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Abstract. We give a classification of real solvable Lie algebras whose non-trivial coadjoint orbits of corresponding simply
connected Lie groups are all of codimension 2. These Lie algebras belong to a well-known class, called the class of MD-algebras.

Key words. Solvable, Lie groups, Classification of Lie algebras, MD-algebras.

AMS subject classifications. 17B08,17B30.

1. Introduction. The problem of the classification of Lie algebras (as well as Lie groups) has received
much attentions since the early 20" century. However, this is still an open problem. By Levi’s decomposition
and the Cartan’s theorem, we know that the problem of classification of Lie algebras over any field of
characteristic zero are reduced to the problem of classification of solvable ones. However, until now, there is
no a complete classification of n dimensional solvable Lie algebras if n > 7. And this classification problem
seems to be impossible to solve, unless there is a suitable change on the definition of term “classification”
or there is a completely new method to classify those Lie algebras [4].

As we know, the Lie algebra of a (simply connected) Lie group is commutative if and only if all of its
coadjoint orbits are trivial (or of dimension 0). However, Lie groups which has a non-trivial coadjoint orbit
are much more complicated. In 1980, while searching for the class of Lie groups whose C*-algebra can be
characterized by BDF K-functions, Do Ngoc Diep proposed to study a class of Lie groups whose non-trivial
coadjoint orbits have the same dimension [5]. He named this class as MD-class. Any Lie group belongs to
this class is called an MD-group and the Lie algebra of any MD-group is called an MD-algebra.

It can be said that Vuong Manh Son and Ho Huu Viet were the authors who faced the problem of
classification MD-algebras (as well as MD-groups) firstly. In 1984, they gave not only the classification
of MD-groups whose non-trivial coadjoint orbits are of the same dimension as the group but also some
important characteristics of this class. For example, they showed that any non-commutative MD-algebra
is either 1-step solvable or 2-step solvable, i.e. the second derived algebra is commutative [17]. Afterward,
from 1990, Vu A. L. and Hieu V. H. (the authors of this paper) gave the classification (up to isomorphic) of
some subclasses; including all MD-algebras of dimension 4 [20], all MD-algebras of dimension 5 [23, 21], all
MD-algebras which have the first derived ideal of dimension 1 or codimension 1 [22].
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Besides, a list of all simply connected Lie groups whose coadjoint orbits are of dimension up to 2 was
given by D. Arnal et al. in 1995 [1]. In 2019, Michel Goze and Elisabeth Remm used Cartan class to
give the classification of all Lie algebras that all non-trivial coadjoint orbits of corresponding Lie groups are
of dimension 4 [7]. Remark that the Lie algebras classified in [1] and [7] are all MD-algebras in terms of
Diep. Moreover, Goze and Remm also gave some characteristics of the class of MD-algebras whose non-
trivial coadjoint orbits are of codimension 1. Recently, in an earlier article [8], we have classified all real
solvable Lie algebras whose non-trivial coadjoint orbits are of codimension 1. Now, we will give the complete
classification of real solvable Lie algebras whose non-trivial coadjoint orbits are of codimension 2.

The paper is organized into 6 sections, including this introduction. In Section 2, we will recall some
basic preliminary concepts, notations and properties which will be used throughout the paper. In Section 3
and Section 4, we will give the classification of 1-step solvable Lie algebras whose non-trivial coadjoint orbits
are of codimension 2 [Theorem 3.1, Theorem 4.7]. In Section 5, we will study the case of such 2-step solvable
Lie algebras [Theorem 5.1}, and complete the results in Sections 3, 4. Tables containing a list of results are
provided in the last section.

2. Preliminaries. We now introduce some key definitions, notations and terminologies. For more
details, we refer reader to [10].

e Throughout this paper, the underlying field is always the field R of real numbers and n is an integer

> 2 unless otherwise stated.

For any Lie algebra G and 0 < k € N, the direct sum G ® R¥ is called a trivial extension of G.

A Lie algebra (G, [-,-]) is said to be i-step solvable or solvable of degree i if its i-th derived algebra

G':=[G""1 G*71] is commutative and non-trivial (i.e. # {0}) where G° := G and 0 < i € N.

e An n x n matrix whose (7, j)-entry is a;; will be written as (a;j)nxn. While the (¢, j)-entry of a
matrix A will be denoted by (A);;. The transpose of A will be denoted by A’. For an endomorphism

f on a vector space V of dimension n, the matrix of f with respect to a basis b := {x1,...,2,} of V
will be denoted by [f]p. For short, if U := (x,...,x,) is the subspace of V spanned by {xg,...,z,}
and if g : U — U is a linear endomorphism on U then the notation [g], will be used to denote the
matrix of g with respect to the basis {z,...,z,} of U.

As usual, the dual space of V' will be denoted by V*. It is well-know that if {x,z2,...,x,} is a basis
of V then {z7,...,z}} is a basis of V*, where each z} is defined by z}(z;) = J;; (the Kronecker
delta symbol) for 1 <i,j < n.

e For any = € G, we will denote by ad, the adjoint action of  on G, i.e. ad, is the endomorphism
on G defined by ad,(y) = [x,y] for every y € G. By ad’ and ad?, we mean the restricted maps of
ad, on G' and G2, respectively. Since G' and G2 are ideals of G, adglﬂ and adi will be treated as
endomorphisms on G' and G2, respectively.

In this paper, we will use the symbol I to denote the 2 x 2 identity matrix, and use J to denote the

following 2 x 2 matrix { 01 é

} . We shall denote by 0 the zero matrix of suitable size.

