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RADIAL AND NON-RADIAL SOLUTIONS TO A3y 44~ 9 =0 IN R?

TRINH VIET DUOC AND QUOC ANH NGO

ABSTRACT. Inspired by recent studies on the biharmonic equation A%u + 4« =7 = 0 in
RS3, where q is a real number, we consider the higher-order analogous equation
Au4+u79=0 in R3.

It is known that this equation admits positive classical solutions that are radially symmetric
if, and only if, ¢ > 1/2. Besides, under the restriction ¢ > 1/2, it is also known that there
is a branch of radially symmetric solutions to the equation having the growth at infinity as
that of |«|%. In the first part of the paper, by a careful phase-plane analysis, we provide
a complete description of possible growth at infinity for radially symmetric solutions to
the equation. Having such a classification of growth, in the last part of the paper, we
construct non-radial solutions to the equation via a fixed-point argument. To obtain these
results, we borrow some ideas often used in the case of biharmonic equations. However,
compared with the case of biharmonic equations, there are some differences leading to
new difficulties. A typical example is that it is not clear if solutions to the equation enjoy
the super polyharmonic property, which is often used to overcome the lack of maximum
principles.

1. INTRODUCTION

In this paper, we are interested in positive C®-solutions u to the following geometric
interesting equation
Au+u1=0 (1.1)

in R?® with ¢ being a real number. This equation can be rewritten in a traditional way as
follows (—A)3u = u~9. Later on we shall see that we must have ¢ > 1/2 but now let
us discuss the significance of studying (1.1) and the reason why we work on this equa-
tion. Roughly speaking, the last three decades have witnessed the presence of significant
advances in the theory of higher-order elliptic equations of the form

(=A)"u = fu™? in R"

starting from the work [ ] by Wei and Xu in the case of constant functions f. These
equations have their root in various branches of pure and applied mathematics. While
the second-order case is very classical and often appears in many textbooks, the fourth-
order case is of interest because it arises in the theory of elasticity. Higher-order cases
such as (1.1) are also of interest because they serve as a tool for many problems in pure
mathematics, very often in conformal geometry and geometric analysis. In this direction,
equations of the form (1.1) come from the problem of prescribing Q-curvature on S3,
which is associated with the conformally covariant GIMS operator of order six with the
principle part (—A)3, discovered by Graham, Jenne, Mason, and Sparling in [ ].
This operator is a high-order elliptic operator analogue with the well-known conformal
Laplacian which is of second order and with the Paneitz operator which is of fourth order.
Let us discuss this sixth order GIMS operator more precise.
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2 T.V. DUOC AND Q.A. NGO

Suppose that f be a smooth function on the unit sphere S* ¢ R* equipped with the
standard metric gss. Let § = v~*/3gss be a conformal metric, then one has the following
equation with a critical exponent

(-2 - %) (-2 - g) (=2 + Z)v — o S (12)

The geometric meaning of the above equation is that if v > 0 is a solution to (1.2), then the
conformal metric v~%/3ggs has Q-curvature f. Via the stereographic projection 7 : S —
R?, one should obtain from (1.2) the following equation

(=APu=(forHu? in R
see [ ]. Limiting ourselves to the case of constant function f, one further arrive at
the following model equation
(-APu=u"3 inR>. (1.3)

It appears that (1.3) is exactly (1.1) with ¢ replaced by —3 after using a simple scaling.
Instead of considering (1.2) let us now consider its non-critical cases, namely we consider

<_Agss _2741)(_A9§3 _g)(_Aggs +Z>v=fv_q on S?

for arbitrary ¢ € R. Then still by the stereographic projection 7 : S* — R?, one should

arrive at
“A)u = (7

Hence, upon an appropriate choice for f to cancel out the term involving 1+|x|? one should
arrive at (—A)3u = w7 which is exactly our equation (1.1). It should be mentioned that
instead of using the sixth order GJIMS operator on S? one can use the fourth order Paneitz
operator on S? to obtain the following biharmonic equations A2y = +u~9 in R3.

9—3q
1

) * (forYHu? in R®.

Perhaps, we are motivated by the two works: first by Feng and Xu [ ] and the other
by Luo, Wei, and Zou [ ] involving the triharmonic operator A3. While the work by
Luo, Wei, and Zou focuses on solutions to the triharmonic Lane—-Emden equation

(=A)3u = |[u|P~ u
in R™ with p > 1, the work of Feng and Xu focuses on non-negative solutions to
(—A)u = —u* (1.4)

in R® with ¢ > 0. Clearly, equation (1.4) is different from equation (1.1) by a minus sign.
In the work [ ] this plays an important role because associated with (1.4) in R” is the
following integral equation

1
) = gz [ o= slu(s) 7. (15

From this integral equation one can say more about non-negative, Lebesgue integrable
solutions to (1.5); see [ R ]. In fact, they are radially symmetric and therefore
can be assumed u(z) = (1 + |=|>)'/2. If we have (1.1) in R” in hand, then it does not
make sense to consider similar integral equations. Very recently, the authors in [ ]
further investigate solutions to (1.4) in R"™ for any n > 2 and ¢ > 0 and obtain various
properties including the asymptotic behavior for radial solutions at infinity. Similar results
were obtained earlier in [ ] under the condition n > 1 and ¢ > —1. It is worth
noting that there is no positive, C® solution to (1.4) if ¢ < —1; see [ ]. Therefore,
the picture of radial solutions to (1.4) in R™ with ¢ € R is quite understood. For the case
of non-radial solutions, as shown in [ ], (1.4) in R™ with n > 1 admits solutions
which are radial if, and only if, ¢ > —1. Using these radial solutions one can quickly
conclude the existence of non-radial solutions to (1.4) in R™ with n > 2 and ¢ > —1.
Therefore, we have quite clear picture of existence and non-existence results for solutions
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to (1.4). This motivates us to work on (1.1) in R? since the existence of non-radial solutions
is not obvious, see the paragraph after Theorem 1.5.

Let us now discuss (1.1) in R®. Unlike (1.4) in R®, the corresponding integral equation
of (1.1)in R? is

1
R I (16

From this, by the same beautiful classification of positive solutions to integral equations
of the form (1.6), we deduce that ¢ = 3 must hold and non-negative, Lebesgue integrable
solutions to (1.6) are of the following form u(z) = (1 + |z|?)?/2, up to translations, di-
lations, and scalings. Although non-negative integrable solutions to the integral equations
(1.6) and (1.5) are easily classified, we cannot expect that the structure of the solution set
of the differential equations (1.1) and (1.4) is simple. This can be easily seen by comparing
(1.4) and (1.5).

In the present paper, motivated by many interesting results for the case of biharmonic
equations obtained in [ s ], we initiate our study on the structure of solution set
of (1.1) in R™. In view of the geometric meaning described above, the two cases n = 3
and n = 5 are of interest although one can consider (1.1) in R" for arbitrary n > 2. By
a general result of [ ] we conclude that the equation (1.1) in R" for any n > 2
admits one positive CS-solution if, and only if, ¢ > 1/2. In addition, it is proved that
(1.1) with ¢ > 1/2 admits at least one positive radial solution; see [ , Proposition
A]. Moreover, such a radial solution has a growth as that of |ac|4 at infinity; see [ ].
Based on this point, we are interested in the structure of radial and non-radial solutions
to (1.1). To achieve this goal, we split our analysis into two parts. In the first part, we
consider radial solutions to (1.1). Although their existence is clear, it is not clear how they
behave near infinity. In the second part, we make use of the behavior of radial solutions to
construct non-radial solutions.

Let us discuss the two parts in details. In the first part of the paper, our aim is to obtain
a complete description of the asymptotic behavior at infinity of radial solutions to (1.1) for
all ¢ > 1/2. Toward answering the above question completely, we start with a complete
classification of exact growth of radial solutions to (1.1) forall ¢ > 1/2.

Theorem 1.1. Assume that u is a radial solution to (1.1). Then we have the following
claims:

(a) u grows at least cubically and at most quartically.

(b) u grows either cubically or quartically if ¢ > 1.

(c) u grows either like r3+\/log r or quartically if ¢ = 1.

(d) u grows either like r6/(a+1) or quartically if 1/2 < q < 1.

We prove Theorem 1.1 in section 3 below. This simply follows from Proposition 3.1
whose proof is done by a careful examination of the limit of A%« at infinity. It is worth
noting that although the method used is more or less standard to experts, a few new ideas
is required.

To be able to discuss our next result, one should notice that although Theorem 1.1
provides us a complete picture of growth at infinity, it does not tell us the precise asymptotic
behavior at infinity. For example, if we know that the radial solution u grows quartically
at infinity, then Theorem 1.1 does not give us the value of |z|~%u(z) at infinity. In the next
result, we are able to prove the existence of radial solutions with prescribed asymptotic
behavior at infinity for any ¢ > 1/2. This, in particular, provides an affirmative answer for
the question of existence raised earlier. Let us state our next result.

Theorem 1.2. We have the following claims:
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(a) For q > 1 and given any k > 0, there exists a radially symmetric solution u to
(1.1) such that
u(z) _

im —F =
|z| S+ oo ‘I|3
(b) For q = 1, there exists a radially symmetric solution u to (1.1) such that
u(x) 1

lim = .
lz| +oo |z[3(log|z])/2 /12
(c) For1/2 < q < 1, there exists a radially symmetric solution u to (1.1) such that u
grows exactly between cubic and quartic in the sense that

u(z) _
ol G — (o

where K is a negative constant given by
7229 —1)(¢ —1)(g —2)(¢ —5)(¢ +7)
(¢+1)°

(d) For q > 1/2 and given any k > 0, there exists infinitely many radial solution u to
(1.1) such that

Ko =

N
|z] o0 ‘$|4

We prove Theorem 1.2 in section 5 (for case (a)), in section 6 (for cases (b) and (c)),
and in section 7 (for case (d)). The idea of proof is to make use of the ODE version of
(1.1) obtained via the shooting method; see the initial value (2.10). Such an approach is
often used when working on biharmonic equations. For interested readers, we refer to
[ s ] and the references there in.

Clearly, Theorem 1.2(d) indicates that (1.1) in the full range ¢ > 1/2 always admits ra-
dial solutions with quartic growth at infinity. However, parts (a)—(c) imply that (1.1) admits
another branch of radial solutions whose growth at infinity is strictly less than quartic.

Once we have radial solutions with the prescribing asymptotic behavior at infinity, see
Theorem 1.2, we can compute lower order terms of the expansion at infinity. For simplicity,
let us only treat radial solutions having either cubic or quartic growth at infinity. Let us
consider radial solutions with cubic growth at infinity. Our next result concerns lower order
terms in the expansion of these solutions.

Theorem 1.3. Let k > 0 be arbitrary and suppose that u is a radially symmetric solution
with exactly cubic growth k > 0 at infinity, namely,

lim @ =K
|z oo |

Then we have the following further asymptotic behavior.
(a) Forq>4/3,

—klz]> A 1 [
lim uz) 2/<;|x| = u0) _ */ |z[3u~(x)d.
|z] 400 |.’17| 6 12 0

(b) Forq=4/3,

u(x) — klx|? 1
im =— .
2| oo |2]|? log |z| 12k4/3
(c) For1 < q<4/3,

. 3
Ly @) = el
|z Atoo  |x|6739
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with
1 1 1
1 [2B3=3¢) 10(2-3¢) 4-3¢
T 12k4 1 1 1

_2(6—3q)+5—3q+10(7—3q)

X (1.7)

We prove Theorem 1.3 in section 5. For radial solutions with quartic growth at infinity,
our result concerning lower order terms of these solutions is as follows.

Theorem 1.4. Let v > 0 be arbitrary and suppose that v is a radially symmetric solution
with exactly quartic growth k > 0 at infinity, namely

im
|z Atoo ||t

Then we have the following further asymptotic behavior.

