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Abstract

The purpose of the present paper is to study the computation complexity of deep ReLU neural
networks for approximation of functions in Hélder-Nikol’skii spaces of mixed smoothness HS (I%)
on the unit cube I¢ := [0, 1]¢. In this context, for any function f € HS (I%), we explicitly construct
nonadaptive and adaptive deep ReLU neural networks having an output that approximates f with
a prescribed accuracy ¢, and prove dimension-dependent bounds for the computation complexity of
the approximation, characterized by the size and depth of this deep ReLLU neural network, explicitly
in d and €. Our results show the advantage of the adaptive method of approximation by deep ReLLU
neural networks over nonadaptive one.

Keywords and Phrases: Deep ReLU neural network; computation complexity; high-dimensional
approximation; Holder-Nikol’skii space of mixed smoothness.

1 Introduction

Neural networks and their applications have been of great interest for almost 80 years, started from the
foundational works of McCulloch and Pitts [25], Hebb [19] and of Rosenblatt [31]. Recently, deep neural
networks have been successfully applied to a wide variety of Machine Learning problems [22, 38, 23].
A typical deep neural network model is based on a hierarchy of composition of linear functions and a
given nonlinear activation function. Among all the activation functions, Rectified Linear Unit (ReLU)
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activation max(0,z) is the most commonly used in deep neural networks. Compared to traditional
nonlinear activation functions (tanh and sigmoid), the ReLU function provides the same benefits
but accelerates the training speed of deep neural networks since its gradient is very simple (either 0
or 1 depending on the sign of input). Deep ReLU neural networks do not need to take additional
time for computing error terms during training phase. Deep ReLU neural networks has found many
applications in different fields such as computer vision [10, 18] and speech recognition [35, 21].

It is observed that there is a closed relation between approximating by deep ReLU networks
and B-spline interpolation and quasi-interpolation representation, in particular by piecewise linear
functions. There have been numerous papers addressing the expressive power of deep ReLU neural
networks in approximating different sets of functions such as analytic functions [8, 26], differentiable
functions [29, 39], oscillatory functions [15], functions in isotropic Sobolev or Besov spaces [, 7, 11,

, 10], functions with dominating mixed smoothness [27, 3] or in approximating solutions to partial
differential equations [9, 28, 33], to mention just a few. The main advantage of deep ReLU neural
networks in approximating functions is that they can output compositions of functions cheaply and
consequently improve the convergence rate of approximation error, see [7, 8, 39]. We refer the reader
to recent surveys [15, 30] for results in deep ReL.U neural network approximation theory.

Function spaces having mixed smoothness appear naturally in many models of real world prob-
lem in mathematical physics, finance and other fields. For instance, in a recent work on regularity
properties of solutions of the electronic Schrodinger equation, Yserentant [11] has shown that the
eigenfunctions of the electronic Schrodinger operator have a certain mixed smoothness. Triebel [37,
Chapter 6] has indicated a relation between Faber bases and sampling recovery in the context of
spaces with mixed smoothness and solutions of Navier-Stokes equations. In particular, when initial
data belongs to spaces with mixed smoothness, Navier-Stokes equations admit a unique solution. In
mathematical finance, many problems are expressed as the expectation of some payoff function de-
pending on quantities, such as stock prices, which are solutions of stochastic equations governed by
Brownian motions. The payoff function normally has kinks and jumps and belongs to a very high
dimensional space. To approximate the expected value one can apply preliminary integration method
with respect to a single well chosen variable to obtain a function of d — 1 variables which belongs to
appropriate mixed Sobolev spaces in which Quasi-Monte Carlo can be applied efficiently, see [13] and
references therein. For a survey on various aspects of high-dimensional approximation of functions
having a mixed smoothness we refer the reader to the book [5].

In approximation theory, modern problems driven by a lot of applications in Information Tech-
nology, Mathematical Finance, Chemistry, Quantum Mechanics, Meteorology, and, in particular, in
Uncertainty Quantification and Deep Machine Learning are being formulated in very high dimen-
sions. Many times, numerical methods for such problems may demand computational cost increasing
exponentially in dimension when the accuracy increases and as a consequence the method becomes
intractable when the dimension of input data is large. This phenomenon is called “curse of dimen-
sionality”. Hence, the problem of estimating dimension-dependent error in high-dimensional approx-
imation problems arises naturally. Hyperbolic crosses and sparse grids promise to rid the “curse of
dimensionality” in some problems when high-dimensional data belongs to certain classes of functions
having mixed smoothness. Approximation methods and sampling algorithms for functions having
mixed smoothness constructed on hyperbolic crosses and sparse grids give a surprising effect since
hyperbolic crosses and sparse grids have the number of elements much less than those of standard
domains and grids but give the same approximation error. This essentially reduces the computational
cost, and therefore makes the problem tractable.