DEFINITION 2.1. Let G be a Lie group and let G be its Lie algebra. If Ad : G — Aut(G) denotes the
adjoint representation of G. Then the action

K: G— Aut(G")
g— K4
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defined by
K, (F)(z) = F(Ad(g~")(x)) for FeG*,z €G.

is called the coadjoint representation of G in G*. Each orbit of the coadjoint representation of G is called a
coadjoint orbit, or a K-orbit of G.

For each F' € G*, the coadjoint orbit for F' is denoted by Qp, i.e.
Qp ={Ky4(F):9€G}.

The dimension of each coadjoint orbit is determined via the following proposition.

PROPOSITION 2.2. [10] Let F be any element in G*. If {x1,22,...,2,} s a basis of G then

dim Qp = rank (F([xz,%]))

nxn'

REMARK 2.3. The dimension of each K-orbit Qp is always even for every F' € G*. Moreover, dim Qg > 0
if and only if F|g1 # 0.

As mentioned in previous section, this paper concerns with Lie algebras whose non-trivial coadjoint
orbits are all of the same dimension.

DEFINITION 2.4. [5, 17] An MD-group is a finite-dimensional, simply connected and solvable Lie group
whose non-trivial coadjoint orbits are of the same dimension. The Lie algebra of an MD-group is called
an MD-algebra. An MD-algebra G is called an MDg(n)-algebra if dimG = n and the same dimension of
non-trivial coadjoint orbits is equal to k.

One of the most interesting characteristics on this class is about the degree of solvability which is proven
by Son & Viet [17].

PROPOSITION 2.5. [17] If G is an MD-algebra then the degree of solvability is at most 2, i.e. G> = {0}.

Therefore, the problem of classification of MD-algebras falls naturally into two parts: (1) the classification
of 1-step solvable ones, and (2) the classification of 2-step solvable ones. However, if G is a 2-step solvable
MD-algebra then G/G? is a 1-step solvable MD-algebra [8, Theorem 3.5]. Hence, we should firstly study
some interesting properties of 1-step solvable MD-algebras.

PROPOSITION 2.6. [8] Let G be a 1-step solvable Lie algebra of dimension n such that its non-trivial
coadjoint orbits are all of codimension k. If dimG! > n — k + 1 then G is isomorphic to the semi-direct
product £ &, G' where L is a commutative sub-algebra of G and p is defined by

p: Lxgl = gt
@1) () o [n)

Moreover, if G is 1-step solvable then [[x,y], 2] = 0 for every z,y € G,z € G1. Tt follows immediately
from the Jacobi identity that adiadzlj = ad;ad}c for every z,y € G.

LEMMA 2.7. If G is 1-step solvable then {adi cx € G} is a family of commuting endomorphisms.
3



It is well-known that an arbitrary set of commuting matrices over an algebraic closed field may be
simultaneously brought to triangular form by a unitary similarity [13, 14]. A similar version for the case of
the real field is given in the following proposition.

PROPOSITION 2.8. Let S be a set of commuting real matrices of the same size. Then S is block simulta-
neously triangularizable in which the mazimal size of each block is 2. In other words, there is a non-singular
real matriz T so that

*2x2

TST—I _ *2x2
*

—b

b
where each block %242 is of the form [ “ ] for some a,b € R (b is not necessary to be non-zero).
a

The following lemma is a straightforward but useful consequence of Propositions 2.6, 2.8 and Lemma
2.7.

LEMMA 2.9. Let G be a 1-step solvable MD,,_5(n)-algebra such that m := dim G! is strictly greater than
2. Then there is a basis b := {x1,...,2,} of G so that

e G' = (zp_mi1,-..,2y) is commutative,
o [IEi,IEﬂ =0 foreveryl1 <i,5 <n—m,
e The matrices [ad}, o, [ady,]e, ..., [adh o are of the block triangular form in the sense of Propo-

Tn—m

sition 2.8.
REMARK 2.10. In the above lemma, we can choose b so that the space L in the semi-direct sum L&, G?
of G is spanned by {x1,...,Tpn_m}. If so, for each F € G*,

(F ([, 25])) pen = {_(1)3; Iﬂ ’

where Pr is an (n —m) X m matriz which is defined by:
(Pr)ij i= F ([xi, Zn—m;]) -
By Proposition 2.2,

dim Qp = 2rank (Pg) for every F € G*.

Finally, if G is an MD,,_s(n)-algebra then G/G? is an MD,,_s(n — dim G?)-algebra [8, Theorem 3.5].
Hence, we should recall here the classifications of MD,,_; (n)-algebras and MD,,(n)-algebras which are solved
by Hieu et. al. [8] and Son & Viet [17], respectively.

PROPOSITION 2.11. [8] Let G be a real MD,,_1(n)-algebra with n > 5. Then G is isomorphic to one of
the followings:



1. A trivial extension of aff(C), namely R ® aff(C), where aff(C) := (x1, z2, y1, y2) is the complez affine
algebra defined by

[3617y1} =Y, [»’Ul,yz] = Y2, [xz,yl] = Y2, [332792] =Y1-

2. The real Heisenberg Lie algebra
b2m+l = <5Uiyyi72' 1= 1) oo 7m>7

with [x;,y;] = z for every 1 < i < m.
3. The Lie algebra
55,45 ‘= (T1,22,Y1,Y2, 2),
with
(1, y1] =y, (21, 2] = 2, 11, 2] = 22, [22, 11] = v, T2, y2] = —y1, (Y1, 42] = 2.
PROPOSITION 2.12. [17] Let G be a real MD,,(n)-algebra. Then G is isomorphic to one of the following
forms:

1. The real affine algebra aff(R) := (z,y) with [z,y] =y,
2. The complez affine algebra aff(C) defined in Proposition 2.11.

