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Abstract. Let (R,m) be an excellent generalized Cohen-Macaulay local ring of dimension
d that is F -injective on the punctured spectrum. Let q be a standard parameter ideal of R.
The aim of the paper is to prove that

`R(q
F /q) ≤

d∑
i=0

(
d

i

)
`R(0

F
Hi

m(R)).

Moreover, if q is contained in a large enough power of m, we have

qF /q ∼=
d⊕

i=0

(0FHi
m(R))

(di).

1. Introduction

Let (R,m) be a Noetherian local ring of characteristic p > 0 and of dimension d, I an
ideal of R and q a parameter ideal of R. The Frobenius closure of I is IF = {x | xpe ∈
I [p

e] for some e ≥ 0}, where I [p
e] = (rp

e | r ∈ I) is the e-th Frobenius power of I. The
Frobenius endomorphism F : R → R, x 7→ xp and its localizations induce Frobenius action
on the local cohomology module F : H i

m(R) → H i
m[p](R) ∼= H i

m(R) for all i ≥ 0 via Čech

complex. Similarly, we define the Frobenius closure of the zero submodule of H i
m(R) is

0FHi
m(R) = {η ∈ H i

m(R) | F e(η) = 0 for some e}.

Since H i
m(R) is always Artinian for all i ≥ 0, there is a non-negative integer e such that

0FHi
m(R) = Ker(H i

m(R)
F e′

−→ H i
m(R))

for all e′ ≥ e by Hartshorne-Speiser [4] and Lyubeznik [10]. We define the Hartshorne-
Speiser-Lyubeznik number of a local ring R as follows

HSL(R) = min{e | 0FHi
m(R) = Ker(H i

m(R)
F e

−→ H i
m(R)) for all i = 0, . . . , d}.

Due to the Noetherianess of R, for every ideal I there exists a non-negative integer e such
that (IF )[p

e] = I [p
e]. The smallest number e satisfying the condition is called Frobenius

test exponent of I, denoted by Fte(I). There is no uniform bound for the Frobenius test
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exponent of all ideals by Brenner [1]. To restrict to parameter ideals, we define the Frobenius
test exponent for parameter ideals of the ring R is

Fte(R) = min{e | (qF )[p
e] = q[p

e] for all q}.
And conventionally Fte(R) =∞ if we have no such e. Recall that R is called F -injective if the
Frobenius action on all local cohomology modules H i

m(R) are injective. Thus R is F -injective
iff 0F

Hi
m(R)

= 0 for all i ≥ 0 that is equivalent to HSL(R) = 0. And the condition qF = q

for all parameter ideals q agrees with Fte(R) = 0. There are strong connections between qF

and 0F
Hi

m(R)
for i ≥ 0, while the Fte(R) is closely related with the HSL(R). Fedder proved

that in a Cohen-Macaulay local ring (R,m), two conditions qF = q for all parameter ideals
q and 0F

Hi
m(R)

= 0 for all i ≥ 0 are equivalent. Moreover, Katzman and Sharp [9] showed

that Fte(R) = HSL(R) <∞ in Cohen-Macaulay rings. Ma [11] extended Fedder’s result for
class of generalized Cohen-Macaulay local rings. If R is generalized Cohen-Macaulay ring,
Huneke, Katzman, Sharp and Yao proved that Fte(R) < ∞. This assertion is reproved by
the second author in [15]: If R is a generalized Cohen-Macaulay ring, then for any standard
parameter ideal q we have

Fte(q) ≤
d∑
i=0

(
d

i

)
HSL(H i

m(R)).

In any local ring (R,m), the second author and Shimomoto [16] showed that if every param-
eter ideal is Frobenius closed then R is F -injective. That is if Fte(R) = 0 then HSL(R) = 0.
The converse is not true for non-equdimensional local rings. In [14, Question 3] the second
author asked the following question.

