕ̄k
∂uk

ûk − xT
k

∂2ϕ̄k
∂x2

k
xk − xT

k
∂2ϕ̄k

∂xk∂uk
uk − uT

k
∂2ϕ̄k

∂uk∂xk
xk − uT

k
∂2ϕ̄k
∂u2

k
uk = 0

(∀ k = 0, 1, . . . , N − 1),

∂ḡk

∂xk

x̂k +
∂ḡk

∂uk

ûk ∈ T 2
(
Dk; ḡk,

∂ḡk

∂xk

xk +
∂ḡk

∂uk

uk − xT
k

∂2ḡk

∂x2
k

xk − xT
k

∂2ḡk

∂xk∂uk

uk

− uT
k

∂2ḡk

∂uk∂xk

xk − uT
k

∂2ḡk

∂u2
k

uk

)
(∀ k = 0, 1, . . . , N − 1).

The above conditions are also sufficient for (x̄, ū) is a local minimum for
the problem (21)–(24) if the following condition holds:
(ii’) For all z = (x0, x1, . . . , xN , u0, u1, . . . , uN−1) ∈ Z\{0}, x0 = 0, xk+1 =
∂ϕ̄k

∂xk
xk + ∂ϕ̄k

∂uk
uk, ∂ḡk

∂xk
xk + ∂ḡk

∂uk
uk ∈ T (Dk; ḡk) (∀ k = 0, 1, . . . , N − 1),

N∑

k=0

∂h̄k

∂xk
xk +

N−1∑

k=0

∂h̄k

∂uk
uk = 0, one has

N∑

k=0

∂h̄k

∂xk
x̃k +

N−1∑

k=0

∂h̄k

∂uk
ũk > 0,

for all z̃ = (x̃0, x̃1, . . . , x̃N , ũ0, ũ1, . . . , ũN−1) ∈ Z\{0},
N∑

k=1

xkx̃k +
N−1∑

k=1

ukũk =

0, x̃0 = 0, x̃k+1 = ∂ϕ̄k

∂xk
x̃k + ∂ϕ̄k

∂uk
ũk, ∂ḡk

∂xk
x̃k + ∂ḡk

∂uk
ũk ∈ T

′′
(
Dk; ḡk, ∂ḡk

∂xk
xk +

∂ḡk

∂uk
uk

)
(∀ k = 0, 1, . . . , N − 1), and

N∑

k=0

∂h̄k

∂xk
x̂k +

N−1∑

k=0

∂h̄k

∂uk
ûk + 〈(x∗

0, u
∗
0), (x0, u0)〉 +

N−1∑

k=1

(xk, uk)T ∇2h̄k(xk, uk)

+ xT
N∇2h̄NxN > 0,

for all z∗
0 = (x∗

0, u
∗
0) ∈ ∂2

Sh0(x̄0, ū0)(x0, u0),

ẑ = (x̂0, x̂1, . . . , x̂N , û0, û1, . . . , ûN−1) ∈ Z,
N∑

k=1

xkx̂k +
N−1∑

k=1

ukûk = 0,

⎧
⎪⎪⎨

⎪⎪⎩

x̂0 = 0

x̂k+1 − ∂ϕ̄k
∂xk

x̂k − ∂ϕ̄k
∂uk

ûk − xT
k

∂2ϕ̄k

∂x2
k

xk − xT
k

∂2ϕ̄k
∂xk∂uk

uk − uT
k

∂2ϕ̄k
∂uk∂xk

xk − uT
k

∂2ϕ̄k

∂u2
k

uk = 0

(∀ k = 0, 1, . . . , N − 1),

∂ḡk

∂xk
x̂k +

∂ḡk

∂uk
ûk ∈ T 2

(
Dk; ḡk,

∂ḡk

∂xk
xk +

∂ḡk

∂uk
uk − xT

k

∂2ḡk

∂x2
k

xk − xT
k

∂2ḡk

∂xk∂uk
uk

−uT
k

∂2ḡk

∂uk∂xk
xk−uT

k

∂2ḡk

∂u2
k

uk

)
(∀ k=0, 1, . . . , N−1).
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Remark 4.3. To establish sufficient conditions, the authors in [36] required the
functions ∂ḡk

∂uk
: Uk → R to be surjective, even when all objective functions were

of class C2. In contrast, we achieve sufficient conditions using only assumption
(H3). This assumption is weaker than the surjectivity requirement of [36], and
notably, our result holds even if one of objective functions lacks C2 smoothness.

If at least one objective function is not of class C2, the authors [39]
derived only directional first-order necessary optimality conditions for the dis-
crete optimal control problem (21)–(24). In contrast, Theorem 4.2 establishes
second-order necessary and sufficient optimality conditions for the same prob-
lem under this assumption. Thus, our results significantly strengthen those in
[39] by providing higher-order conditions that are also sufficient.

We now rewrite the problem (21)–(24) in the form
{

Minimize f(z)
subject to z ∈ A ∩ F−1(D),

where F and A are defined by (25) and (27), respectively. The next step is to
apply Theorem 3.1 and Theorem 3.4 to prove Theorem 4.2.