REMARK 2.13. Note that the dimension of any coadjoint orbit is even [Remark 2.3], therefore if G is an
MD,,_5(n)-algebra then n must be even. The case n = 2 is trivial. The case n = 4 is solved completely in [20].
Namely, up to an isomorphism, in the MDy(4)-class there are 5 decomposable algebras and 8 indecomposable
ones as follows:

(1) The decomposable case:
(i) aff(R) & R2.
(i1) s3 @ R where s3 € {n31, 531, 53,2, 533}, i.€. 83 is a non-commutative solvable Lie algebra of
dimension 3 according to the notation of [18].
(2) The indecomposable case: N1, 541, 54,2, 54,3, 4.4, 54,5, S4,6, 54,7 according to the notation of [18].

Hence, to completely classify the MD,,_a(n)-class, we only have to consider the remaining case when
n > 6.

3. One-step solvable MD,,_»(n)-algebras. According to Proposition 2.5 and Lemma 2.9, the clas-
sification of MD,,_o(n)-algebras falls naturally into three problems:

e The problem of classification those 1-step solvable algebras which have the derived algebra of di-
mension at least 3.

e The problem of classification of those 1-step solvable algebras which have the derived algebra of
dimension at most 2.

e The problem of classification of those 2-step solvable algebras.

We will solve the first item in this section. The remaining items will be solved in the next sections.
THEOREM 3.1. Let G be a I1-step solvable MD,,_5(n)-algebra of dimension n > 6 and dimG! > 3. Then

n must be 6 and G 1is isomorphic to one of the following families: S6 211, 56,225, $6,226, 5672281 listed in [18].

1Some algebras contained in families listed in [18] are not MD-algebras, we will give the detail Lie brackets of these Lie
algebras (which are MD-algebras) in the final section



REMARK 3.2. If G is a decomposable MD4(6)-algebra then G is a trivial extension of either an inde-
composable MDy(5)-algebra or an indecomposable MDys(4)-algebra [8, Theorem 3.1]. These indecomposable
MD-algebras are classified in [17, 21, 23]. Based on their classification, there are exactly one indecomposable
MDy(4)-algebra aff(C) and exactly one indecomposable MDy(5)-algebra s5 45 in Proposition 2.11 Hence, if G
is a decomposable MD,(6)-algebra then G is either isomorphic to R? @ aff(C) or isomorphic to R & s5 45.

In order to prove Theorem 3.1, we will need the following lemma.

LEMMA 3.3. Let f,g be two commutative endomorphisms on R*, i.e. fog = go f. Assume that the
matrices of f and g with respect to a basis b are equal to

AL A, _|B1 Ba|
e RO
where A1, Ag, By, By are 2 x 2 matrices. If either det(B? + 1) # 0 or det(A; — I) # 0 then there is a basis

b’ of R* so that
4, 0 B 0
v = o ol =5 9]

Proof of Lemma 3.3. Let’s denote the vectors in the basis b by {y1,y2, Y3, ya}-
o If det(B? +I) # 0, then we first claim that there are o, 3,7,6 € R so that

-y o) a7y
Laﬁ—&+&b5}

Indeed, the above system is equivalent to

or

2=

The existence of «, 3,7, § follows from the non-singularity of B? + I.
Let b’ := {y}, v, 4,94} be a basis of R* defined by:

Y1 = Y1, Y = Y2
ys = y3 +ayr + By
Yy = Y4 + Y1 + Syo.

Then the matrix of f and g with respect to b’ are determined as

v =o 2| =5
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for some 2 x 2 matrix Aj. Moreover,

) AP e s A v
T T REERER T [ [0

Hence,

B {(A'Q)u} _ B [(A'Q)u]
(A3)22 (A5)21
Al )11 0
B? + T |:( 2 — )
( 1 ) (A/2)21 O
which implies, from det(B? + I) # 0, that A, = 0.
e By the same manner as previous item, if det(A; — I) # 0 then there exist a, 8,7, € R so that

(A1 — 1) [g g} — A,

Equivalently, the matrix of f with respect to the basis b' := {y1,y2, ys + ay1 + By2, ya + yy1 + dy2}

A O
is equal to [ ! } . Once again, the commutation of f and g implies that the matrix of g with

0 I

1

B, 0
respect to b’ is equal to [ 0 ] . This completes the proof of the Lemma. 0

J

Now, we begin to prove Theorem 3.1. The proof falls into three parts. Firstly, we will prove that
dimG = 6, and dimG!' < 4. Secondly, we will prove that there is no MD4(6)-algebra with dimG! = 3.
Thirdly, we will classify MD4(6)-algebras with dim G! = 4.

Proof of Theorem 5.1. Let’s denote by m the dimension of G! (m > 3) and let b be a basis of G which
satisfies all conditions in Lemma 2.9. If so,

2y ([21, Tp—m+1]) 2y ([21, Zp—m+2]) zy, ([21, 20])
zy ([22, Tp—m+1]) 2y ([22, Tp—m+2]) zy, ([z2, T0])
Pr;, =
x;([xn_m, l’n—m+1]) x;’;([mn_m, zn—m+2]) T x;’;([zn_m, an
Because the matrices [ad} Jp, ..., [ad) e are of block triangular form in the sense of Proposition 2.8,

the first (m — 2) columns of P, are equal to zero. Hence,

rank (Py« ) < 2.

By Remark 2.10, we obtain dim .- < 4. Since each non-trivial coadjoint orbit of G is of dimension n — 2,

we get n —2 < 4, i.e. n < 6. By the assumption, n > 6. Therefore, n must be 6. In particular,
m =dimG! < dimG = 6.