Question 1. Let (R,m) be an excellent generalized Cohen-Macaulay local ring that is F -
injective on the punctured spectrum. Is it true that

`R(qF/q) ≤
d∑
i=0

(
d

i

)
`R(0FHi

m(R))

for all standard parameter ideals q.1

Fortunately, the method of [15] works for this question.

Theorem 1.1 (=Theorem 3.3). Question 1 has an affirmative answer.

Moreover we also show a better result when q is contained in a large enough power of m.
This is based on the splitting of local cohomology in [2].

Theorem 1.2 (=Theorem 3.5). Let (R,m) be an excellent generalized Cohen-Macaulay local
ring of dimension d that is F -injective on punctured spectrum. Let q be a parameter ideal of
R contained in a large enough power of m. We have

qF/q ∼=
d⊕
i=0

(0FHi
m(R))

(d
i).

1In Question 3 of [14], the second author missed the word ”standard” in the statement.
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Finally, we apply the above theorem to get a good bound for Fte(R) in the case (R,m)
is an excellent generalized Cohen-Macaulay local ring that is F -injective on the punctured
spectrum.

The paper is organized as follows. In the next section we collect the basic notion and
background material relevant to the results of the last section, while the main results are
presented in the last section.

Acknowledgement . This paper was developed while the authors visited the Vietnam Institute
for Advanced Study in Mathematics (VIASM). The authors are grateful to the VIASM for
the financial support and hospitality.

2. Preliminary

2.1. Generalized Cohen-Macaulay module. In this subsection, the ring R is free char-
acteristic. We recall the notation of the filter regular sequence which was introduced by
Cuong, Schenzel, and Trung in [3]. Let (R,m) be a Noetherian local ring, M a finitely
generated R-module and x1, . . . , xt a sequence of elements of R. Then we say that x1, . . . , xt
is a filter regular sequence on M if the quotient

(x1, . . . , xi−1)M :M xi
(x1, . . . , xi−1)M

is an R-module of finite length for every 1 ≤ i ≤ t. If the sequence x1, . . . , xt is a filter
regular sequence on M then the sequence xn1

1 , . . . , x
nt
t is a filter regular sequence on M for

all n1, . . . , nt ≥ 1.

Definition 2.1. Let (R,m) be a Noetherian local ring, M a finitely generated R-module of
dimension t > 0, and q = (x1, . . . , xt) a parameter ideal of M . Then

(1) M is called generalized Cohen-Macaulay if H i
m(M) is finitely generated for all i < t.

(2) The parameter ideal q is called standard if qHj
m(M/(x1, . . . , xi)M) = 0 for all i+j < t.

Remark 2.2. Let (R,m) be a Noetherian local ring that is a homomorphic image of a
Cohen-Macaulay local ring. Let M be a finitely generated R-module of dimension t > 0.
Then

(1) Module M is generalized Cohen-Macaulay if and only if every system of parameters
x1, . . . , xt of M is a filter regular sequence on M .

(2) Module M is generalized Cohen-Macaulay if and only if M is equidimensional and
Mp are Cohen-Macaulay for all p ∈ Spec(R) \ {m}, that is M is equidimensional and
Cohen-Macaulay on the puncture spectrum.

We need also a splitting result for local cohomology [2, Corollary 4.11].

Lemma 2.3. Let M be a generalized Cohen-Macaulay module of dimension t. Let n0 be a
positive integer such that mn0H i

m(M) = 0 for all i < t. Then for any parameter element
x ∈ m2n0, we have

H i
m(M/xM) ∼= H i

m(M)⊕H i+1
m (M)
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for all i < t− 1, and

0 :HdimM−1
m (M/xM) m

n0 ∼= HdimM−1
m (M)⊕ 0 :HdimM

m (M) m
n0 .

Moreover, if a system of parameter x1, . . . , xd is contained in m2n0, then it is standard.

2.2. Positive characteristic p. In this subsection, (R,m) is a Noetherian ring of charac-
teristic p > 0 and of dimension d.