(a) Forq > 3/4,

_ |4 1 00
lim M = —/ |lz|?u™9 () dzx.
|| +o0 |.’L‘| 24 /o

(b) Forq=3/4,

. u(r) — K|z|* 1
lim = .
|z /4o |z|3 log || 2453/4
(c) For1/2 < q<3/4,
o ufx) = Klz|t
lim =
|2[ P +oo |1-|674q X
with
1 1 1
1 [2B—49) 10(2—4q) 4-—4g
X= ok 1 1 1 (1.8)

~2(6 — 4q) +5—4q+10(7—4q)

We prove Theorem 1.4 in section 7. Let us sketch how to prove Theorem 1.3 and
Theorem 1.4. In fact, the proof of these two theorems simply follows from integral repre-
sentations (5.4) and (7.1).

Motivated by a classification result due to [ ] for biharmonic equations, it would
be interesting to know the set of entire solutions to (1.1) when ¢ = 3. In this scenario,
by a direct calculation, it is easy to verify that the function u(x) = 315~ /4(1 + |x|?)3/?
solves (1.3). We expect that up to dilations and translations, the only entire solutions to
(1.3), which has an exact asymptotic behavior at infinity, is that above; see [ ] for a
similar case of lower order. Due to the limit of length, we leave this issue here and shall
address it in a forthcoming paper.

Finally, let us discuss our last result, which is also the second part of the paper. So
far we have discussed the existence of radial solutions to (1.1) as well as the their growth
at infinity. From this one can ask whether or not a non-radial solution actually exists. In
the context of biharmonic equations of the form A2y 4+ =% = 0 in R3, it is proved in
[ ] that such a non-radial solution indeed exists. Motivated by this interesting result,
we establish a similar result in the context of triharmonic equation of the form (1.1). Our
result, which is also the last, reads as follows.

Theorem 1.5. Let q > 1/2, there exists a non-radial, positive, C% solution to (1.1).
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There is a simple trick to prove the existence of non-radial solutions. In the case of
(1.1), it is proved in [ ] that (1.1) in R™ with n > 3 and ¢ > 1/2 always admits
solutions. Therefore, any radial solution to (1.1) in R" immediately becomes a non-radial
solution to (1.1) in R™™*. This proves the existence of non-radial solutions to (1.1) in R"
with n > 4. However, it is also worth noting that (1.1) in R? with arbitrary ¢ € R does not
admit any C-solution; see [ ], which makes the existence of non-radial solutions
to (1.1) in R? is of interest and non-trivial. To prove Theorem 1.5, we adopt the method
used in [ ], which is based on a fixed-point argument. However, to be able to handle
the higher-order case, a few new idea is introduced.

From the above discussion, one can also consider the equation in (1.1) in R®. However,
due to the limit of length, we leave this for future research. As the last comment, we
should mention that an earlier version of this work is already available, see [ ]. The
existence of non-radial solutions to (1.1) in Theorem 1.5 is the major difference between
this version and the previous one.

Before closing this section, we briefly mention the organization of the present paper.
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2. PRELIMINARIES

In this section, we collect some useful results. First we discuss spherical averages of
functions in subsection 2.1. Then, we study growth of radial solutions to (1.1) in subsection
2.2. Finally, we spend a large portion of this section to study the initial value problem (2.10)
obtained via the shooting method. These play an important role in our analysis.

2.1. Spherical average and a comparison principle for radial functions. To understand
the structure of solutions to (1.1), we often rewrite (1.1) as the following system

Au=v in R
Av=w in R?, (2.1
Aw=—-u"9 in R>.

For each function f, we denote by f . , () the spherical average of f centered at some point
zo € R® with radius r, that is

= d ’
fmo (T) ][aB(a:oﬂ“) f ’

For simplicity, if either xg is the origin or no confusion occurs, we simply write fro (r) as
f(r). The spherical average has the following nice property Af = Af which is easy to
verify. By the Jensen inequality, there holds

Fay (r) < fa' ()
for all . Keep in mind that the following rule

Akf<7“) _ T_Qk(TZkf(2k_1))/, (2.2)

which holds only in R?, will be used frequently throughout the paper. Throughout this
paper, we frequently apply the following well-known comparison principle for solutions
of poly-harmonic equations; see [ , Proposition A.2].

Lemma 2.1. Let p € N with p > 1 and assume that f : R — R is locally Lipschitz
continuous and monotonically increasing. Let also u,w € C*"([0, R)) be such that

APu(r) — f(u(r)) = APu(r) — f(u(r))
forallr € |0, R) and that
a(0) > u(0), @(0) = u'(0),
AFE(0) > AFu(0),  (A*R)'(0) > (AFw)'(0) forallk =1,2,...,p— 1.
Then for any r € [0, R) and for all k = 1,2,...,p — 1, we have
{ a(r) > u(r), @(r)>d'(r),
AMu(r) > Aru(r),  (A*)(r) > (AFw)'(r).

Moreover, the initial point 0 can be replaced by any initial point p > 0 if all the 2p initial
data are weakly ordered and a strict inequality in one of these initial data at p or in the
differential inequality in (p, R) implies a strict ordering of U, W, A*%, (A*T)" and u, v/,
ARy, (AFu) on (p, R) forany k € {1,2,....p — 1}.
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2.2. A super poly-harmonic property and growth of radial solutions. Now let u > 0
solve (1.1). Then we take the spherical average of (2.1) centered at some point 2o € R> to
be specified later to get

Au=15, Avt=w, and Aw<-u ? in R>. (2.3)

(As mentioned earlier, we simply write % instead of %,,,.) Since the underlying equation is
higher order, it is common to determine the sign of v and w. In the following lemma, we
show that w has a sign, which is important in the rest of analysis.

Lemma 2.2. Ifu > 0 is a CS positive solution in R, then we necessarily have w > 0.

This type of result is well-known for solutions to the biLaplace equation A%y = —u =4
in R" with n > 3; see [ , Lemma 2.2] for the case n = 3 and [ , Lemma 4.1]
for the case of arbitrary n. In the case of the triLaplace equation A%u = —u~% in R?, we
simply mimic the proof provided in [ , ]. Therefore, we omit it here and leave
the detail for interested readers.

In the previous result, we have shown that w has a sign, which is good to control the sign
of w and higher order derivatives of u. To overcome the lacking of the maximum principle
since the underlying equation is of higher order, it is commonly to make use of the sign
of w and v; see [ ]. Unfortunately, it seems to be difficult to capture the sign of v.
Without having any sign control of v but w, we refer to the partially super polyharmonic
property for solutions to (1.1); see [ ] for further information.

Fortunately, inspire by [ , Lemma 2.3], in the following step, we can control the
sign of derivatives of w and . We note that the result below is independent of the center
x( that we are using to compute the average.

Lemma 2.3. We have the following claims:
w'(r) <0, 2.4)

and
7(r)>0, 7'(r)>0, 7)) <0 (2.5)
forallr > 0.

Proof. Recall that w > 0. Using Aw < —u~ 7 in (2.3) we obtain

2w (r) < —/ s2T(s)ds;
0

hence w’(r) < 0 for any r > 0. This proves (2.4). Now we use AT = w in (2.3) to get

27 (r) = / s*w(s)ds > 0
0

which implies 7'(r) > 0 for » > 0. To estimate higher order derivatives of 7, we note from
(2.2) and AT = —u 9 that

) (r) < f/ sT9(s)ds.
0

Therefore, 7(%) (r) < 0 for r > 0. Consequently, 7" is monotone decreasing. Suppose
?”(r) = 0 at some r = r; > 0. Fix some ro > r1. Then there exists some § > 0 such that

" (r) < —¢ for all r > ry. Integrating both sides of the preceding inequality gives
v (r) <v'(re) — 8(r —ra)

for all r > r5. Sending 7 ' +o0, we deduce that o’ < 0 for some large r, which
contradicts to the fact that 7’ (r) > 0 for > 0. Thus, (2.5) is proved. O
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Up to this position, we are left with the sign of v as well as the sign of derivatives of .
In the following result, we show how to control the sign of higher order derivatives of .

Lemma 2.4. We have the following claims:
a® () >0, a®(@r) >0, () <0 (2.6)
forallr > 0.

Proof. First, by using A%7 = r—4(r*a®)’ > 0, see (2.2), we obtain @) (r) > 0. Sim-
ilarly, still by (2.2), namely A%G = r=%(r%a())" < 0, we obtain @®)(r) < 0. Conse-
quently, @ (r) is strictly decreasing. Suppose that 7*) (r) = 0 at some r = 73 > 0. Fix
some 74 > r3. Then there exists some § > 0 such that
aW(r) < =6
for all r > ry. Integrating both sides of the preceding inequality gives
7@ (r) <T® (ry) — 6(r — 74)

for all » > r4. From this we deduce that u® (r) < 0 for large r, which is a contradiction;
thus showing @*) () > 0. This finishes the proof of (2.6). O

An immediate consequently of Lemma 2.4 is the following.

Proposition 2.5. Growth of any radial solution to (1.1) is at least cubic and at most quartic
at infinity.

Proof. Suppose that v is a radial solution to (1.1) about some point xg € R>. As always,
by @, we mean the spherical average of u centered at the 3. To bound the growth of u
at infinity, it suffices to bound the growth of @ at infinity. Since @*)(r) > 0, we obtain
@3 (r) > @3 (1) > 0 for any r > 1. From this we get

a’(r) >a®(1)(r - 1) +a"(1) 2.7)
for all r > 1. From this, simply integrating twice, we deduce that & grows at least cubic at
infinity. To obtain the greatest growth at infinity for @, we observe from (2.4) that

Av(r) = w(r) < w(0),
which by integration implies
70) o, W0)
12 120

and this is enough to conclude the assertion. (]

u(r) <w(0) + (2.8)

Up to this point, we have not mention the sign of ¥ as well as @’ and u”. The next
lemma addresses this which will be used in the proof of Lemma 3.9.

Lemma 2.6. There hold
u'(r)>0, u'(r)>0, and v(r)>0

provided r > 0 is large enough.

Proof. First in view of (2.7) we quickly conclude that u”(r) > 0 if r > 0 is large enough.
If we integrate both sides of (2.7) over [1, 7], then we get

W) = @ (1)/2)(r =1+ 7 (W +7 (1)

for all 7 > 1. In particular, @'(r) > 0 if » > 0 is large enough. For the function ¥, making
use of (2.5) yields ¥ (r) > v'(1) > 0 for all » > 1. From this we deduce that

v(r) >0 (1)(r—1) +v(1) (2.9)



351
352

353
354

355

357
358
359

366

367
368
369
370
371
372

373
374
375

376

377
378
379
380
381

382
383

384

385

386

10 T.V. DUOC AND Q.A. NGO

for all » > 1. In particular, ©(r) > 0 provided r is large enough. The proof is now
completes. U

We conclude this section by the following remarks which give us some information on
the sign of v for any r > 0.

Remark 2.7. Although it is not clear whether or not T(r) > 0 for any » > 0. However,
we can easily conclude that there is a point 2y € R® such that Ty, (r) > 0 for all » > 0.
Indeed, by way of contradiction, we know that with respect to origin O € R?, there holds
To(r) < 0 for all » > 0. However, this contradicts (2.9) if we choose r large enough;
hence proving the existence of some point z.

Remark 2.8. In view of Remark 2.7 above, we easily deduce that ), () > 0 and that
! (r) > 0 for any r > 0.