Now, we will prove that m < 4. Assume the contrary that m = 5 then all but the first row of P, is
zero. This turns out that dim {2, < 2, a contradiction to the fact that every non-trivial coadjoint orbit of
an MD,,_o(n)-algebra is of dimension n — 2. Hence, 3 < m < 4.

7



However, if m = 3 then there is at least one block of size 1 in the triangular form of the matrices
adl ]y : i =1,2,3). In the other words, we may assume that
Zq

AL, = *ox2 X al 1. = *2x2 K di 1, = *ox2 X
adt o= 57 2 etk do= [ il = [ )

for some a1, as,a3 € R. If so,

0 0 aq
ng =10 O a9
0 0 as

which must have rank 1, or dim {2, = 2, a contradiction. Therefore, m = 4.

Finally, let’s classify MDy4(6)-algebras. By rewriting

= [ nom

o A3:| , and [adglm]b = [0 B,
we have four possibilities for the 2 x 2 matrices As, B3 as follows:

e Aj and Bj are both of triangular form, i.e. (A3)2; = (Bs)21 = 0.

o A3 =M\l and Bs = {,u ﬂ for some A\, p € R,0# ¢ € R.

° AS:[—MC i] and B3 = A5 for some A\, u € R,0# ( € R.
A

o Az = [—77 )\] and Bz = [,u ﬂ for some A\, 1, i1, ¢ € R with n # 0, # 0.

—¢
Remark that the change of basis 1 — x; — ﬁxg and the change of basis x1 < o bring respectively

the fourth item and the third item to the second item. Hence, it is sufficient to consider only the two first
possibilities. However, if A3 and B3 are both of triangular form, then

zg([zi, xzj]) =0 VI <i,j <5,
and hence, rank (P,:) = 1, or dim Q,» = 2, a contradiction again.
Therefore, it suffices to consider the second item only:

If so, by the same manner, we obviously obtain A # 0. Now, by the following change of basis:
rT —
To —

Hence, without loss of generality, we may assume from beginning that

1[4 Ay 17 _ |B1 B2
wat o= [y 7] ko= 5 5.

1
(102 —/~L$1)»

Y=

we may assume A =1, =0 and { = 1.
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Similarly, we have two possibilities for the forms of A; and B; as follows:
e A; and Bj are both of triangular form, i.e. (41)21 = (B1)21 = 0.

oAlz[)\ n]andBlz['u C]Witth—l—CQ#O.
-n A —C

However, If A; and B; are both of triangular form then det(B? + I) # 0. It follows from Lemma 3.3
that we may assume Ay = By = 0. If so, it is elementary to check that

i([w2, w5]) = 2 ([22, 26]) = 0,

Therefore,

which has rank exactly 1. Hence, dim {2,» = 2, a contradiction again.

In summary, we may assume that

A +nJ Az} ! ]b:[uuc,} B

17 _ S 2 2
[adml]b—[ 0 7 0 J] with 7 +¢* #0.

Besides, it is elementary to check that

{ det(AI +1J —I) =0 < (A\,n) = (1

0
det (uI +¢J)*+1) =0 <= (1,¢) = (

)
0,+1).

Hence, in light of Lemma 3.3, we shall split the rest of the proof into two cases as followings:

1. Case 1: A; = I and By = +J. If so, by the following change of basis: x4 — —x4 if necessary,
we can assume that B; = J. In the other words,

N e R

By the following change of basis: x5 — x5+ (B2)122x3+(B2)2214, we can assume (Bs)12 = (Bg)22 = 0.
If so, the commutation of ad} , and ad? , implies that

(A2)11 = (A2)22, (A2)12 = —(A2)21.

In the other words, we can assume that

10 v 6 0 1 yx 0
1, |01 =0 v 1, _|-1 0 w O
pde o= 1o o 1 o Pd=le=1¢ o o 1
00 0 1 0 0 —1 0

9



Let’s denote this Lie algebra by L(v,0, x,w). Then, via the following change of basis:

x3 = (X +w)rs — (x —w)ry
x4 — (X —w)zs + (X + w)xy
T5 —> T5 — T + XT3 + Wy
Te — Ty + Tg

(it X* +w® #0),

we easily see that
(3.2) L(v,0,x,w) = L(v,0,1,0)  (if x* +w? #0).

Remark that by basis changing: x5 — —x3 if necessary, we can assume that v > 0.
Similarly, via the following change of basis:

(if % + 62 % 0),

T3 — vag — Oxy
Tq4 — O3 + vy,

we easily see that
(3.3) L(v,6,0,0) = L(1,0,0,0)  (if v* 4 62 #£ 0).
In summary. we conclude from the equations (3.2) and (3.3) that

L(0,0,0,0) if 12 +02=x2+w?=0
L(v,0,x,w) 2 < L(1,0,0,0) if 12460240, and x2 +w? =0
L(v,0,1,0) (with v >0) if x? +w? #0

Remark that L(1,0,0,0) and L(v,6,1,0) (with v > 0) are respectively isomorphic to ¢ 211 and s 225
listed in [18]. While L(0,0,0,0) belongs to the family s 226 listed in [18].
. Case 2. Either A; # I or B; # *J. If so, we can assume that As = By = 0 [Lemma 3.3], or

M +nJ 0] fad ]b_{u1+§:} 0

1y _ S 2 2
[adxl]b{ 0 7 0 J} with 7 +¢* # 0.

Let’s denote the corresponding Lie algebra as L(\, 7, 1, ¢). Then for any F = aya}+-- - +agz§ € G*,
we have

p._ [)\% —nay naz+Aag  as a6]

F = )
pnas —Caq  Cas + pas —ag  as

Therefore, rank (Pr) = 2 for any F' € G* with F|gi1 # 0 if and only if A( — un # 0. In the other

words, L(A,n, i, ¢) is an MDy(6)-algebra if and only if

(3.4) AC — un # 0.