Frobenius closure. Let (R,m) be a Noetherian ring of characteristic p > 0 and of

dimension d. Let F : R
x 7→xp−−−→ R be the Frobenius endomorphism and F e : R

x 7→xpe−−−−→ R the e-
th Frobenius endomorphism. In order to notationally distinguish the source and the target of
the e-th Frobenius endomorphism F e, we will use F e

∗ (R) to denote the target. F e
∗ (R) has a left

R-module structure via the e-th Frobenius endomorphism F e, that is r1F
e
∗ (r2) := F e

∗ (r
pe

1 r2)
for all r1, r2 ∈ R.

Definition 2.4. Let I be an ideal of R, we define

(1) The e-th Frobenius power of I is I [p
e] = (xp

e | x ∈ I).
(2) The Frobenius closure of I, IF = {x | xpe ∈ I [pe] for some e ≥ 0}.

Let I be an ideal of the ring R. By the Noetherianess of R, there is an integer e, depending
on I such that (IF )[p

e] = I [p
e] for every ideal I. The smallest number e satisfying the condition

is called the Frobenius test exponent of I, and denoted by Fte(I),

Fte(I) = min{e | (IF )[p
e] = I [p

e]}.
Katzman and Sharp showed the existence of an uniform bound for the Frobenius test ex-
ponents if we restrict to class of parameter ideals in a Cohen-Macaulay ring. We define the
Frobenius test exponent for parameter ideals of R, Fte(R), the smallest integer e satisfying
the above condition (qF )[p

e] = q[p
e] for every parameter ideal q

Fte(R) = min{e | (qF )[p
e] = q[p

e] for all q}.
And conventionally Fte(R) = ∞ if we have no such e. Therefore it is natural to ask the
following question.

Question 2. Let (R,m) be an (equidimensional) local ring of positive characteristic p. Does
there exist an uniform bound for Frobenius test exponents of parameter ideals, i.e., Fte(R) <
∞?

It should be noted that the authors recently used the finiteness of Fte(R), if have, to find
an upper bound of the multiplicity of a local ring [7].

Frobenius action on local cohomology. Let x1, . . . , xd be a system of parameters of
R. Recall that local cohomology H i

m(R) may be computed as the homology of the Čech
complex Č(x1, . . . , xd;R)

0 −→ R −→
⊕
i

Rxi −→
⊕
i<j

Rxixj −→ · · · −→ Rx1...xd → 0.
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Consider the following diagram with Čech complexes Č(x1, . . . , xd;R) and Č(xp1, . . . , x
p
d;R)

in two rows.

0 −−−→ R −−−→
⊕

iRxi −→ · · · −−−→ Rx1...xd −−−→ 0

F

y F

y F

y
0 −−−→ R −−−→

⊕
iRxpi

−→ · · · −−−→ Rxp1...x
p
d
−−−→ 0

where the vertical maps are the Frobenius endomorphism F : R→ R and its localizations F :
Ru → Rup , r

us
7→ rp

ups
. The diagram induces a natural Frobenius action on local cohomology

F : H i
m(R)→ H i

m[p](R) ∼= H i
m(R) for all i ≥ 0. We recall the definition of F -injective ring.

Definition 2.5. A local ring (R,m, k) is F -injective if the Frobenius action on H i
m(R) is

injective for each i ≥ 0.

Definition 2.6. For each i ≥ 0, the Frobenius closure of the zero submodule of H i
m(R) is

0FHi
m(R) = {η ∈ H i

m(R) | F e(η) = 0 for some e}.

We have 0F
Hi

m(R)
is the nilpotent part of H i

m(R) under the Frobenius action. Since H i
m(R)

is always Artinian for all i ≥ 0, by [4, Proposition 1.11], [10, Proposition 4.4] and [17], there
exists a non-negative integer e such that

0FHi
m(R) = Ker(H i

m(R)
F e

−→ H i
m(R)).

We define the Hartshorne-Speiser-Lyubeznik number of a local ring (R,m) as follows

HSL(R) = min{e | 0FHi
m(R) = Ker(H i

m(R)
F e

−→ H i
m(R)) for all i = 0, . . . , d}.