Zo

2.3. An initial value problem. Since we are only interested in radial solutions to (1.1),
it is necessary to study the radial version of (1.1). In view of the shooting method, we
shall keep u(0) fixed. Therefore, suppose S > 0, we consider the following initial value
problem:

AU=-U"1% U>0, re€(0,Rnx(B)),

U(0)=1, AU(0) =4, A*U(0) =8, (2.10)

U'(0)=0, (AU)'(0)=0, (A*U)(0)=0,
where [0, Rmax(3)) is the maximal interval of existence of solutions. (Such an existence of
solutions for (2.10) follows from standard ODE theory.) The main result of this subsection
is Proposition 2.11. To obtain such a result, we follow closely the arguments used in
[ ] for radially symmetric solutions for the equation A%u + u =7 = 0 in R?; see also

[ ]and [ ]. However, our analysis is rather involved due to the fact that we are
dealing with higher order equations.

By the 1’Hépital rule, it is not hard to see that (Aw)(0) = 3u”(0), (Au)'(0) = 2u®)(0),
(A2%u)(0) = 5u®(0), and (A2u)’(0) = 3ul®(0). Therefore, the initial value problem
(2.10) can be rewritten as follows

A?’U = —qu, U 0, re (OyRmax(ﬁ))a

_B w8
=5, U0 =% @2.11)

U'(0)=0, U®0)=0, U®(0)=0.

We note that although a local solution of (2.10) always exists for any given 5 > 0, such a
solution may not entire in the sense that its maximum interval of existence could be finite.
The statement Proposition 2.11(b) below indicates that whenever ¢ > 1/2 we successfully
obtain an entire solution of (2.10) if the parameter /3 is chosen appropriately. Consequently,
we do have an existence result for entire solutions to (1.1) in RS.

U©) =1, U"(0)

In the sequel, we frequently apply Lemma 2.1 in the following way: Suppose two posi-
tive CS-functions u(r) and 7(r) are given with

Adu+u=7<0,
w(0) <1, '(0)=0, u"(0) <9,
u®(0)=0, u™(0) <5 u®(0)=0

and
AT +7a 7> 0,

u(0) > 1, u'(0)=0, u"(0) >34,
a®0) =0, a®(0)>46 a>(0)=0.
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Then v and w are called sub- and super-solutions relative to the initial value problem
Au+u"1=0,
w(0) =1, 4 (0)=0, u"(0)=24,
u®0) =0, «®0)=46 u®(0)=0.
Lemma 2.1 applied to %, u,u yields the conclusion that u < u < 7, v’ < v’ < @ on

their common interval of existence. Moreover, strict inequality holds as soon as one strict
inequality holds in the initial conditions for the function or its derivatives.

First, analogue to [ , Lemma 3.3], we prove that solutions to (2.11) cannot be entire
if 8 is small.

Lemma 2.9. There exists some 3 > 0 such that for all 8 < (3, any solution u to (2.11)
with
u(0) =1, Au(0)=p5, A%u(0) =48

has compact support.

Proof. Our aim is to construct a super-solution U to (2.11), which has compact support.
Indeed, thanks to ¢ > 1/2 we easily verify that (2/3)(1 + 1/q) < 2. Therefore, we can
selecta T € (2/3,1) such that 7 < (2/3)(1 4 1/¢) and fix it. Now consider the following
function

Ur)=cer’(e™ —rt+r3) +1
for some ¢ > 0 to be specified later. Clearly U is positive on (0,1/2 + /1 + 4e—7/2)1/2)
and U(r) < 1forany 7 > (1/2 + /1 + 4s-7/2)/2. A direct calculation shows that

A3U(r) = —720e
and that U(0) = 1, U'(0) = 0, U"(0) = 2c'~7, UB)(0) = 0, UM (0) = 24e, and
U®)(0) = 0. It is to determine ¢ in such a way that AU > —U~9. We observe that the
maximum of U over (0, (1/2 4 /1 + 467 /2)/?) is obtained at

V3+3V1+3"7
3 .
In addition, the maximum value of U at this point is

1
[(6e™™ +2)V1+3e7+9 7 +2]e+1.

27
Therefore, to fulfill the differential inequality in (0, (1/2 + /1 4 4e=7/2)'/2), we require
(6™ +2)V1 + 3677 + 977 +2)e + 1 < (720¢) /1. (2.12)

To find some suitable € > 0 satisfying (2.12), we rewrite (2.12) as the following

61 737/2\ /6T 134+ 20/e2 4+ 3277 + 9217 4 26 4+ 1 < (720e) 79, (2.13)

Clearly, all three terms 2v/e2 + 3¢2-7, 2¢, and £!77 converge to 0 as ¢ — 0. From
our choice for 7, it is clear that 0 > 1 — 37/2 > —1/q. From this we know that
el =37/2,/e™ 13 grows slower than e~'/% as ¢ — 0. Hence, by choosing ¢ > 0 suffi-
ciently small, the key estimate (2.13) is satisfied, which proves that

A3U(r) > ~U(r)™4
forall0 < r < (1/2 4 1+ 47 /2)"/2. Forr > (1/2 + /1 + 4e-7/2)"/2, recall that

U(r) < 1 which implies —U(r)~? < —1. Hence by selecting € even smaller, if necessary,
we also obtain

A3U(r) > —U(r)™1
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for all » > 0. Finally, choose
B <min{(2/3)e'"7, (24/5)}
we set U = U. Thus, we have just proved that U to (2.11) with U(0) = 1, AU(0) = B,

O

A%U(0) = 3 is a super-solution which has compact support.

Then analogue to [ , Lemma 3.5], we prove that any solution to (2.11) is entire if
[ is large.

Lemma 2.10. There exists some B > 0 such that for all 8 > B, there exists at least one
entire solution of (2.11) satisfying

u(0) =1, Au(0) =8, A%u(0)=4.

Proof. The idea of proof is to construct an entire sub-solution U to (2.11) with the initial
conditions U(0) = 1, AU(0) = 3, and A2U(0) = 3. Indeed, let m € R be fixed and set

Ulr)=(1+rHm
It is easy to verify that
AU(r) = Y Ap(m)(1 43"k,
3<k<6

where
m

Ag(m) =

Ay(m) = —48m( —1)(m —2)(m — 3)(2m — 1)(2m — 3),

As(m) = 96m(m — 1)(m —2)(m — 3)(m — 4)(2m — 3),

Ag(m) = —64(m — 5)(m — 4)(m — 3)m(m — 1)(m - 2).

For m € (3/2,2), it is not hard to see that As(m) < 0, A4(m) < 0, A5(m) < 0, and
Ag(m) < 0. Hence A3U(r) < 0 provided m € (3/2,2). Now we let b > 0 and set

U(r) =U(br).
Clearly, A*U(r) = bSA3U (br) and U(0) = 1, U” (0) = 2mb%, UD(0) = 12m(m—1)b%,
)

U'(0) = 0, U®(0) = 0, and U™ (0) = 0. Therefore, because 0 < (1 4 b%2)~™m7 < 1,
there holds

m(m —1)(m — 2)(2m + 1)(2m — 1)(2m — 3),

m

A3U(r) + U (r) = b5(A3U) (br) + (1 4 b*r?) "™ < 0

provided we choose b large enough. Hence, for b large enough and fix it, we have shown
that U is an entire sub-solution to (2.11) with U(0) = 1, AU(0) = (2/3)mb?, and
A2U(0) = (12/5)m(m — 1)b*. Now we set

B = max{(2/3)mb?, (12/5)m(m — 1)b*}
and the proof follows. (]

In view of Lemmas 2.9-2.10, it is possible to conclude the existence of a threshold for
B, denoted by 5*, similar to a threshold obtained in [ , Theorem 3.1]; see also [ s
Proposition 2.1].

Proposition 2.11. Assume that ¢ > 1/2 and 3 > 0. Let Ug be the unique local solution
of (2.10) above. Then there is a unique 3* > 0 such that:

() If B < B* then Ryax(B) < oo
(b) Ifﬁ > B* then Rmax(ﬁ) = OQ.
(c) If B> jB* then

lim AU, 0.
im  ATUs(r) =
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(d) We have 8 = B* if and only if
lim A2 =0.
M ATUs(r) =0

Proof. First, we prove the uniqueness of 8*. Indeed, we shall prove that Ug- is the unique
solution such that

lim A2U =0.
m  ATUp(r)

By way of contradiction, we suppose that there are 0 < * < ** such that
lim A2Ug-(r) = lim A2Ug« (1) = 0.
m AUp:(r) = lim AUg.(r)
By the comparison principle, we know that Ug«+ > Ug» on (0, +-00). Therefore,

—(Uz4 = Uz = r 2 (r}(A2) (Uger — Upe)) >0

on (0, +00), which implies that (A?)'(Ug«» — Ug+) > 0 on (0, +00). From this we obtain
a contradiction since
1. AQ U Kk T U * - O
im  AS(Ug 5+)(r)

Part (a). By Lemma 2.9, there is a ﬁ > 0 such that any solution  to (2.11) with u(0) = 1,
Au(0) = $3, and A?u(0) = j has compact support. Using the comparison principle we see
that for any 3 < 3 any solution u to (2.11) with u(0) = 1, Au(0) = 3, and A%u(0) =
also has compact support. Therefore, we may define

any solution v of (2.11) with u(0) = 1, Au(0) = 3,
B* =sup ! 3 .

and A?4(0) = /3 has compact support
Thanks to Lemma 2.10, we deduce that 5* is finite and positive. Consequently, any so-
lution  to (2.11) with u(0) = 1, Au(0) = 3, and A%u(0) = 8 > B* is entire. This
establishes Part (a).

Part (b). It suffices to prove that any solution w to (2.11) with u(0) = 1, Au(0) = 5%,
and A%u(0) = B* is entire. Indeed, let R(3) be the first zero of the solution u to (2.11)
with ©(0) = 1, Au(0) = B, and A?u(0) = B < B*. Since B < B*, the number R(j3)
exists and is finite. By the comparison principle, the function R(/3) is non-decreasing in
B. Moreover, for two solutions w1 and wus of (2.11) with «;(0) = 1, Au;(0) = 8 with
1 =1,2,and
APuy (0) = B < B2 = A%uy(0),
we find that
APy (r) < A%uy(r)

in their common interval of existence. From this we deduce that (u; — ug)® (r) < 0.
In particular, this implies that (u; — us)’(r) < 0; hence the gap between two solutions
is increasing. Consequently, R(/3) is strictly increasing in 5. This and the continuous
dependence of the solution on initial values tell us that R(/3) is in fact continuous. Now we
assume for contradiction that R(/3) — R for some finite number R as 8 *. However,
this is impossible due to the continuous dependence of the solution on initial values. This
proves Part (b).

Part (c). Let 5 > B*. Suppose that

lim A2U <0.
m  A%Up(r)

Integrating gives
Uﬁ(T) < —017"4 + 027“3 + 637”2 + Cyr + Ch
for all » > 0 with C7 > 0, which is impossible; so Part (c) follows.
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Part (d). Suppose that

lim A?Us(r) > 0.
im  ATUs(r)

It is easy to see that Ug(r) > er?, Uj(r) > er®, U§(r) > er?, and UF'(r) > er for all
7> 0 and for some constant ¢ > 0. Using r—>(r*(A*Up)'(r))" = —Uy ?, we deduce that

r—2 if ¢ > 3/4,

(A2U) (r) > —c{ v~ 2logr if g = 3/4,

rt=4a if ¢ < 3/4,

for all » > 2 and for some new constant ¢ > 0. Let m € (3/2, 2) to be fixed and set
U(r)=(1+r5)m.
Recall from the proof of Lemma 2.10 that
AU(r) = > Ap(m)(1+r2)" 7k,

3<k<6
where A (m) < 0forall 3 < k < 6 whenever m € (3/2,2). Let b > 0 and set
U(r) =U(br).