Furthermore, by the following change of basis:

o s (G — )
Ty —> ﬁ(—,uxl + Axg)
T3 <> s
Ty <  Tg,

10



we can see that

¢ n p A
A —pn’ AC—pn’ A —pun’ A — pn

Similarly, by the following change of basis: x4 — —x4, wWe get

(3.5) LA, 1,¢) = L( )-

(36) L(/\’n7ﬂ" C) = L(/\’ = K, _C);

and by the following change of basis:

To — —T2
Ty — —T4
Ty — Te ’
Te — Ty
we get
(37> L(/\7777Ma C) = L()" -, _,U/7<)'

e If n = 0 then it follows from the equation (3.4) that A # 0. Hence, the equation (3.5) becomes

1 —u 1

(38) L(A707/~1’a<)gL(X7 ’TC7Z

).
By combining the equations (3.6), (3.7) and (3.8), we obtain

L(X,0,p,¢) = LN, 0,4/,¢)

where 0 < ¢’ <1, ¢/ >0, N #0; and if (' = 1 then || < 1. This class of MD-algebras
coincides with the family sg 206 in [18], except some non MD-algebras cases. Hence, we also
use the notation sg 206 to denote this class.

e If n # 0 then, by the same manner, we obtain

LA m,1,¢) = LN 7', 1, ¢')

where A'n’ — 1/¢’ > 0 and @/ > 0. This class of MD-algebras coincides with the family s¢ 205 in
[18], except some non MD-algebras cases. Hence, we also denote this class by s6 20s. The proof
is completed. ]

4. One-step solvable MD,,_s(n)-algebras which have low-dimensional derived algebras. In
order to obtain a complete classification of 1-step solvable MD,,_s(n)-algebras, we need to solve the problem
for dimG' < 2. The classification of Lie algebras which have low-dimensional derived algebras has been
studied by T. Janisse [9], C. Schébel [16], Vu A. L. et al. [24], F. Levstein & A. L. Tiraboschi [12], and
C. Bartolone et al. [2].

PROPOSITION 4.1 ([9, 16, 24]). Let G be a real n-dimensional Lie algebra with n > 5.
o IfdimG! < 2 then G' is commutative.

o IfdimG! =1 then G is an trivial extension of either aff(R) or hay,i1 (n>2m+1,m > 1)
11



o IfdimG! = 2 and G' is not completely contained in the centre C(G) of G, then G is isomorphic to
one of the following forms:

(i) Gsior = (x1,22,...,Z542k) (n =54 2k, k € N) with [x3,24] = z1 and

(3, x1] = [T4, 5] = -+ = [Tas2k, Ts12k] = To.

(i1) Goyok1 = (®1,%2,...,Ter2k) (n =06+ 2k, k € N) with [x3, 1] = x1 and

[xs, x4] = [x5,26] = -+ - = [T542k, Te+20] = 22
(111) Gerak,2 1= (T1,T2, ..., Ter2k) (0 =06+ 2k, k € N) with [x3,x4] = x1 and
[xs, 1] = 25, 26] = - -+ = [T542k, T6+20] = 22

(iv) aff(R) ® hopy1 (m>1).
(v) A trivial extension of one of Lie algebras listed above in (i), (ii), (iii) and (iv).
(vi) A trivial extension of aff(R) @ aff(R).
(vii) A trivial extension of a Lie algebra H of dimension less than 5 such that dimH' = 2 and H*
is not contained in the centre of H.

It is easy to see that Gsiok, Got2k,1, Gotok2, aff(R) @ hapme1 and any trivial extension of aff(R) @ aff(R)
listed above are not MD-algebras for every k. For example, G512, has a coadjoint orbit of dimension 2 and
a coadjoint orbit of dimension 4 + 2k:

COROLLARY 4.2. Let G be an MD,,_s(n)-algebra with n > 6.

e IfdimG' =1 then G is isomorphic to hami1 © R where m = "T_2

dimG! =2 . . 2
If{ Gl ¢ C(g) then G is isomorphic to aff(C) @ R2.

Now, we will investigate the remaining case:

{ dim Gl =2
gt C Q).

Firstly, it is easy to check that G! C C(G) if and only if G is 2-step nilpotent, i.e. Gy := [[G,§],§] is trivial
(a 2-step nilpotent Lie algebra is also called a metabelian Lie algebra).

Because G is 2-step nilpotent with dimG! = 2, there is a basis b := {x1,...,2,} of G such that
G' = (zp_1,2,) and [z, 2,_1] = [i,2,] = 0 for all i. Therefore, G determines a pair of (n —2) x (n — 2)
skew-symmetric matrices (M, N) defined by

(4.9) (M)ij = @y ([2a,25]); (N)ij = @5 ([, 25]).

Since dimG! = 2, M and N are linearly independent in the sense that there is no (0,0) # («, 3) such that
aM + BN = 0. The matrices (M, N) are called the associated matrices of G with respect to the basis b (we
12



also say that G is associated by the matrices (M, N) with respect to b). Conversely, Let (M, N) be any pair
of skew-symmetric matrices of size (n — 2) x (n — 2) which are linearly independent. Then we can define
a Lie algebra G of dimension n as follows: G is spanned by a basis {z1,...,2,}, and the Lie brackets are
defined via that basis as follows:

(i, Tn-1] = [Ti,20] = 0 1<i<n
[xi,xj] = (M)ijl‘n,1 + (N)Z‘jl’n 1<4,5<n—-2.