For Question 2, Katzman and Sharp [9] proved that Fte(R) = HSL(R) provided R is Cohen-
Macaulay. In general, we have Fte(R) ≥ HSL(R) for any local ring in [6]. The result was
extended for generalized Cohen-Macaulay case by Huneke, Katzman, Sharp, and Yao [5].
In 2019, the second author [15], using the relative Frobenius action on local cohomology,
proved Fte(R) <∞ for weakly F-nilpotent rings, i.e., H i

m(R) = 0F
Hi

m(R)
for all i < d. Maddox

[12] showed this result for generalized weakly F-nilpotent rings, i.e., H i
m(R)/0F

Hi
m(R)

has finite

length for all i < d. Very recently, this result is extended by the authors in [8].

Relative Frobenius action on local cohomology. The relative Frobenius action on
local cohomology which was introduced in [13] by Polstra and the second author in study F -
nilpotent rings. Let K ⊆ I be ideals of R. The Frobenius endomorphism F : R/K → R/K
can be factored as composition of two natural maps:

R/K R/K

R/K [p]

F

FR
π

where the second map π is the natural project map. We denote the first map by FR : R/K →
R/K [p], FR(a + K) = ap + K [p] for all a ∈ R. The homomorphism FR induces the relative
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Frobenius actions on local cohomology FR : H i
I(R/K) → H i

I(R/K
[p]) via Čech complexes.

We define the relative Frobenius closure of the zero submodule of H i
I(R/K) with respect to

R as follows

0FR

Hi
I(R/K)

= {η | F e
R(η) = 0 ∈ H i

I(R/K
[pe]) for some e� 0}.

3. Results

In this section, R is of positive characteristic p. We begin this section with a condition
when 0F

Hi
m(R)

has finite length for every i ≥ 0.

Lemma 3.1. Let (R,m) be an excellent generalized Cohen-Macaulay local ring of dimension
d that is F -injective on the punctured spectrum. Then `R(0F

Hi
m(R)

) <∞ for all i ≥ 0.

Proof. We can pass to the m-adic completion to assume that R is complete. Since R is
generalized Cohen-Macaulay then `R(0F

Hi
m(R)

) < ∞ for all i < d. For i = d, we consider an

exact for all e� 0

0→ 0FHd
m(R) → Hd

m(R)
F e

−→ Hd
m(R).

Because R is complete, by Cohen’s structure theorem we can write R = S/I where S is a
complete local ring. By local duality theorem, Hd

m(R)∨ ∼= Extn−dS (R, S) where n = dim(S).
The above exact induces the following exact

Extn−dS (R, S)
(F e)∨−−−→ Extn−dS (R, S)→ (0FHd

m(R))
∨ → 0.

Localization at any prime ideal P 6= m, for simplification we also denote P for the pre-image
of P in S and we have

Extn−dSP
(RP , SP )

(F e
P )∨

−−−→ Extn−dSP
(RP , SP )→ (0FHd

m(R))
∨
P → 0.

It should be noted that n − d = dim(SP ) − dim(RP ) and now by local duality over SP , we
obtain the following exact

0→ ((0FHd
m(R))

∨
P )∨P ∼= 0FP

H
dimRP
PRP

(R)
→ HdimRP

PRP
(RP )

F e
P−→ HdimRP

PRP
(RP ).

SinceRP is Cohen-Macaulay and F -injective so Ker(F e
P ) = 0F

H
dimRP
PRP

(RP )
= 0. Hence (0F

Hd
m(R)

)∨P =

0 for all P 6= m, so SuppR(0F
Hd

m(R)
) ⊆ {m}. Therefore `R(0F

Hd
m(R)

) <∞. �

Lemma 3.2. Let (R,m) be a Noetherian local ring and I an ideal of R. Then

0FR

H0
m(R/I)

= IF ∩ (I : m∞)/I.