Also as in the proof of Lemma 2.10, if we choose b large enough, then we have AU +
U~ < 0. In addition, there exists some ro such that

{Uﬁ(’l“o) > U(T‘o), AUg(To) > AU(T0)7 AQUg(To) > AQU(’P()),
Up(ro) > T (ro), (AUp) (ro) > (AT (ro),  (A2Up) (ro) > (AT (ro).
By the continuous dependence of solutions and Lemma 2.1, there is 81 < [ such that

Usg, > U for all » > rq. This shows that Usg, exists for all 7 > 0; hence 3; > 3*. From
this we deduce that 5 > 3*. Now we suppose that 5 > $*. Then there holds

(A%Up)(r) > (AU ) (r)
for all » > 0. Using the initial data and by integration by parts, we obtain
lim A? — B> lim A%Uz(r) — p*
Am AUp(r) -2 lm AUp:(r) - £7,

which implies

lim A?U > 8 — G*.
m s(r)>pB—p

The proof of Part (d) is complete. (]

3. CLASSIFICATION OF GROWTH AT INFINITY FOR RADIAL SOLUTIONS TO (1.1):
PROOF OF THEOREM 1.1

In this section, we are interested in the exact growth at infinity for radial solutions to
(1.1). We observe from Lemma 2.2 and (2.4) the limit lim, 4 A2%u(r) exists and is
non-negative. The main result of this section is the following:

Proposition 3.1. Let u be a radial solution to (1.1). Then we have the following claims:

) If
TETOO A2u(r) >0, (3.1)
then u(r) ~ r* for any ¢ > 1/2.
) It
lim A2 =0, 3.2
i, %) 62

then u(r) = o(r*) at infinity. Furthermore, we have the following possibilities:
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(a) u(r) ~r3ifp>1;
(b) u(r) =~ r3/logr ifp = 1; and
(c) u(r) ~r@tDif1/2 <p < 1.

Clearly, Theorem 1.1 follows from Proposition 3.1 above. Hence, in the rest of this
section, we prove this proposition. From our point of view, the most difficult part is (Ilc);
to handle this case, new arguments are introduced, see the proof of Lemma 3.10.

3.1. Solutions with quartic growth. Now we prove Part (I) of Proposition 3.1. For sim-
plicity, set

= lim AZ? > 0.
p=lim Au(r)

In view of (2.4), there holds A2u(r) > p for any r > 0. Integrating this differential
inequality as in the preceding subsection, we deduce that u grows at least quartically at
infinity and this is enough to conclude that u(r) ~ r*. In the next two subsections, we
prove Part (IT) of Proposition 3.1.

3.2. Solutions with non-quartic growth. We start by observing that whenever

lim AZ%u(r) =0
r,/Hoo

there holds u(r) = o(r*) at infinity. This is elementary because the zero limit implies that

li —4/.4,(3) =0
r/{ufoor (r*u'® (1)) ,

which then implies, by the I’Hopital rule, that
u® () =o(r), u'(r)=o(r?), u'(r)=o0(r®), u(r)=o(r*) (3.3)
at infinity. We now examine the growth of u at infinity more closely because u(r) = o(r?)

is not what we need.

3.2.1. Proof of Proposition 3.1(Ila). We now consider Part (I) under the case ¢ > 1. By

integration by parts, we obtain from Aw = —u~7 the following
1/ r
wlr) = w0+ [ tutds— [ s )
r Jo 0

Since u grows at least cubic at infinity and ¢ > 1, it is easy to see that r2u~9 — 0 as
r  +o0o. In (3.4), we send r to +0o0 to obtain

—+oo
w(0) = / su”%ds < +o0.
0

Still by integration by parts, we obtain from (3.4) and A?u = w the identity

4 +oo 2 T
Aufi(O) 2 %O su(s) ds — T s3u(s)"ds

u(r) =u(0) + 1/,

1 T 3 T
~51 ), sou(s)"%ds + ;Z ; s2u(s)9ds (3.5)
+ ' stu(s)"ds + L sSu(s)"4ds

12 J, 120 J,
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in R>. It is worth noting that the representation (3.5) is valid for all ¢ > 1. Let us denote
by = all terms in (3.5) involving integrals, that is

rd +oo
(r)zﬂo/ qu——/su qu——/su ~4ds

r3 "

I dds 1 __ —ag 1
—|—24 s2u(s)"%ds + /su S+120r/05 u(s) " ds.

Our aim is to show that =(r) has cubic growth at infinity. To achieve that goal, we use the
I’Hopital rule to see that

(1]

1 [
lim Z"(r) == / *u(s)"%ds > 0.
im (r) 1], s*u(s) ds

Note that the preceding limit is also finite, thanks to ¢ > 1. From this we conclude that «

has exactly cubic growth at infinity.

Remark 3.2. Concerning Proposition 3.1(Ila), it is worth noticing that the reserve case also
holds, that is, if u is a positive solution to (1.1) having cubic growth (uniformly) at infinity,
then ¢ > 1. The argument is similar to the one used in [ ].

Next we consider Part (IT) under the case 1/2 < ¢ < 1, which shows that radial so-
lutions to (1.1) satisfying (3.2) grow between cubic and quartic at infinity. To obtain the
desired result, we exploit several ODE techniques used in [ ] and in [ ]. The
idea is to transform (1.1) into a high order ODE via the following change of variable

W(t) = e™u(el)
where m = —6/(¢ + 1) and ¢ = log . By direct computation, we observe the following.
Lemma 3.3. Let ¢ > 1/2. If u(r) is a positive radial solution to (1.1), then W (t) solves
Qs(m —0)W =-W™19, (3.6)
where we formally define
Qe(m —0) = H (O—m—5+k)
1<k<6

with 9 = d/dt.

For simplicity, we put A\, = m+5—k with 1 < k < 6, namely \; = 2(2¢—1)/(¢+1),

)
A2 =3(qg—=1)/(g+1), A3 = 2(¢—2)/(g+1), \a = (¢ =5)/(g+1), As = =6/(q¢ + 1),
and A\¢ = —(q¢ + 7)/(¢+ 1). By the variation of parameters formula, the solution W (%) to
(3.6) has an integral representation given as follows.

Lemma 3.4. Ler W (t) be a solution to (3.6). Given any to, then there exist constants o;
such that

t
W) =Y (e —d, [ Mwaas), 37
i=1 to
where
6
J=1, j#i

More precisely, we have d; = 1/120, dy = —1/24, d3 = 1/12, dy = —1/12, d5 = 1/24,
and dg = —1/120.
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We note that we also have an expansion form for (3.6) given by

5
WO > KW =W,

1=0
where
722¢ —1)(¢—1)(¢—2)(¢—5 7
K, — 22— Dl@—1)( 6)(q Wa+7)
(g+1)
K = 12(q — 3)(2¢* — 10¢> — 249¢> + 512¢ — 223)
b (¢+1)° ’
Koo 2(13¢* + 187¢3 — 2217¢> + 4777q — 2552)
2T (¢ +1)4 ’
15(q — 3)(¢® — 34q + 37
Ky = ola=3) 3q+ ) o,
(g+1)
5(5¢% — 44q + 59
K, = 201 4t ) 2o,
(g+1)
9(¢ —3)
Ky=—-"1—"">0.
> qg+1 -

Note that in the range (1/2, 1], the sign of K; and K is not constant. The constant Ky is
already appeared in the statement of Theorem 1.2(c) and in terms of (g, we can express
Ky = Q¢(m). With all ingredients above, we are now in position to prove Theorem 1.2(b,

c).

3.2.2. Proof of Proposition 3.1(1Ib). In this subsection, we restrict ourselves to the case
q = 1, which leads to Ky = 0 and m = —3. For clarity, we split our proof of Part (d) into
three steps as follows.

Lemma 3.5. W (¢) is unbounded.

Proof. We prove by way of contradiction. Indeed, suppose that TV (t) is bounded, then
there exists A > 0 and ¢y > 0 such that

(W® 4 ZS:KZW“—”)’ =-W 1< -4
for all ¢t > t(. Integrating both si(llz; gives
(W@ 4 25: KW < At —to) + A
for all t > ty. By continuing thil::rocess, we shall obtain the following estimate
W) < — (= 10)° +o((t — 10)")

ast " 4oo. This contradicts to the fact that W (¢) > 0 for all ¢. Hence W (t) is unbounded
on any [tg, +00) as claimed. O

Lemma 3.6. There holds W (t) / +ocast 7 +oo.

Proof. For q = 1, (3.6) becomes
O+4)O0+3)0+2)O+1D)O-1)W' =-Wt <0.
Multiplying by e?* and integrating over (—o0, s), we get
e (0 +3)(0+2)(0+1)(0-1)W <0
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since W~1(s) — 0 as s — —oo. Therefore
(0+3)(0+2)(0+1)(0— D)W <0,

Performing a similar argument, we eventually obtain (e‘SW’ (s))’ < 0. Therefore, the
function e *W'(s) is monotone decreasing. Thanks to (3.3), we deduce that

e W/ (s) = —3e *u(e®) + e 3%/ (%) — 0
as s /' 4o0. Thus, there must hold W' (s) > 0. Combining with the fact that W (s) is
unbounded, we obtain lim ~; ., W(s) = +oo as claimed. O
Lemma 3.7. There holds
u(r) 1

li - = .
r oo r3(logr)l/2 /12

Proof. Note that when ¢ = 1, wehave m = 3, A\ = 1, Ay = 0, A3 = —1, \y = —2,
As = —3, and \¢ = —4. Thanks to (3.3), in this case, e *W(t) = r~*u(r) = o(1) at
infinity. Thus, multiplying both side of (3.7) by e~* and sending ¢ ,”* 400 in the resulting
equation gives

+oo
] = dl/ e_sW_ldS.

to
Hence,
+oo 6 +
W(t) :dl/ =)W 1ds + Z (aiem _ di/ e)\i(tfs)Wflds).
t i=2 to

By direct computing and using the relation Z?:1 d; = 0, we easily get

W'(t) = dl/t

Hence, by the Hopital rule, we easily verify W' (t) = o(1) at infinity. Furthermore, making
use of the Hopital rule, we can estimate

+o0 6 t
=1 s 4 Z)‘i (aiem _ di/ e)vi(tfs)W*lds>.
=3

to

+oo
lim W(OW(E) = lim V() / =14

t,/*+oo t,/*+oo t
6 t
lim > (W (BNt — dw (e / MOy 1ds)
+t/1(+m001=3 @ ()e () toe °

6
1

=d; + E di = —dy = 5,
i=3 24

which immediately implies that

W?2(t) 1
li =2 lim W)W = —.
t/l‘gloo t t/l‘gloo ( ) ( ) 12
From this it is easy to obtain
1
o M), WO 1

r oo r3(logr)/2 t oo W/t V12

The present proof is complete. O



660

661
662
663
664

665

666

667

668
669
670

671
672

673

674

675

676
677

678
679

680

682

683

684

685

686
687

688

RADIAL AND NON-RADIAL SOLUTIONS TO A%y 4+ 4~ 9 = 0 IN R? 19

3.2.3. Proof of Proposition 3.1(1lc). We need a few steps to prove this part. First, we need
a lemma which essentially says that W is bounded.

Lemma 3.8. Let W (t) be solution of (3.6). Then, the following assertions hold.