In 1999, F. Levstein & A. L. Tiraboschi [12] proved the corresponding between the isomorphism of two
such 2-step nilpotent Lie algebras with the (strict) congruence of vector spaces spanned by their associated
matrices, as stated in the following proposition.

PROPOSITION 4.3. [12] Let G and G' be two 2-step nilpotent Lie algebras which have dim G = dim G"t =
2. Suppose that G and G' are associated (with respect to some bases) with (M, N) and (M', N') respectively.
Then G is isomorphic to G' if and only if there is a nonsingular matriz T so that

T-(M,N)-T" = (M N’

In particular, if the pencils M — pN and M’ — pN’ are strictly congruent, i.e. there is a nonsingular
matrix T' (which does not depend on p) so that T(M — pN)T* = M’ — pN’, then their associated Lie algebras
are isomorphic. Although the converse of the later statement is not true in general, but the statement is
still useful to classify Lie algebras in this paper. The classification (up to strict congruence) of pencils
of complex/real matrices which are either symmetric or skew-symmetric was solved by R. C. Thompson
[19] (the skew-symmetric case was classified in [15]). Because we are concerning with real skew-symmetric
matrices, we will state his theorem for the case of pencils of real skew-symmetric matrices only.

PROPOSITION 4.4. [19, Theorem 2] Let A and B be real skew-symmetric matrices. Then a simultaneous
(real) congruence of A and B exists reducing A — pB to a direct sum of types m, 00, «, and S, where

_| O Le(p) — 0 Ap—pAy
" {—Le(p)t 0 } 0 {_Af +pAy o ]
= [ 0 (a—p)Ag+ Ag] .= [ 0 Fh(p)]
(a+p)Ay — A, 0 =l o
with
p 0
1
1
Le(p) = aAf = aAf = ;
—p 1
Ixf
1 (e+1)xe 0 1 fxf

13



and

R S

- - gxg

for some a,c,d € R:c#0.

We can now return to the problem of classification of such 2-step nilpotent MD-algebras. According
to Proposition 2.2, dim Qp = rank (F([z;,,])),, ., for every 0 # F := Az}, ;| + px;, € G*. Hence, G is an
MDy,(n)-algebra if and only if rank (AM + uN) = k for every (0,0) # (\, ) € R2. Moreover, the type 3 is
the unique nonsingular type among the types m, oo, a, 8 in the sense that every non-zero matrix of the type
[ is nonsingular. This proves the following proposition.

PROPOSITION 4.5. Let G be a 2-step nilpotent MD,,_5(n)-algebra such that dim G = 2. Then there is a
basis b := {x1,...,xn} of G so that [x;,xp_1] = [x;, 2] = 0 for every i and the associated pencil of G with
respect to b is equal to a direct sum of matrices of the form [ defined in Proposition /.4.

COROLLARY 4.6. IfG is a 2-step nilpotent MD,,_o(n)-algebra which has dim G! = 2 then n—2 is divisible
by 4.

Proof. Tt is straightforward from the fact that the type § is of the size (2g) x (2g) where 2 divides g. O

Now, we will give illustrations for n = 6 and n = 10.

e Let n = 6. Then there is a basis {1, Ta,...,76} of Gg such that G = (x5, z) and

0 0 b a 00 0 -1
(@5 ([0, 25])) 450s = b —a 0 0] (@5 (2> 23))aca = 01 0 O
—a b 0 0 10 0 0

for some non-zero b € R. By applying the change of basis:

T5 — bxs
T — AT5 — Tg,

we can assume ¢ = 0 and b = 1. This Lie algebra is denoted as ng 3 in [18].
e Let n = 10. Then there is a basis {21, ¥a,..., 210} of G such that G! = (29, z1) and the associated
pencil M — pN := (x5([xi, 75]))gys — P (@T0([2i, 75]) )5, 5 18 either a direct sum of two 4 x 4 blocks of
14



the type 8 or just an 8 x 8 matrix of the type 5. Hence, we have either

or

0 0

0 0
7b1 —aq + P

—ay1 + P b1

0 0

0 0

0 0

0 0

0 0

0 0
—b; —ay—p

[—a1—p by

0 0
0 0
71)2 —a2 — pP
—az — p b2
0 0
0 0
bl a —p
ay—p —b1
0 0
0 0
0 0
0 0

bl a —p
ay —p —bl
0 0
0 0
0 0
0 0
0 0
0 0
7b1 —ayp — p
—a; —p by
0 -1
-1 0

ai

o O O O

_p_

o O O o o+

for some non-zero by, ba € R. Equivalently, G is isomorphic to one of the following forms:

(1) Groa(a1,b1,a2,b2) := (21,22, ...,210) With [x;,x9] = [z, 210] = 0 for all ¢ and
X2 I3 Ty Is Tg T7 xIs
I 0 b1I9 a1xg9 — T10 0 0 0 0
T2 19 — 10 —blfL’g 0 0 0 0
T3 0 010 0 0
T4 0 0 0 0
T5 0 le’g asrg — 10
T axTy — T10 —baxg
Ty 0
(b1ba # 0)

If so, by the change of basis:

we easily see that

(4.10)

Ti 4> Tigq 11 € {1,2,3,4},

Gio,1(a1, b1, az2,b2) = Gio.1(az, ba, a1, b1).