Proof of Theorem 4.2. Assume that z̄ = (x̄0, x̄1, . . . , x̄N , ū0, ū1, . . . , ūN−1) is
an admissible point for the problem (21)–(24) and assumptions (H1)–(H3)
are satisfied. From [37, Lemma 5.1], we get T

(
D;F (z̄)

)
= D

(
F (z̄)

)
. By [38,

Lemma 7], we have that ∇H(z̄) is surjective and the regularity condition (1)
is satisfied. If z̄ = (x̄0, x̄1, . . . , x̄N , ū0, ū1, . . . , ūN−1) is a local minimum for the
problem (21)–(24), then z̄ is a locally optimal solution of problem (26). Since

f(z) = f(x, u) =
N−1∑

k=0

hk(xk, uk) + hN (xN ),

we have

∇f(z̄) = ∇f(x̄, ū)

=
(∂h0

∂x0
(x̄0, ū0),

∂h1

∂x1
(x̄1, ū1), . . . ,

∂hN−1

∂xN−1
(x̄N−1, ūN−1),

∂hN

∂xN

(x̄N ),

∂h0

∂u0
(x̄0, ū0),

∂h1

∂u1
(x̄1, ū1), . . . ,

∂hN−1

∂uN−1
(x̄N−1, ūN−1)

)
.

So, for each z = (x, u) = (x0, x1, . . . , xN , u0, u1, . . . , uN−1) ∈ Z we get

〈∇f(z̄), z〉 =
N∑

k=0

∂h̄k

∂xk
xk +

N−1∑

k=0

∂h̄k

∂uk
uk, (28)
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∇H(z̄)z =
(
x0, x1 − ∂ϕ̄0

∂x0
x0 − ∂ϕ̄0

∂u0
u0, x2 − ∂ϕ̄1

∂x1
x1 − ∂ϕ̄1

∂u1
u1, . . . ,

xN − ∂ϕ̄N−1

∂xN−1
xN−1 − ∂ϕ̄N−1

∂uN−1
uN−1

)
,

(29)

and

∇F (z̄)z =
( ∂ḡ0

∂x0
x0+

∂ḡ0

∂u0
u0,

∂ḡ1

∂x1
x1+

∂ḡ1

∂u1
u1, . . . ,

∂ḡN−1

∂xN−1
xN−1+

∂ḡN−1

∂uN−1
uN−1

)
.

(30)
We also get

zT ∇2H(z̄)z = −
(
0, xT

0
∂2ϕ̄0

∂x2
0

x0 + xT
0

∂2ϕ̄0

∂x0∂u0
u0 + uT

0
∂2ϕ̄0

∂u0∂x0
x0 + uT

0
∂2ϕ̄0

∂u2
0

u0, . . . ,

xT
N−1

∂2ϕ̄N−1

∂x2
N−1

xN−1 + xT
N−1

∂2ϕ̄N−1

∂xN−1∂uN−1
uN−1

+ uT
N−1

∂2ϕ̄N−1

∂uN−1∂xN−1
xN−1 + uT

N−1
∂2ϕ̄N−1

∂u2
N−1

uN−1

)
(31)

and

zT ∇2F (z̄)z =
(
xT
0

∂2ḡ0

∂x2
0

x0 + xT
0

∂2ḡ0

∂x0∂u0
u0 + uT

0

∂2ḡ0

∂u0∂x0
x0 + uT

0

∂2ḡ0

∂u2
0

u0,

xT
1

∂2ḡ1

∂x2
1

x1 + xT
1

∂2ḡ1

∂x1∂u1
u1 + uT

1

∂2ḡ1

∂u1∂x1
x1 + uT

1

∂2ḡ1

∂u2
1

u1, . . . , xT
N−1

∂2ḡN−1

∂x2
N−1

xN−1

+ xT
N−1

∂2ḡN−1

∂xN−1∂uN−1
uN−1 + uT

N−1

∂2ḡN−1

∂uN−1∂xN−1
xN−1 + uT

N−1

∂2ḡN−1

∂u2
N−1

uN−1

)
.

(32)

Since Lemma 2.8 for each z∗ ∈ ∂2
Sf(z̄)(z), there exists z∗

0 = (x∗
0, u

∗
0) ∈

∂2
Sh0(x̄0, ū0)(x0, u0) such that

〈z∗, z〉 = 〈(x∗
0, u

∗
0), (x0, u0)〉 +

N−1∑

k=1

(xk, uk)T ∇2h̄k(xk, uk) + xT
N∇2h̄NxN . (33)

By Theorem 3.1, the following assertions hold:
(a’) 〈∇f(z̄), z〉 ≥ 0 for all z ∈ Z : ∇H(z̄)z = 0 and ∇F (z̄)z ∈ T (D;F (z̄));
(b’) For any z ∈ Z, ∇H(z̄)z = 0, ∇F (z̄)z ∈ T (D;F (z̄)), and 〈∇f(z̄), z〉 = 0,
one has

〈∇f(z̄), z̃〉 ≥ 0 ∀z̃ ∈ z⊥, ∇H(z̄)z̃ = 0, ∇F (z̄)z̃ ∈ T
′′(

D;F (z̄),∇F (z̄)z
)

and there is z∗ ∈ ∂2
Sf(z̄)(z) such that

〈∇f(z̄), ẑ〉 + 〈z∗, z〉 ≥ 0, ∀ẑ ∈ z⊥, and ∇H(z̄)ẑ + zT ∇2H(z̄)z = 0,

∇F (z̄)ẑ ∈ T 2
(
D;F (z̄),∇F (z̄)z − zT ∇2F (z̄)z

)
.