(i) It cannot happen that W (t) /* +oo ast / +oo.
(ii) If the limit limy; ~y o, W (t) = L exists, then

L= (—Kg)~Y(a+D),

Proof. For 1/2 < ¢ < 1, we have A\ > 0O and A\; < 0 for 2 < ¢ < 6. Recall that
A1 = 2(2¢ — 1)/(q + 1), which implies that e=*1*W (¢) = u(r)/r* = o(1) at infinity.
Suppose that lim; ~; W(t) = +oc. By multiplying both side of (3.7) by e~*1* and
sending ¢ * 400 in the resulting equation, we obtain

“+oo
o = dl/ e~ MW (s,
to

Hence, it is not hard to verify that

+oo 6 t
W(t) = dl/ e)\l(t—S)W—QdS + Z (aieAit _ dl/ 6Ai(t—s)W—qd8).
¢ i=2

to

Using the 1’Hopital rule, we can easily check that W (¢) — 0 as ¢t * 400, which contra-
dicts the assumption lim; ~1 o W (t) = +oo. Therefore, W (t) cannot diverge to +o00 as
t / 4o00. This establishes part (i).

We now prove part (ii). Assume that the limit lim; »; o, W (¢) = L exists with L #
(—Ko)~Y/(a+1) Then

o= t}iinoo (— KoW(t) — W™t)) #0.

Therefore, there exist two constants M, T > 0 such that either
—KoW(t)—W™4t) < —M forallt >T
ifa<Oor
—KoW(t)—W™4t)>M forallt>T
if @ > 0. Putting

0 =sup|W(t) — W(T)| < +o0.
t>T

Upon using the relation

5
(WO 3 KW D + Kyw) = —KoW — W1
1=2

we obtain

5
W L3 KW < —M(t—T) + |K1|§+ C forallt > T
1=2
if « < 0 and
5
W 4N KW > M(t—T) — |Ki|§ + C forallt > T
=2

if @ > 0. Here C = C(T)) is a constant containing all the terms W () (T') with 1 <4 < 5.
Repeating the above process, we get

W(t) < —%(t —T)% + O(t°)
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if o < 0 and M
W) 2 G (t=T)° +0(t")

if @ > 0. This contradicts to our assumption that L is finite. Hence, there holds L =
(—Ko)~'/(a+1) a5 claimed. O

Next, we rule out the case W (¢) approaching zero, which is important because our
equation (3.6) involves a negative exponent.

Lemma 3.9. Let W (t) be a solution to (3.6). Then,
liminf W (¢) > 0.
t +oo

Proof. We adopt the method used in [ ]. However, there is some improvement due
to the fact that solutions to (1.1) only enjoys the partially super polyharmonic property, see
Lemma 2.2. First we observe from Lemma 3.8(ii) and the inequality W (¢) > 0 that

lim sup W (¢) > 0.
t oo

Suppose by contradiction that lim inf; ~y., W (t) = 0. Then, there is a sequence (tg)x
such that ty, ' +o0, tge1 > tr + 1, W(tg) — 0, W/ (tx) = 0, and W”(¢) > 0. Put
R, = e'* and define
U(Rk;+17")
W (tes1) R
Keep in mind that m = —6/(q + 1). Then Uy, satisfies
(22U = W (trer) 71U
Uk(l) = 13
R R
V() = )
Riv1” u(Rpt1)
Since u/(r) > 0 and Ry41 > Ry, we conclude that Uy (R /Rr+1) < 1. Besides, as

Uk(r) =

(3.8)

A?U, (r) = ﬂ(Azu)(R r), AUg(r) = ﬂ(Au)(R r)
T Wtk) TR T Wite) o
and with help of Lemma 2.6, we deduce that
i
AUL(1) = ————(Au)(R >0,
o) = G (B (Ren) >
2 ka4j14 2
A )= ——"——(A >
Uk( ) W(tk-‘rl)( u)(Rk+1) - 07
Ry, kaJ:rf
AU, = Au)(Ry) > 0,
k(RIchl W(thrl)( J(Be) 2
an+4
A2 (Y = L A2y (Ry) > 0,

Ry’ Wi(tgta)
for large k. Putting
Dy = B1(0) \ Br,/gy,,(0), D = By/2(0)\ B1c(0).

Since Ry /Ryp4+1 < 1/e, D is a proper subset of Dy, for all k. Let A be the first eigenvalue
of the operator —A with the zero Dirichlet boundary condition in the annulus D and let
( > 0 be its associated eigenfunction, that is,

—Ap=2Ap inD,
{ =0 ondD.
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Since ¢ is smooth up to the boundary 9D and D C Dy, we extend ¢ smoothly to the
whole Dy, by setting ¢ = 0in Dy, \ D. Then we know that
(=A)Pp =X, (-A)Pp=X¢ D
and o
o=Ap=A%0=0, O,p=0,Ap=0,A%0=0 onDy\D.
Multiplying both side of (3.8) by ¢ and integrating the resulting equation by parts to get

W(tk_s_l)*q*l/ Uk_qcpdx:—/ ©A3Udz
Dy, Dy

2
:7/ UkA?’gadxf/ [cpaA Uk fAQUka—SD]
Dy,

oDy, on on
OAUy 0Ap
- A - A
OUy, 0A2p
— A= U
=\ | Uppdz
Dy,

Thanks to Uy, € (0,1) and ¢ > 0, we get Uy < U, ?. Consequently, [, U, ‘pdz >
Jp Urspda. Therefore,

W(tep) 7 H < N
for all k. This contradicts to our contradiction assumption that W (t;41) — Oas &k +o0.
Thus, lim inf; ~y . W(t) > 0 as claimed. O

Lemma 3.10. There holds

lim W(t) = (—=Kg)~V/@th,
i (t) = (=Ko)

Proof. Our proof consists of two parts. First we prove that W (t) is bounded on [0, +00).
For g € (1/2,1), we observe that A\; > 0 and that \; < 0 for 2 < j < 6. Set

vi(t) = (8 — M)W (¥), 3.9
’Uj(t) = (8 - )\j)'l)jfl(t), 2 S] S 5. ’
Then (3.6) becomes (0 — Ag)vs(t) = —W ~9(¢t) which implies
t
vs(t) = w5 (0) +/ et (W (s))ds. (3.10)
0

By Lemma 3.9, W~4(¢) is bounded on [0, +00). Combining this property with A\¢ < 0,
we easily see that v5(¢) is bounded on [0, +00). Repeating the above argument we deduce
that the functions v; for 1 < ¢ < 4 are also bounded on [0, +00). Now integrating the
differential equation of W in the system (3.9) we obtain

W(t) = eMt {W(O) + /Ot e M5y (s)ds|.

On the other hand, as in the first paragraph of the proof of Lemma 3.8, we deduce that
W (t) = o(e*?) at infinity. This leads us to

+oo
W(O) = 7/ eiAlsvl(S)dS.
0
In other words, there holds

+oo
W(t) = —eAlt/ e M5y (s)ds, 3.11)
t
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which immediately implies that W (¢) is bounded on [0, +00). Next we prove that W (t)
has limit at infinity. Indeed, the boundedness of W (¢) allows us to set

lminf W(t) = B, limsupW(t) = A,

t—+o00 t—+oo
which are positive and finite. From this, given € > 0, we exists some 7" >> 1 such that
B-—e<W(it)<A+e

forall ¢ > T'. Similar to (3.10), we use the equation for v5 in (3.10) to get

t
vs(t) = 6A6(t’T)v5(T)+/ MU (—W A (s)) ds,
T

which implies that
1— e)\s(t—T)

e

A6 (t—T
Jd—e 6(t=T)

< v5(t) —vs(T)eM ) < —(A+e) 71—
N6

_(B + 8)—(1
for all ¢ > T'. First appropriately sending ¢ to infinity then sending € down to zero, we
deduce that

_B—4 A1

< liminf vs(t) < limsupvs(t) < .
T S lm ind 5(t) < i sup 5(t) < T

Repeating this process for the functions vs_; with 1 < ¢ < 4, we eventually obtain

_p-a _ A4
———— <liminfu;(t) <limsup v (t) < ——5——.
— Hj:Q )\j t—+o00 t—+o00 — Hj:2 )\j

‘We now use (3.11) to deduce that

—_B—¢ _A—¢
———— <liminf(-W(¥)) < limsup(-W(t)) £ —¢——.
- Hj:l )\j t—r+o00 t—+4o00 — Hj:l )\j

Keep in mind that H?:l Aj = Ko < 0. Hence

—R—q —_A—q
B <A< -B< A .
-Ko — - - —Kp

From the above inequalities we obtain A = B = (—K;)~'/(@+1)_ This completes the
present proof. (]

Clearly, Theorem 1.1 follows from Propositions 2.5 and 3.1 above. Hence we omit its
proof.

4. AN AUTONOMOUS 6-DIMENSIONAL SYSTEM

To study the asymptotic behavior of (2.1), we follow the ideas in [ ]. First, by the
Emden-Fowler transformation we set
ru'(r) rv’'(r) rw'(r)
t) = ’ t) = s t) = ;
POy BTNy O )
r2u(r r2w(r r2u 9 (r
wat) = 0D gy = T gy = )
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with ¢t = logr. Clearly, the system (2.1) is transformed into a 6-dimensional system of the
form

) =z1(—1—21) + 24,

xh = zo(—1 — x2) + x5,

a:% = x3(—1—23) — g, @
xy = 4(2 — 21 + x2),

x5 = 15(2 — 12 + x3),

rg = x6(2 — qr1 — T3),

where we denote ' = d/dt. The linearization of (4.1) at the point (x1, X2, T3, 4, T5, Tg) IS
given by the following matrix

—1—-2x; 0 0 1 0 0

0 —1— 22, 0 0 1 0

0 0 —1— 223 0 0 -1

—T4 T4 0 2 — X1+ To 0 0

0 —xs5 Ts 0 2 — To + I3 0
—qTg 0 —Xg 0 0 2—qxy —x3

The following proposition is the main result of this section.

Proposition 4.1. Let

= lim w(r).
p=lim (r)

Suppose that ?>u=(r) — 0 as r /* +o0o. Then we have the following identities

1 u(r) u(0) r [ sv(s)ds B

wy o ru(r) el [0 s20(s)ds * Jy s?v(s)ds b “2

1 () v(0) rfOT sw(s)ds B

Tz r(r) -l Jy s2w(s)ds * o s2w(s)ds L *3

1 wr) _or B rfrjoo su”9ds y 44

x3  Tw(r) Jy s2u—ads Jy s2u—ads

L w(r) _ w0 1 "y 1 "

)~ ) T fy O g, w69
and

1 o(r) _ v(0) L[ 2w L 46

zs  rPw(r) | rPw(r) r3w(r)/0 sw(s) HW(T)/O sws)ds.  (46)

Proof. In view of (3.4) and the fact that 7?u~9(r) — 0 as r * +oo, after sending r
+00, we obtain

“+o0
w(0) = p—l—/ su”lds < 400,
0
which implies that
1 T +oo
wir)=p+ f/ s2u"9ds —l—/ su~4ds.
™ Jo r

Now an easy computation shows thatw(r)/(rw’(r)) has the representation provided by
(4.4). To obtain (4.6), we observe from Av = w that

v(r) =v(0) — = /OT s2w(s)ds + /OT sw(s)ds.
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From this, it is not hard to realize (4.6). To obtain (4.3), we combine the representation for
v and

1 T
! 2
= — ds.
v'(r) 7’2/0 s“w(s)ds
Finally, (4.5) can be obtained through

u(r) = u(0) — 1/0T s2v(s)ds + /OT sv(s)ds,

while (4.2) follows from the preceding identity and

o (r) = :2/0 $20(s)ds.

The proof is complete. (]

In view of Proposition 2.11, we shall easily see that if 5 > £* then the radial solution
u = Ug to the ODE (2.10) grows at least quartically at infinity. Therefore, in view of
Proposition 2.5, we must consider u = Ug+ in proof of Theorem 1.2(a, b, ¢).

5. EXISTENCE OF RADIAL SOLUTIONS OF CUBIC GROWTH AT INFINITY: PROOF OF
THEOREMS 1.2(A) AND 1.3

This section is devoted to a proof of the existence of radial solutions to (1.1) having a
prescribed cubic growth at infinity. Following the last paragraph in the previous section,
we examine the entire radial solution u = Ug- to the ODE (2.10) as a candidate.