Similarly, by the following change of basis:

we obtain

(4.11)

Gio,1(a1,b1,az2,b2) = Gi0,1(0,1,

Z10
L9

{
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We conclude from the isomorphism (4.10) that we always can assume 0 < |bz| < |by|, and from
the isomorphism (4.11) that a; =0,b; =1, i.e.,

Gro,1(a1,b1,a2,02) = Gio,1(0,1,,A) (0 <|A <1)

(ii) Gio2(a1,b1) == (x1,22,...,x10) With [z;,x9] = [24, 210] = 0 for all ¢ and

To | X3 | T4 s Tg 7 s
T 0 0 0 0 0 blwg a1Tg — X190
To 0 0 0 0 ai1xg — T1o —bizg
T3 0 b1l‘9 a1xg — 10 0 T9
Ty ai1x9 — T1p —b1xg Tg 0
5 0 0 0
Tg 0 0
T7 0

(b1 #0)

By the change of basis: x19 — a1x9 — 10, We easily see that

Gio,2(a1,b1) = Gio2(0,A) (A #0).
In summary, we have proven the following theorem.
THEOREM 4.7. Let G be an MD,,_o(n)-algebra of dimension n > 6 with dimG! < 2.
1. If G is not 2-step nilpotent, i.e. [G,G'] # 0, then G is either isomorphic to R?> @ aff(C) or isomorphic
to R ® hoyt1 where 2m =mn — 2.
2. If G is a 2-step nilpotent Lie algebra then n = 4k + 2 for some k € N, and the associated pencil of
G is a direct sum of type 5.
3. If n =6 then G is isomorphic to ng1 defined in [18].
4. If n = 10 then G is isomorphic to one of the following families: G10.1(0,1,p,A) (0 < |A| < 1) and
G10,2(0,A) (A #0).

5. Two-step solvable MD,,_»(n)-algebras. Finally, to complete the classification of MD,,_5(n)-
algebras, we only need to classify 2-step solvable MD,,_5(n)-algebras. Surprising, such a Lie algebra is
decomposable and has dimension exactly 6.

THEOREM 5.1. Let G be a 2-step solvable real Lie-algebra whose non-trivial coadjoint orbits are all of
codimension 2. Then G is isomorphic to R @ s5 45.

Proof. Recall that for every x,y, z € G, we have:

[z, 9], 2] = [z, [y, 2]] — [y, [z, ]].
It follows that

ad;ad, — adyad, = adjg 4.
Hence, for every x € G!, we have
(5.12) trace(ad, ) = trace(adl) = trace(ad?) = 0.

According to Theorem 3.5 in [8], 1 < dim G? < 2. Therefore, we will divide the proof into two cases:
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e Case 1: dimG? = 2. If so, H := 9/92 is a 1-step solvable Lie algebra whose non-trivial coadjoint
orbits are all of the same dimension as #H [8, Theorem 3.5]. In the other words, H is an MD,,(n)-
algebra. According to Proposition 2.12, H is isomorphic to either aff(R) or aff(C). Since dim G > 6,
H = aff(C). It implies the existence of a basis b := {x1, z2, y1, Y2, 21, 22} of G such that:

G'=(y1,y2,21,22), G® = (21,20)
H =(T1, 72,71, J2) = aff(C),

where
[T1,71] = 71, (71, %2] = %2 and [Z2,71) = U2, [T2, 2] = —71-

Since G! and G? are both ideals of G, the Lie brackets in G can be determined as follows:

T T2 Y1 Y2 21 22
z1 | 0 | Az1 +Aaza | Y1+ Azzr + Mgz Y2 + As21 + Ag22 A721 + Agza | Agz1 + Aoz
T2 0 Y2 + A1121 + A2z2 | —y1 + A3z + Aaze | Aiszr + Aieze | Airzr + Aisze
Y1 0 A1921 + Aop2o A2121 + A2222 | A2g21 + Aasz
Y2 0 Ao521 + Aogza | Aarz1 + Asgze
zZ1 0 0

Since G? is commutative, we can obtain directly from the Jacobi identity that adz 1ad732 = adf,2 adzl.
By Proposition 2.8, we can assume that [adf/l]h and [adiz]h are both either of the diagonal form or
of the form al + bJ. Without loss of generality, we can assume that

[ad2, ]y = {g 2} [ad}, Jo = {_ab b]

either i
2 C
A AR

or

Moreover, it follows from the equation (5.12) that

2 2
trace(ad;, ) = trace(ad;,) = 0.

It turns out that

0 0 b
A A
either J— or 0 d
2 2
[adbi = |:0 C:| [adbi = |:d O:| .

In both cases, there is (0,0) # (A, u) € R? so that )\adzl + ,uadf/2 = 0. Now, by applying the Jacobi
identity to (w2, Ay + pye, 2) for any z € G2, we easily see that

2

12 .12 a2 2 _ 2 _ 2
0 = ad;,ady,, 1y, — adxy, 4uy.ads, = ad = —pad,, + Aad,.

[z2,Ay1+hy2]

Therefore,

/\zaud‘i1 + ,uadi2 = —padil + )\adi2 =0.
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This clearly forces adfj1 = adi2 = 0, and consequently G2 is spanned by {[y1, 2]}, a contradiction

to dim G2 = 2. Hence, this case is excluded.

Case 2: dimG? = 1. If so, H := G/G? is a 1-step solvable Lie-algebra whose non-zero coadjoint
orbits are of codimension 1. It follows from Proposition 2.11 that # is isomorphic to one of the
followings: 2,41, R @ aff(C). Furthermore, if H = by, 11 then dim G! = 2 and dim G? = 1. This is
impossible because G! is nilpotent. Hence, H = R ¢ aff(C).