Since (28)–(30) and Lemma 2.7, the assertion (a’) implies that for all

z = (x0, x1, . . . , xN , u0, u1, . . . , uN−1) ∈ Z,
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{
x0 = 0
xk+1 = ∂ϕ̄k

∂xk
xk + ∂ϕ̄k

∂uk
uk, ∀ k = 0, 1, . . . , N − 1

and
∂ḡk

∂xk
xk +

∂ḡk

∂uk
uk ∈ T (Dk; ḡk), ∀ k = 0, 1, . . . , N − 1,

one has
N∑

k=0

∂h̄k

∂xk
xk +

N−1∑

k=0

∂h̄k

∂uk
uk ≥ 0,

this is the assertion (i) of Theorem 4.2.
Since (31)–(33) and Lemma 2.7, Lemma 2.8, the assertion (b’) implies

that for all z = (x0, x1, . . . , xN , u0, u1, . . . , uN−1) ∈ Z,
{

x0 = 0
xk+1 = ∂ϕ̄k

∂xk
xk + ∂ϕ̄k

∂uk
uk, ∀ k = 0, 1, . . . , N − 1,

∂ḡk

∂xk
xk +

∂ḡk

∂uk
uk ∈ T (Dk; ḡk), ∀ k = 0, 1, . . . , N − 1

and
N∑

k=0

∂h̄k

∂xk
xk +

N−1∑

k=0

∂h̄k

∂uk
uk = 0,

one has
N∑

k=0

∂h̄k

∂xk
x̃k +

N−1∑

k=0

∂h̄k

∂uk
ũk ≥ 0,

for all z̃ = (x̃0, x̃1, . . . , x̃N , ũ0, ũ1, . . . , ũN−1) ∈ Z,

N∑

k=1

xkx̃k +
N−1∑

k=1

ukũk = 0,

{
x̃0 = 0
x̃k+1 = ∂ϕ̄k

∂xk
x̃k + ∂ϕ̄k

∂uk
ũk, ∀ k = 0, 1, . . . , N − 1,

∂ḡk

∂xk
x̃k +

∂ḡk

∂uk
ũk ∈ T

′′(
Dk; ḡk,

∂ḡk

∂xk
xk +

∂ḡk

∂uk
uk

)
, ∀ k = 0, 1, . . . , N − 1,

and there exist z∗
0 = (x∗

0, u
∗
0) ∈ ∂2

Sh0(x̄0, ū0)(x0, u0) such that

N∑

k=0

∂h̄k

∂xk
x̂k +

N−1∑

k=0

∂h̄k

∂uk
ûk + 〈(x∗

0, u
∗
0), (x0, u0)〉 +

N−1∑

k=1

(xk, uk)T ∇2h̄k(xk, uk)

+ xT
N∇2h̄NxN ≥ 0,

for all ẑ = (x̂0, x̂1, . . . , x̂N , û0, û1, . . . , ûN−1) ∈ Z,
N∑

k=1

xkx̂k +
N−1∑

k=1

ukûk = 0,



  226 Page 30 of 33 L. Q. Thuy et al. Results Math

⎧
⎪⎪⎨

⎪⎪⎩

x̂0 = 0

x̂k+1 − ∂ϕ̄k

∂xk
x̂k − ∂ϕ̄k

∂uk
ûk − xT

k
∂2ϕ̄k

∂x2
k

xk − xT
k

∂2ϕ̄k

∂xk∂uk
uk − uT

k
∂2ϕ̄k

∂uk∂xk
xk − uT

k
∂2ϕ̄k

∂u2
k

uk = 0,

∀ k = 0, 1, . . . , N − 1,

∂ḡk

∂xk
x̂k +

∂ḡk

∂uk
ûk ∈ T 2

(
Dk; ḡk,

∂ḡk

∂xk
xk +

∂ḡk

∂uk
uk − xT

k

∂2ḡk

∂x2
k

xk − xT
k

∂2ḡk

∂xk∂uk
uk

− uT
k

∂2ḡk

∂uk∂xk
xk − uT

k

∂2ḡk

∂u2
k

uk

)
, ∀ k = 0, 1, . . . , N − 1,

this is the assertion (ii) of Theorem 4.2. By Theorem 3.4, we can prove the suf-
ficient optimality conditions for the problem (21)–(24). The proof of Theorem
4.2 is complete. �
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