5.1. Asymptotic behavior of the transformed system (4.1). In the first part of the proof,
we study the asymptotic behavior of solution (1, z2, x3, 24,25, Z¢) to (4.1) at infinity.
For clarity, we divide our proof into several claims as follows. First, because

p= lim A?Usz =0,

oo
(4.4) becomes
w(r) r fr+oo su~9ds
rw’ (1) T Jy s*u—ads Bl

First, we study x3 and z¢. We establish the following:

Claim 1. There holds w(r)/(rw’(r)) — —1 and (r?u=9)/w(r) — O asr / +oco. In
other words, z3(t) — —1 and z6(t) — O ast / +o0.

Proof of Claim 1. Since ¢ > 1 we apply the I’Hopital rule to get

—+oo
lim r su9%ds= lim ru"1=0
r,+oo ” r,/+oo

This helps us to conclude that w(r)/(rw’(r)) — —1 as r * 4o00. Thus, we obtain

r2uq . r2uq . r3u9
im = lim - = lim —— =0.
rAtoo w(r) v oo Tw(1)  rtee [ s?uTdds
The proof of Claim 1 is complete. t

Next we study x5 and x5. We prove the following:

Claim 2. There holds v(r)/(r?w(r)) — 1/2 and v(r)/(rv'(r)) — 1 asr  +oco. In
other words, x5(t) — 2 and z5(t) — 1last * +oo.
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Proof of Claim 2. Recall r*w(r) = r [ s>u=%ds + r* f:oc su~9ds which implies that
r2w(r) / +ocasr / +o0. Therefore, by the I’'Hopital rule, we obtain

1 1
sfw(s)ds = lim —————" = —

lim ———
rflgloo r3w(r) /0 rAtoe 3+ 1w (r)/w(r) 2

and
lim L /T sw(s)ds = lim 1
r A too T2w(r) Jy r A too 2+ rw! (r) /w(r)
In view of (4.6), we know that v(r)/(r?w(r)) — 1/2 as r / +oco. On the other hand, we
use the representation (4.3) to get v(r)/(rv'(r)) — 1asr ' +oo. The claim follows. [J

Finally we study z; and z4. We show the following:

Claim 3. There holds u(r)/(r?v(r)) — 1/12 and u(r)/(ru'(r)) — 1/3 asr 7 +o0. In
other words, z4(t) — 12 and x1(t) — 3 ast ' +oo.

Proof of Claim 3. From v(r)/(r*w(r)) — 1/2 and r?w(r) / +oc as r / +oo, we
obtain v(r) / +oo as r  +o0. Therefore, by the "'Hopital rule, we get
1 1

1 s
li 29(s)ds = lim —m8 — = _
r/lr+noo 7‘31)(7’)/0 s7u(s)ds r/lr+noo3—|—rv’(r)/v(r) 4

and
1 1 1

li ds= lim — = _.
r oo 20(r) /O slsds = I e 3
Again by (4.5), we have v(r)/(r?w(r)) — 1/12 as r ,* +oo. On the other hand, it
follows from (4.2) that u(r)/(ru/(r)) — 1/3 asr 7 +oo. O

From Claims 1, 2, and 3 above we see that the solution (z1, x2, x3, 24, T5, Tg) corre-
sponding to the radially symmetric solution w is attracted to the fixed point

ps = (3,1,—-1,12,2,0)

at infinity. Therefore, the asymptotic behavior is obtained by analyzing the asymptotic
behavior of solutions about fixed point p3 of the system (4.1). At ps, the linearized matrix
is

-7 0 0 1 0 0

0 -3 0 0 1 0

0 0 1.0 0 -1
-12 12 0 0 0 0

0 -2 2 0 0 0

0 0 0 0 0 3-3¢

which has the following eigenvalues \y = —1, Ao = —2, A3 = =3, \y = —4, A5 = 3—3¢,
and A\g = 1. Since these eigenvalues are non-zero whenever ¢ > 1, we conclude that there
exists a constant ¢, # 0 such that the following asymptotic behavior occurs: For ¢ > 4/3

ru’(r)

O 3+ cqe "t +o(e)t oo G.D
while for ¢ = 4/3
ru’(r _ _
u(i)) =3+ cote " +o(te™ ") rtoo (5.2)
dueto A\ = A5, and for 1 < ¢ < 4/3
/
U (T) -3+ Cq€7(3q73)t + O<€7(3q73)t)t/‘+oo- (53)

u(r)
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5.2. Proof of Theorem 1.2(a). Put h(t) = logu(r) with r = e’. Then we obtain i/ (t) =
(ru/(r))/u(r). Integrating both sides of (5.1), (5.2), and (5.3) gives

t
u(1) exp/ (cqe™ +o0(e*))ds ifg>4/3
0
¢
ug) = qu(l) exp/ (cqse™® + o(se™*))ds ifq=4/3
0
t
u(1) exp/ (cqe™ 31735 4 o(e=B973%))ds  if 1 < g < 4/3.
0

From this, it is easy to see that the following limit lim ;| 4o u(z)/|z]* = & exists for
some x > 0. Given w > 0, we scale the function « found in the preceding step as follows

2
— E T-q E Sqqtlfi )
w(T)_(H) u<(,‘€) ")
It is not hard to see that w is also a solution of (1.1) and lim|,| 4 w(x)/|z|> = w. The
proof is complete.

5.3. Proof of Theorem 1.3. Using the presentation (3.5), it is not hard to verify that
u(r) ~ r3. To be more precise, we get

1 [tee
K = Tgr}:loo % = ﬂ A SQU(S)_qu.

Therefore,
+oo 4 +o00
u(r) — kr® =u(0) + A%(O) r? — % : s*u(s)"%ds + 17170 : su(s)™ds
- ﬁ ' s3u(s)"%ds — 7 s%u(s) " ds (5.4)
12 J, 2 J,
+ - 7 stu(s)"9ds + = /7 s%u(s)"ds.
12 J, 120r Jq

Keep in mind that ¢ > 1 and u has cubic growth at infinity. To prove the theorem, we make
use of (5.1)—(5.3) plus the I"'Hopital rule to conclude the theorem. Indeed, when ¢ > 4/3,

there holds 5 N
— Au(0 1 >
lim u(r) — = wo) L / s3u(s)9ds
rAtoo 12 6 12 J,
due to the contribution of the second term and the third integral in (5.4). When ¢ = 4/3,
lim u(r) — xr? _ 1
r 400 1T2logT 12k4/3

due to the contribution of the third integral in (5.4) while in the case 1 < ¢ < 4/3, we
obtain - 5
. u(r) — Kr
T}l'inoo r6-3q¢ =X
due to the contribution of all six integrals in (5.4). (Here the constant x is given in (1.7).)

So, Theorem 1.3 is proved.

6. EXISTENCE OF RADIAL SOLUTIONS OF GROWTH BETWEEN CUBIC AND QUARTIC
AT INFINITY: PROOF OF THEOREM 1.2(B,C)

This section is devoted to a proof of the existence of radial solutions to (1.1) having a
prescribed growth between cubic and quartic at infinity. Following the last paragraph in
the previous section, we examine the entire radial solution u = Ug- to the ODE (2.10) as
a candidate.
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Indeed, in view of Proposition 2.11(c), the radial solution u satisfies A2u(r) \, 0 as
r /* 4o00. Therefore, we can apply Proposition 3.1(II) to get u(r) ~ r3\/logr at infinity
when ¢ = 1 while u(r) = r6/(+9) at infinity when 1/2 < ¢ < 1. In fact, we can say

more. This is because by Lemma 3.7 there holds
u(r) 1

lim =
r/‘1+oo r3(logr)t/2 /12
when ¢ = 1 and by Lemma 3.10 we know that

lim W(t) = (= Kq)~1/(1+9)
Jm W(t) = (—Ko)

when 1/2 < ¢ < 1. The proof of Theorem 1.2(b,c) is complete.

7. EXISTENCE OF RADIAL SOLUTIONS OF QUARTIC GROWTH AT INFINITY: PROOF OF
THEOREM 1.2(D) AND 1.4

In view of Proposition 3.1(I), we have to consider ¢ in the whole range, thatis, ¢ > 1/2.
In this section, we are interested in radial solutions of quartic growth at infinity. Let 5 > *
be arbitrary but fixed. Consider the solution v = Upg to the ODE (2.10), which immediately
yields that

— i 2
P = T}TOOA u(r) > 0.
Therefore, u grows at least quartically at infinity and lim, o, 7?u=% = 0. Then, (4.4)
becomes
w(r) yr r [ sumtds

rw'(r) 7for s2u~4ds Jy s?u—9ds
Now we study the asymptotic behavior of the point (21,22, x5, 24, x5, Zg) at infinity As
always, we split our proof into several steps.

Claim 4. There holds w(r)/(rw’(r)) — —oc and w(r)/(r*u=9) S +ooasr /' +oc. In
other words, z3(t) — 0 and z¢(t) — 0 ast 7~ +o0.

Proof of Claim 4. We observe that if f0+oo s?u~9ds converges, then w(r)/(rw'(r)) —

—oo as r  +oo. Otherwise, we should have
li o li
im ————— = lim
r oo [ s2uTdds v oo r2uTd

= +4-00.

Hence w(r)/(rw’(r)) — —oo as r * +00. On the other hand, we also have
w(r) v 1 Feo . 1 " e
r2u—9 2y + r2u—4 /, su"ds + rBu—a J, sTuds.

Therefore, w(r)/(r*u=4) 7 +ooasr / +oc. O

By the same arguments as in the proof of Claims 2, 3 in the previous section, we easily
obtain the following claims.

Claim 5. There holds v(r)/(r?w(r)) — 1/6 and v(r)/(rv'(r)) — 1/2 asr  +occ. In
other words, x5(t) — 6 and z5(t) — 2ast * +o0.

Claim 6. There holds u(r)/(r?v(r)) — 1/20 and u(r)/(ru'(r)) = 1/4asr 7 +oo. In
other words, x4(t) — 20 and z1(t) — 4 ast ~ +o0.

From Claims 4, 5, and 6 above we know that the solution (z1, z2, 3, Z4, 5, Tg) COITe-
sponding to the radially symmetric solution u is attracted to the fixed point

P4 = (47 27 Oa 20a 6’ O)
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at infinity. Therefore, the asymptotic behavior is obtained by analyzing the asymptotic
behavior of solutions about fixed point p4 of the system (4.1). At py4, the linearized matrix
is

9 0 0 10 0
0O -5 0 01 0
0 0 -100 -1
20 20 0 0 0 0
0 -6 6 00 0
0 0 0 0 0 2—4q

which has the following eigenvalues Ay = —1, Ao = —2, A3 = —3, \y = —4, A5 = =5,
and Ag = 2 — 4q. So, these eigenvalues are non-zero whenever ¢ > 1/2.

7.1. Proof of Theorem 1.2(d). Simply repeating the argument used in Section 5, the fol-
lowing limit lim ;| 4o u(z)/|2|* = & exists for some £ > 0. Given @ > 0, we scale the
function u found in the previous step as follows

w(r) = (E) 1_732‘1”<(E) = r).

K K

Then, w is also a solution of (1.1) with lim, ~; . w(z)/|z|* = w. The proof is complete.