Equivalently, we can fix a basis {1, 22, y1, Y2, ys, 2} of G so that

{ gl = <y17y27y3>7 g2 = <Z>7
H= (y3)® (T1,%2, 71, J2)

where the Lie brackets in H are the same as those in R & aff(C), i.e.
[35717 m} =1, [Tla %] =72 and [T% .771] =2, [@7 %} ==

It implies that the Lie brackets in G must have the form

L1 | T2 Y1 Y2 Y3 z
T Mz | y1+ Xz | Y2+ A3z | Az | sz
To Yo+ X6z | —y1+ Avz | Agz | Agz
Y1 A102 A112 | A1z
Y2 A132 | A4z
Y3 A152

If so, it follows from the equation (5.12) that

This means [y1,z] = [y2,2] = 0. Because G2 # {0}, we must have A\ # 0. By basis changing
1

z — )\—z, we may assume g = 1.
10

Now, by checking the Jacobi identity to the following triples (z1,y1,¥2); (2,91,y2); (Y1,¥2,93);

(z1,%2,93); (21,91, ¥3); and (21,2, y3); we obtain
As = 2,9 = A5 = 2As + AMiAis = A1 + Aodis = Mg + A5 =0
Hence,
As =2, =g =11 = i2 = Az = Ay = A5 = 0.

By basis changing y3 — y3 — %z if necessary, we get G decomposable. In the other words, G
is isomorphic to a direct sum of R with a Lie algebra G’. Since G is 2-step solvable, so is G'.
Furthermore, non-zero coadjoint orbits of G’ and G have the same dimension [8, Theorem 3.1]. In
the other words, G’ is a 2-step solvable MD-algebra whose non-trivial coadjoint orbits are all of
codimension 1. According to Proposition 2.11, G’ must be isomorphic to §545. Equivalently, G is
isomorphic to R @ s5 45. This completes the proof. 0
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6. Concluding Remarks. In summary, the paper has introduced the classification of MD,,_a(n)-class
with 2 <n € N. There are 14 different MD,,_2(n)-algebras (up to an isomorphism) of dimension n < 5 listed
in Table 1. The subclass of all 2-step nilpotent MD,,_5(n)-algebras with n > 6 is classified by canonical
forms of associated pencils of matrices, in which algebras of dimension n < 10 are listed in Table 3. The
remaining subclass of MD,,_5(n)-algebras is classified (up to an isomorphism) and listed in Table 2. In the
following tables, {1, x2,...,2,} is used to denote a basis of corresponding MD,,_s(n)-algebra G.

TABLE 1
List of all MD,,_2(n)-algebras with n = 2,4.

n  Algebras Non-trivial Lie brackets Notes
2 R? -
4 nan [x2, 4] = @1, [23,24] = 22
54,1 [$4,$2} =T, [334,303] =3
54,2 [za,21] = 21, [T4, T2] = T1 + T2, [T4, T3] = T2 + T3
54,3 [x4, 1] = x1, [T4, T2] = a2, [X4, 23] = B3 0< 8| <o) <1, (o, B) # (—1,-1)
54,4 [Ta,21]) = @1, [T4, T2] = T1 + T2, [T4, T3] = Q3 a#0
54,5 [.Z‘4,.T1} = Qry, [1’4, xz] = B.TQ — I3, [32‘4,.7)3} = T2 + ﬂl’g a > 0
54,6 [3047562} = T2, [304,303] = —T3
$4,7 [m,wg] = —Z3, [334,$3] = T2
aff(R) @ R?*  [z1,22] = 72
n31 @R [2, 23] = 21
53,1 DR [mg,xl} le,[mg,wzl = QI2 0< |Oé‘ <1
532 PR [x3,21] = x1, [T3, T2] = T1 + 22
533 DR [z3, 1] = ax1 — z2, [x3, T2] = 1 + az2 a>0
TABLE 2
List of all MD,,_2(n)-algebras with n > 6 which are not 2-step nilpotent.
dim G* Algebras Non-trivial Lie brackets Notes
1 hom+1 ®R [jS,meﬂ'] =Zom4+1 Vi=1,...,m 2m=n — 2
2 aff(C) @ R? [x3, 21] = —x2, [23, T2] = [T4, 71] = 71, [74, W2] = T2
[] ] #s | @4 5 6
>3 56,211 1 T3 | X4 | x5+ X3 | Te + T4
) —X4 T3 —T6 Ts5
[', } I3 X4 s Te
56,225 (1, 0) 1 3 Ty | x5 +Fves —0xs | 16+ 023 + VT4 v>0
T2 —T4 | T3 —Xe + T3 Ts5
L] 3 4 R B {A;éo,u>o,o<<<1
56,226 (A, 41, ) ! Az3 A4 T5 | w6
if (=1then |A\| <1
T2 | pr3s —(we | (T3 +pra | —T6 | Ts
['7 } €3 T4 x5 T6
56,228(A\, 11,1, €) 1 | Ars —nwa | NT3+Ara | X5 | T6 A —pun>0,u>0
T2 | pr3 — (T4 | (T3 + pTs | —Te | Ts

55,45 DR

]| o1 | 2 | x3

To 0 0 T1

T4 221 X2 x3

X5 0 T3 —XT2
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TABLE 3
List of all 2-step nilpotent MDy,_o(n)-algebras with 6 < n < 10.

n  Algebras Non-trivial Lie brackets Notes
6 6,1 [x4, 5] = x2, [T4, x6] = T3, [25, T6] = X1
8  There is no MDg(8)-algebra
[ ] 3 T4 X7 xs
T1 T9 —Z10 0 0
10 Gi01(0,1, 1, A) xy | —mi0 | —wo 0 0 0< Al <1
Ts5 0 0 ATg UT9 — T1o
Z6 0 0 UT9 — T10 — AT
[ ] 5 Z6 7 xs
X1 0 0 )\wg —I10
G10,2(0,A) T2 0 0 —x10 | —ATo A#0
X3 )\Ig —x10 0 X9
T4 —T10 —)\339 X9 0
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