Proof. Pick x + I ∈ 0FR

H0
m(R/I)

. We have x ∈ I : m∞ and there exists an integer e such that

F e(x+ I) = xp
e

+ I [p
e] = 0 ∈ R/I [pe]. Equivalently, x+ I ∈ IF ∩ (I : m∞)/I. �

The following theorem is an affirmative answer for [14, Question 3]. The idea of proof is
the same with the proof of main result of [15].
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Theorem 3.3. Let (R,m) be an excellent generalized Cohen-Macaulay local ring of dimen-
sion d that is F -injective on the punctured spectrum. Let q be a standard parameter ideal of
R. Then

`R(qF/q) ≤
d∑
i=0

(
d

i

)
`R(0FHi

m(R)).

Proof. Let q = (x1, . . . , xd). Since R is generalized Cohen-Macaulay we have x1, . . . , xd is a
filter regular sequence. Set qi = (x1, . . . , xi) for all i = 1, . . . , d, q0 = (0). The short exact

0→ R/qi−1 : xi
.xi−→ R/qi−1 → R/qi → 0

induces a long exact for all j ≥ 0

Hj
m(R/qi−1 : xi)

.xi−→ Hj
m(R/qi−1)→ Hj

m(R/qi)→ Hj+1
m (R/qi−1 : xi)

.xi−→ Hj+1
m (R/qi−1).

Since q is standard, qHj
m(R/qi) = 0 for all i + j < d so the map Hj

m(R/qi−1 : xi)
.xi−→

Hj
m(R/qi−1) is zero map for all i + j ≤ d. Therefore, for all i + j < d we have the following

exacts

0→ Hj
m(R/qi−1)→ Hj

m(R/qi)→ Hj+1
m (R/qi−1)→ 0.

0→ Hd−i
m (R/qi−1)→ Hd−i

m (R/qi)→ (0 : xi)Hd−i+1
m (R/qi−1)

→ 0.

When i+ j < d, from the commutative diagram

0 −→ Hj
m(R/qi−1) −−−→

f
Hj

m(R/qi) −−−→
g

Hj+1
m (R/qi−1) −−−→ 0

F e
R

y F e
R

y F e
R

y (?)

0 −→ Hj
m(R/q

[pe]
i−1) −−−→

f ′
Hj

m(R/q
[pe]
i ) −−−→

g′
Hj+1

m (R/q
[pe]
i−1) −−−→ 0

we have the following exact

0→ 0FR

Hj
m(R/qi−1)

f−→ 0FR

Hj
m(R/qi)

g−→ 0FR

Hj+1
m (R/qi−1)

,

where f = f |
0
FR

H
j
m(R/qi−1)

, g = g |
0
FR

H
j
m(R/qi)

. The exactness is due to the injection of f and f ′.

Therefore for all i+ j < d we have

`R(0FR

Hj
m(R/qi)

) ≤ `R(0FR

Hj
m(R/qi−1)

) + `R(0FR

Hj+1
m (R/qi−1)

).

Similarly when i+ j = d we have

`R(0FR

Hd−i
m (R/qi)

) ≤ `R(0FR

Hd−i
m (R/qi−1)

) + `R(0FR

Hd−i+1
m (R/qi−1)

).

To summarize for all i+ j ≤ d we have

`R(0FR

Hj
m(R/qi)

) ≤ `R(0FR

Hj
m(R/qi−1)

) + `R(0FR

Hj+1
m (R/qi−1)

).

By induction on k we have

`R(0FR

H0
m(R/qd)

) ≤
k∑
i=0

(
k

i

)
`R(0FR

Hi
m(R/qd−k)

).
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For k = d we obtain

`R(0FR

H0
m(R/qd)

) ≤
d∑
i=0

(
d

i

)
`R(0FHi

m(R)).

By Lemma 3.2, 0FR

H0
m(R/qd)

= qF/q and we have

`R(qF/q) ≤
d∑
i=0

(
d

i

)
`R(0FHi

m(R)).

The proof is completed. �

Remark 3.4. Let (R,m) be an excellent generalized Cohen-Macaulay local ring and F -
injective on the punctured spectrum. By the same technique we can prove that for all
parameter ideals q we have

`R(qF/q) ≤
d−1∑
i=0

(
d

i

)
`R(H i

m(R)) + `(0FHd
m(R)).