7.2. Proof of Theorem 1.4. Thanks to (3.5), we have

Au(0
u(r) =u(0) + UG( )r2 + —12)07"4
+ i o su(s)~9ds — ﬁ ' s3u(s)"9ds — L /T s°u(s) " %ds
120 J, 12 J, 2 J,
+ ﬁ ' s2u(s) " %ds + r [ stu(s)"9ds + L s5u(s)"ds
24 /, 12 J, 1207 J,
in R?® where

+oo
o = (A%u)(0) — /0 su(s)™9ds,

which is finite since ¢ > 1/2 and w is of exactly quartic growth at infinity by our assump-
tion. From the presentation above, we get

k= lim u(r) -2
rtoo T4 120°
Therefore,
Au(0) (Y i _ r2 [r. _
et — 222y 1 dje _ - 3 q
u(r) — kr® =u(0) + e " + 120 /. su(s)™%ds o/ su(s) ds
1 r 7"3 r )
~91 ), sou(s)"9ds + ﬂ/o s*u(s) " %ds (7.1
+ ' stu(s)"9ds + L s5u(s)"ds

The next, we use the I’Hopital rule to conclude the theorem. Indeed, when ¢ > 3/4, there
holds

. ou(r) —krt L[t _
T Tag ), T
due to the contribution of the fourth integral in (7.1). When ¢ = 3/4 we have
u(r) — krt 1

li =
oo 13 logr 24k3/4
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due to the contribution of the fourth integral in (7.1) while in the case 1/2 < ¢ < 3/4 we
obtain
4
im0 — 617
r,/+oo r6—4q
due to the contribution of all six integrals in (7.1). (Here the constant x is given in (1.8).)
So, Theorem 1.4 is proved.

8. EXISTENCE OF NON-RADIAL SOLUTIONS TO (1.1): PROOF OF THEOREM 1.5

This section is devoted to proof of Theorem 1.5. As mentioned in Introduction, we
adopt the method used in [ ], see also [ ], namely, we look for a non-radial
solution to (1.1) of the form v = v + Py where P, > 1 is a polynomial of degree 4. Note
that u = v + P satisfies (1.1) if, and only if, v satisfies v + Fy > 0 and

APy =—(v+Py)"?% in R?.

Note that in R? the fundamental solution of the triharmonic equation A3w = 0 is nothing
but —|z|3/(967). Hence, it suffices to find v solving the following integral equation

v:c:L —|x—y|3 in R?
") = 96z /R3 (Po(y)+v(y))qdy ol

namely, our desired solution to (1.1) satisfies

1 .
u(e) = g [l = ofPul) My + o) in R
96T R3
see Lemma 8.2 below. Compared with the work [ ], our analysis is more involved

because our polynomial Py has higher order and the kernel of the above inequality equation
is |z|3. To look for solutions to the above integral equation, we shall make use of the
Schaefer Fixed Point Theorem. Let

Xey = {v € CO(R?) : v(z) = v(—1)}.

Then, the space X, endowed with the norm || - || given by

[o(a)
V| ‘= su
= 2R T

is a well-defined Banach space. At the first glance, it is not clear why we need the the sym-
metry in the definition of X,,. We shall soon see this in the proof of following proposition.
We start with the following crucial result.

Proposition 8.1. Let ¢ > 0 and P be a smooth function on R® such that P(x) > 1 and
P(z) = P(—x) for any x, and

/ lyl” dy < +00. 8.1)
re P(y)?
Then there exists some function v € X, satisfying mings v = v(0) = 0 and
1 z—ylP—1lyl> . s
v(z) = —/ —————dy inR". (8.2)
967 Jrs (P(y) +v(y))”

Moreover, there holds
v(x) 1 dy

vw 8.3
ol Moo [28 967 Jpo (P(y) +v(y))* ©
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Proof. We start our proof by observing

llz = yI* = [yl = ||z =yl = lyl|(|z — yI* + |z — ylly] + |y[*) 54
< |z|(3lz* + |z||y| + 3|y[?). .

This and the integrability condition (8.1) tells us that the function ¥ defined by

sy L = yl® — lyl®
U(z)=— | o —qdy
967 Jr2 (P(y) + |v(y)])
is well-defined everywhere in R®. Besides, if v € C°(R?), then 7 is of class C°(R?).
In addition, thanks to the symmetry P(z) = P(—z) in R® we can also conclude that if

v(z) = v(—z), then ¥(x) = v(—=x) everywhere. This allows us to define the following
operator

T: Xev = Xov,
v .

Our aim is to show that T has a fixed point in X, . First we show that T is well-defined.
To see this, it remains to verify |[0|| < 4o0c. Thanks to (8.4), we can estimate

3 2 9
o) < 22 / dy o / ldy | 3] [ lyldy
967 Jgrs P(y)? 967 Jgs P(y)? 967 Jgs P(y))?’

Under the integrability (8.1) we deduce that the above three integrals are finite. Hence
there is some C' > 0 such that

[0(2)] < C(l2f” + [af* + |a]),

which is enough to guarantee |0(x)| < 3C(1 + |z|*), namely ||7]|| < +oo. Differentiating
under the integral sign gives

|9U - y|2 . 3
Vou(z)| < / ————3dy in R”.

Now we show that T is continuous. Indeed, let (vg)r C Xey be such that vy — v in
(Xev, || - |1). In particular, v — v in R in the pointwise sense. Thanks to (8.4) we can
argue as before to obtain

1 1
o= ol <€ [ @+ Iyl +3lyP)
R

(Py) + o)) (P(y) + o))"

for some C' > 0. Hence, to conclude the continuity of T, it suffices to show that the right
hand side of the preceding inequality goes to zero as k ,* 4oc. But this simply follows
from dominated convergence, thanks to the integrability condition (8.1).

dy

Now we show that T is compact. Let (vg)r C Xey be an arbitrary sequence, we must
show that (T'(vg)) has a convergent subsequence. The idea is to use the Arzela—Ascoli
Theorem on the sequence (7},); with

T(Uk)
Ty = ——=.
T IF aP

First by the above estimate we deduce that the sequence (T} ) is uniformly bounded. Now,
forany z,y,z € R? and similar to (8.4) we observe that

|z — 2> =y —2*| <z —yl(lz — 2| + |y — 2)* < 4(|z|* + |y* + 2]2*) |z — y| (8.5)
and that
|l = 2llyl = |y — =2|le|| < (2] + 2ly| + |z])]z — y]
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we deduce that
lm—ZI?’_ly—ZP‘ o =22 = |y = 2P| | |le = 2Py |y — 2|2’
Lz T+ [yl ™ (]2 +y?) (T +[z3) A+ |y?)
4(|z] + |y* + 2]2%)
P+ ) Y
@2lz] + 2[y| + |2]) (= — 2[lyl + ly — z]|z])?

r—y
(T + o)+ [yP) ==l
SO+ [z + |22 + |2z - y]
for some C' > 0. This tells us that
T(vg)(x) T(vg / |z — 2 Iy*Z|3’ 1 d
3 3 = 3 3 q 4%
1+ |z 1+ |y| 967r r? |1+ |7 L+ yP 1 (P(2) + v(z)])

Cc 1+\z|+|z|2+|z\3 .
‘%ﬂ(/R (PC) + (=) =)l v

forany z,y € R® and any k. Hence, the sequence (T%) is equicontinuous. By the Arzela—
Ascoli Theorem, the sequence (T%)x admits a subsequence which converges uniformly.
Thus, the sequence (T'(vy))x admits a converging subsequence in (X, ||-||) and therefore
T is a compact operator.

Next, we prove that 7" has a fixed point by means of the Schaefer Fixed Point Theorem,
see [ , Theorem 11.6]. Let v € X, be such that

v=1tT(v) forsomet e [0,1],

namely
(@) = —— [z —y® = [y ay
967 Jrs (P(y) + [v(y)])*

Then by following the argument for ¥ we should arrive at

[z —yl* — |yl 3
< dy <C(1+ |z
N g6z [ ot b < €0+ 1)

for some C' > 0 independent of v. Consequently, ||| < C. This means that the set
{ve X :v=1tT(v) forsome ¢ € [0,1]}
is bounded in (Xey, || - ||). Thus, T has a fixed point in Xy, still denoted by v.

in R>.

Next, we verify mings v = v(0) = 0. As v(0) = 0 is trivial, it suffices to show v > 0.
Indeed, by the symmetry of v we have

2v(z) =v(x) +v(—x) =

By the Jensen inequality we know that

L/ lz =y + |z + 9> = 2ly/?
967 (P(y) + lv(y)])*

a1
o=yl 1o+ yl =z -yl + |z + o) > 2y
Putting the above two facts together we arrive at v > 0. This also implies (8.2).

Let us now verify the limit (8.3). Clearly the integral on the right hand side of (8.3)
converges and

vie) _ 1y, / o — oyl — Iy’ dy
11m 3 = 3 q-
|| 400 |$| 967 |z| ~+oo JR3 || (P(Z/) + |U(y)|)

Under the integrability condition (8.1), we can apply the Lebesgue dominated convergence
to obtain (8.3). U
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Proposition 8.1 tells us that there is some continuous function v solving the integral
equation (8.2). In fact, we can say more.

Lemma 8.2. Ifv € X, solves (8.2), then v solves
A3y =—(v+P)"9 in R®.

In fact, as P is smooth, v is smooth.

Proof. Let v € X, solve (8.2). In particular, v € CY (R?’). Unfortunately, this is not
enough because v € C>*(R?) for any a € (0, 1) by elliptic estimates. However, it is not
hard to see that v is actually locally Lipschitz continuous. Indeed, thanks to (8.5) for any
x and y in any given compact set we can estimate

1 P oty P
967 R3 (P(z) + fu(z))q

1 2 2 2 2
< 7(/ lz[* + ly|* + |2q| dz>|x_y‘.
24w \ Jrs  (P(z) +v(z))
From this and the integrability condition (8.1) we obtain the locally Lipschitz continuity
of v. Now it follows from elliptic estimates that v € C%(R?) for any o € (0,1). This

is enough to conclude that v solves the desired PDE. Finally, the smoothness of v can be
easily obtained, for example, by induction. O

[v(z) —o(y)| <

We are now in position to prove the result. To do so, we first recall ¢ > 1/2 (instead of
q > 0 as in the statement of Proposition 8.1). For any € > 0 but fixed we let

P.(z) =14 3] + 4(z5 + 3) + elz|'?, == (21, 22,23) € R>.

Clearly, P. is smooth, P- > 1 + |z|%, and P. enjoys the symmetry property P-(z) =
P.(—x) for any x € R3. Furthermore, it is easy to see that the condition (8.1) with P
replaced by P is fulfilled. Then, by Proposition 8.1 there is some v, > 0 in X, solving
(8.2), namely
3 3
vo(z) = —— / Mdy in R®. (8.6)
967 JRs3 (Ps(y) + vs(y))
By Lemma 8.2 we know that v, € C°(R?). Now we claim that the sequence (v.) is
bounded in C} (R3). Indeed, by differentiating under the integral sign, we obtain from

loc

(8.6) the following

|DPu.(z)| < C / ! ! .

re [ =yl (P(y) +ve(y))?

for some C' > 0 and for any multi-index § with |3| = 4. For |z| < 2 we can estimate

1 1
[Dve(x)] < O (/BS */Rs\Bg) o= ol (Pely) + o))"

d d
< 0/ Y +3c/ Y ..
Bs |x - y| R3\B3 |y|(Ps(y) + Us(y))

Keep in mind that ¢ > 1/2 and P.(z) + v.(z) > |z|*. Hence, the preceding estimate
yields a bound of |Dv.|, which is independent of ¢, in the region {z € R? : |z| < 2}.
Let us now consider the region {z € R?: |z| > 2}. Initially, we decompose the integral
ng as follows

1 1
|DPov,(z)| < C / +/ -I-/ dy
) ( tui<lzly  Jlzl<pyi<ope {|y|z2\x|}) |z =yl (P(y) +ve(v))*

=C(L+1+I).
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For the term I, as |z — y| > |z — |y| > |z|/2 we can bound
-[1 f; ‘j%* J/m 444445%%£41447 f; AEEL 444445%%{44217'
2l Joyi<tzly A+ [y = 2] Jgy<lely (14 [yl)%

Note that

dy lz1/2 124, || /2 dr
— g =C — < @
Aw<z}U+MmM A (L+7)4a = A (1+ r)da—2

Thus we get

1 .
. W if ¢ # 3/4,
I <
- log(1
0%|+MD if g =3/4.
X

For the term Iy, as P.(y) + v (y) > |y|* > (|z|/2)* we can bound

b<(ﬁg@/ v _C
T felt S gpyi<opany [ -yl T fete?

Finally, for the term I3 as |« — y| > |y| — |x| > |y|/2 we can estimate as follows

1 1
I3 < 4/ — dy < .
(yl>20ey [y (L4 Jy[*)e |z|4a—2

Thus, we have just shown that, for some C' > 0, |[D?v.(z)| < C in B, and

1 .
, W if ¢ # 3/4,
|D v ()| < C
log(1 + |x .

in R3\ By. As ¢ > 1/2, this also implies that [ D?v, (z)| with | 3| = 4 is bounded. In fact,

this is true for any 8 with |3| < 4. Hence, we have just shown that (v.) is bounded in

O (R®). Using the integral equation (8.6) one can further show that (v.) is bounded in
(R?).

9
Caoc
The boundedness in C’I%C(RS) allows us to select a convergence subsequence via a

diagonal argument, namely for some €5 N\, 0 as k& ,* 400 we have
ve, = v inCP (R?)
for some v > 0 satisfying
A3y = —(Py+v)"9 uniformly in R,

where Py(z) = 1+ xf + 2(x3 + 23). Indeed, this is standard and goes as follows.
By the Arzela-Ascoli Theorem, there is a subsequence (v_c1))x of (v:) and a function
k

v € C%(B,) such that
v = o, A?’Us(l) = A% uniformly in B;.
k k
Again by the Arzela—Ascoli Theorem, there is a subsequence (5,(62)) i of (Eg))k and a
function v(?) € C%(B,) such that
v 3 U(2), A?’ve(z) = A3 uniformly in Bs.
k k
It is important to note that v(>) = v(!) in B;. Repeating this process, for each integer i > 1
we obtain a subsequence (5](;)) i of (5,(;_1)) % and a function v() € C%(B;) such that

v = v®, A3U€(i) = A%@  uniformly in B;.
k k
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and

@ = =1 jp Bi_1.

From this we simply consider the pointwise limit of (v(?)); to get the desired function v
and the diagonal sequence (”a(” ); of (Ua(i> ) to get the desired convergence.
i k

Hence, by passing to the limit, we conclude that the function u = Py + v solves our
PDE. Moreover, thanks to (8.3) we know that v = o(|z|*) at infinity. Hence
u(z)

P P
lim inf @ = liminf O(f) =3 < 4 = limsup O(f) = limsup ——.
|z| oo || |z A +oo |z 2| A too |7 2| oo 1Z]

By the classification of growth in Theorem 1.1 we readily see that u cannot be radially
symmetric.

Remark 8.3. It can be seen from the above proof that we have chosen P precisely which
is enough to serve our purpose. However, arguing similarly one can show that given any
two constants ko > k1 > 0 there is a solution u > 0 to (1.1) such that

lim inf (—4) = K1, limsup (—4) = Ko,
|z A +oo || || /400 7|
giving a result similar to that in [ ].
ACKNOWLEDGMENTS
This is an updated and expanded version of our earlier work announced in [ ].

We thank the Vietnam Institute for Advanced Study in Mathematics (VIASM), where this
work and its earlier version were finalized, for hospitality and providing a very stimulating
atmosphere. Thanks also go to Nguyen Anh Tu, Quoc Hung Phan, and Van Hoang Nguyen
for their interest in the paper and many constructive comments on this project.

ORCID 1Ds

Qudc Anh Ngb: 0000-0002-3550-9689

REFERENCES

[Alb21] R. ALBESIANO, Solutions of Liouville equations with non-trivial profile in dimensions 2 and 4, J.
Differential Equations 272 (2021), pp. 606—647.

[CX09] Y.S. CHol, X. XU, Nonlinear biharmonic equations with negative exponents, preprint 1999, J.
Differential Equations 246 (2009), pp. 216-234.

[DF22] W. DAL, J. Fu, On properties of positive solutions to nonlinear tri-harmonic and bi-harmonic equa-
tions with negative exponents, Bull. Math. Sci., doi: 10.1142/S1664360722500072, 2022.

[DFG10]  J. DAVILA, 1. FLORES, I. GUERRA, Multiplicity of solutions for a fourth order problem with power-
type nonlinearity, Math. Ann. 348 (2010), pp. 143-193.

[ND17a] T.V. Duoc, Q.A. NGO, A note on positive radial solutions of A2u 4+ 4 ~9 = 0 in R3 with exactly
quadratic growth at infinity, Differential Integral Equations 30 (2017), pp. 917-928.

[ND17b]  T.V. Duoc, Q.A. NGO, Exact growth at infinity for radial solutions to A3y 4+ u~9 = 0in R3,
ViAsM:1702, 2017.

[FF16] A. FARINA, A. FERRERO, Existence and stability properties of entire solutions to the polyharmonic
equation (—A)™u = e* for any m > 1, Ann. Inst. H. Poincaré Anal. Non Linéaire 33 (2016), pp.
495-528.

[FX13] X. FENG, X. XU, Entire Solutions of an Integral Equation in RS, ISRN Mathematical Analysis,
Volume 2013 (2013), Article ID 384394, 17 pages.

[GT98] D. GILBARG, N.S. TRUDINGER, Elliptic partial differential equations of second order, Reprint of
the 1998 edition, Classics in Mathematics, Springer-Verlag, Berlin, 2001.

[Guel2] I. GUERRA, A note on nonlinear biharmonic equations with negative exponents, J. Differential
Equations 253 (2012), pp. 3147-3157.



1185
1186
1187
1188
1189
1190
1191
1192
1193
1194
1195
1196
1197
1198
1199
1200
1201
1202
1203
1204
1205
1206
1207
1208
1209
1210
1211
1212
1213
1214
1215
1216
1217

1218

1219

1220

1221

[GWO07]
[GWO08]
[GIMS92]
[Han07]
[HV96]
[HW19]
[KRO3]
[KNS88]
[Lail4]
[LY16]
[Li04]

[LWZ16]
[NY22]

[NNP18]
[NNPY20]
[Xu05]

[WX99]

RADIAL AND NON-RADIAL SOLUTIONS TO A%y 4+ 4~ 9 = 0 IN R? 35

Z.M. Guo, J.C. WEI, Symmetry of non-negative solutions of a semilinear elliptic equation with
singular nonlinearity, Proc. Roy. Soc. Edinburgh Sect. A 137 (2007), pp. 963-994.

Z.M. Guo, J.C. WEI, Entire solutions and global bifurcations for a biharmonic equation with sin-
gular non-linearity in R3, Adv. Differential Equations 13 (2008), pp. 753-780.

C.R. GRAHAM, R. JENNE, L. MASON, G. SPARLING, Conformally invariant powers of the Lapla-
cian, I: existence, J. London Math. Soc. 46 (1992), pp. 557-565.

F.B. HANG, On the higher order conformal covariant operators on the sphere, Commun. Contemp.
Math. 9 (2007), pp. 279-299.

J. HULSHOF, R.C.A.M. VAN DER VORST, Asymptotic behaviour of ground states, Proc. Amer.
Math. Soc. 124 (1996), pp. 2423-2431.

A. HYDER, J.C. WEI, Non-radial solutions to a bi-harmonic equation with negative exponent, Calc.
Var. Partial Differential Equations 58 (2019), no. 6, Paper No. 198, 11 pp.

P.J. MCKENNA, W. REICHEL, Radial solutions of singular nonlinear biharmonic equations and
applications to conformal geometry, Electron. J. Differential Equations 37 (2003), pp. 1-13.

T. KUSANO, M. NAITO, C.A. SWANSON, Radial entire solutions of even order semilinear elliptic
equations, Canad. J. Math. 40 (1988), pp. 1281-1300.

B. LAI, A new proof of I. Guerra’s results concerning nonlinear biharmonic equations with negative
exponents, J. Math. Anal. Appl. 418 (2014), pp. 469-475.

B. LAL D. YE, Remarks on entire solutions for two fourth-order elliptic problems, Proc. Edinb.
Math. Soc. (2) 59 (2016), pp. 777-786.

Y. L1, Remark on some conformally invariant integral equations: the method of moving spheres, J.
Eur. Math. Soc. (JEMS) 6 (2004), pp. 153-180.

S. Luo, J.C. WEI, W. ZoU, On the triharmonic Lane—-Emden equation, preprint, 2016

Q.A. NGO, D. YE, Existence and non-existence results for the higher order Hardy—Hénon equations
revisited, J. Math. Pures Appl. (9) 163 (2022), pp. 265-298.

Q.A. NGO, V.H. NGUYEN, Q.H. PHAN, Classification of entire positive radial solutions to non-
linear triharmonic equations, preprint, 2018.

Q.A. NGO, V.H. NGUYEN, Q.H. PHAN, D. YE, Exhaustive existence and non-existence results
for some prototype polyharmonic equations, J. Differential Equations 269 (2020), 11621-11645.
X. XU, Exact solutions of nonlinear conformally invariant integral equations in R3, Adv. Math. 194
(2005), pp. 485-503.

J. WEI, X. XU, Classification of solutions of higher order conformally invariant equations, Math.
Ann. 313 (1999), pp. 207-228.

(T.V. Duoc) UNIVERSITY OF SCIENCE, VIETNAM NATIONAL UNIVERSITY, HANOI, VIETNAM

Email address: +vd

@gmail.com

(Q.A. Ngd) UNIVERSITY OF SCIENCE, VIETNAM NATIONAL UNIVERSITY, HANOI, VIETNAM

Email address: nganh@vnu.edu.vn


mailto: T.V. Duoc <tvduoc@gmail.com>
mailto: Q.A. Ng\unhbox \voidb@x \bgroup \let \unhbox \voidb@x \setbox \@tempboxa \hbox {o\global \mathchardef \accent@spacefactor \spacefactor }\let \begingroup \let \typeout \protect \begingroup \def \MessageBreak {
(Font)              }\let \protect \immediate\write \m@ne {LaTeX Font Info:     on input line 2064.}\endgroup \endgroup \relax \let \ignorespaces \relax \accent 94 o\egroup \spacefactor \accent@spacefactor  <nqanh@vnu.edu.vn>

	1. Introduction
	2. Preliminaries
	2.1. Spherical average and a comparison principle for radial functions
	2.2. A super poly-harmonic property and growth of radial solutions
	2.3. An initial value problem

	3. Classification of growth at infinity for radial solutions to (1.1): proof of Theorem 1.1
	3.1. Solutions with quartic growth
	3.2. Solutions with non-quartic growth

	4. An autonomous 6-dimensional system
	5. Existence of radial solutions of cubic growth at infinity: proof of Theorems 1.2(a) and 1.3
	5.1. Asymptotic behavior of the transformed system (4.1)
	5.2. Proof of Theorem 1.2(a)
	5.3. Proof of Theorem 1.3

	6. Existence of radial solutions of growth between cubic and quartic at infinity: Proof of Theorem 1.2(b,c)
	7. Existence of radial solutions of quartic growth at infinity: proof of Theorem 1.2(d) and 1.4
	7.1. Proof of Theorem 1.2(d)
	7.2. Proof of Theorem 1.4

	8. Existence of non-radial solutions to (1.1): proof of Theorem 1.5
	Acknowledgments
	ORCID iDs
	References