We next consider parameter ideal contained in a lager power of m.

Theorem 3.5. Let (R,m) be an excellent generalized Cohen-Macaulay local ring of dimen-
sion d that is F -injective on the punctured spectrum. Let n0 be a positive integer such that
mn0H i

m(R) = 0 for all i < d, and mn00F
Hd

m(R)
= 0. Let q be a parameter ideal of R contained

in m2n0. Then

qF/q ∼=
d⊕
i=0

(0FHi
m(R))

(d
i).

Proof. Let q = (x1, . . . , xd). Since

H i
m(R/(x1)) ∼= H i

m(R)⊕H i+1
m (R)

for all i < d− 1 we have 0FR

Hi
m(R/(x1))

∼= 0F
Hi

m(R)
⊕ 0F

Hi+1
m (R)

for all i < d− 1. On the other hand

since mn00F
Hd

m(R)
= 0 we have 0F

Hd
m(R)
⊆ 0 :Hd

m(R) m
n0 . The direct summand

0 :Hd−1
m (R/(x1))

mn0 ∼= Hd−1
m (R)⊕ 0 :Hd

m(R) m
n0

implies that 0FR

Hd−1
m (R/(x1))

⊆ 0 :Hd−1
m (R/(x1))

mn0 , and 0FR

Hd−1
m (R/(x1))

∼= 0F
Hd−1

m (R)
⊕ 0F

Hd
m(R)

. There-

fore
0FR

Hi
m(R/(x1))

∼= 0FHi
m(R) ⊕ 0F

Hi+1
m (R)

for all i ≤ d− 1. Continue this progress we have

0FR

Hj
m(R/(x1,...,xi))

∼=
i+j⊕
k=j

(0FHk
m(R))

( i
k−j)

for all i+ j ≤ d. Moreover qF/q ∼= 0FR

H0
m(R/(x1,...,xd))

so we have

qF/q ∼=
d⊕
i=0

(0FHi
m(R))

(d
i).
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The proof is completed. �

Let q be a parameter ideal of R, and e an integer. Notice that (qF )[p
e] ⊆ (q[p

e])F , so
Fte(q) ≤ Fte(q[p

e]) + e. Therefore we have the following corollary as a consequence.

Corollary 3.6. Let (R,m) be an excellent generalized Cohen-Macaulay local ring of dimen-
sion d that is F -injective on punctured spectrum. Let n0 be a positive integer such that
mn0H i

m(R) = 0 for all i < d, and mn00F
Hd

m(R)
= 0. We have

Fte(R) ≤ dlogp(2n0)e+ HSL(R),

where dxe is the smallest integer that is greater than or equal to x.

Proof. If parameter ideal q ⊆ m2n0 , by Theorem 3.5 we have

qF/q ∼=
d⊕
i=0

(0FHi
m(R))

(d
i).

Applying FHSL(R)(−) to the above equivalence, we see that FHSL(R)(0F
Hi

m(R)
) = 0 for all

i ≥ 0 and thus (qF )[p
HSL(R)] = q[p

HSL(R)]. Hence, Fte(q) ≤ HSL(R) for every parameter ideal
q ⊆ m2n0 . Take any parameter ideal q, set e0 = dlogp(2n0)e, then q[p

e0 ] ⊆ q2n0 ⊆ m2n0 and

thus Fte(q) ≤ Fte(q[p
e0 ]) + e0. Combination all above observation together we complete the

proof. �

We suspect the assumption of F -injective on the punctured spectrum not necessary.

Question 3. Let (R,m) be an excellent generalized Cohen-Macaulay local ring of dimension
d of characteristic p. Let n0 be a positive integer such that mn0H i

m(R) = 0 for all i < d. Is
it true that

Fte(R) ≤ dlogp(2n0)e+ HSL(R),

where dxe is the smallest integer that is greater than or equal to x.
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