In the recent paper [3], we have studied the approximation by deep ReLU neural networks, of



functions from the Holder-Zygmund space of mixed smoothness defined on the unit cube I¢ when the
dimension d may be very large. The approximation error is measured in the norm of the isotropic
Sobolev space. For any function f from this space, we explicitly constructed a deep ReLU neu-
ral network having an output that approximates f with a prescribed accuracy e, and proved tight
dimension-dependent estimates of the computation complexity of this approximation, characterized
as the size and depth of this deep ReLLU neural network, explicitly in d and ¢.

The purpose of the present paper is to study the computation complexity of deep ReLU neural
networks for approximation of Hélder-Nikol’skii functions having mixed smoothness on the unit cube
¢ := [0,1]%. Let us introduce the space H% (I?) of our interest. For univariate functions f on I := [0, 1],
the difference operator Ay is defined by

Anf(z) = flxz+h) = f(z),

for all z and h > 0 such that z,x + h € I. If w is a subset of {1,...,d}, for multivariate functions f
on 1% the mixed difference operator Ap,y is defined by

Anu:= [0, Ane=1d,
1€u
for all x = (21,...,24) and h = (hq,...,hq) such that z,x + h € I?. Here the univariate operator
Ayp, is applied to the univariate function f by considering f as a function of variable z; with the other
variables held fixed. If 0 < o < 1, we introduce the semi-norm |f|ga (, for functions f € C (I¢) by

e @ = sup [ 2 “NAmulF)llcnm
h> €U
(in particular, |f|ms (o) = || fllc@ay), Where I4(h,u) == {x € 1: 2; + h; € I, i € u}. The Hélder-
Nikol’skii space HS, (1) of mixed smoothness a then is defined as the set of functions f € C(I¢) for
which the norm
£l o ey = I | flHe ()

is finite. From the definition we have that H2 (I?) ¢ C(I%). Denote by C/(I?) the set of all functions
f € C(I%) vanishing on the boundary 0I¢ of 1%, i.e., the set of all functions f € C(I%) such that
f(x) =0if ; =0 or z; = 1 for some index j € {1,...,d}. Denote by U%? the set of all functions I
in the intersection H% (I%) := H2 (I?) N C(I) such that £l g ey < 1.

As a continuation of [3], the present paper investigates nonadaptive and adaptive high-dimensional
approximation by deep ReLLU neural networks for functions from the classes (?ggd. The approximation
error is measured in the norm of L., (I%). In this context, we pay attention on the computation
complexity of the deep ReLLU networks, characterized by the size and depth of this deep ReLLU neural
network, explicitly in d and tolerance €. A key tool for explicit construction of approximation methods
by deep ReLU networks for functions in HZ (I?) is truncations of tensorized Faber series.

The main contribution of the present paper is as follows.

Based on the decomposition of continuous functions by tensorized Faber series, for any f € Ue
we explicitly construct a deep ReLU neural network ®.(f) having the output that approximates f
in the Lo (I¢)-norm with a prescribed accuracy € and having computation complexity expressing the
dimension-dependent size

d \at!
& >|> e log(2e 1)@V HDHL (L.1)

W) < Cod( (7o
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where K; = BY(@+tU4aq~1 with B = (2* — 1)~'. The idea in proving the above result is to use
truncation of Faber series R, (f) as a intermediate approximation. Precisely, we first approximate
function f € Ug? by R,(f) and then approximate R, (f) by a deep ReLU network.

The advantage of this method is that the deep ReLLU neural networks are easily constructed and
they have the same architecture for all functions in Ut , 1.e., it is nonadaptive. However, since this
method uses R, (f) as an intermediate approximation, a disadvantage of it is that the computation
complexity of deep ReLU networks is not better than that when approximating functions f € U by
the linear method R, (f).

To overcome this disadvantage we develop a technique used in [10] and [7] for the univariate case.
By this, we first represent the difference f — R, (f) in a special form and then approximate terms in
this representation by deep ReLU networks. We emphasize that extension of technique in [10] and
[7] to multivariate case and mixed smoothness is non-trivial task since one needs to construct a set of
finite cardinality to approximate functions in (°J§gd. For any f € [O]gé’d we explicitly construct a deep
ReLU neural network ®.(f) of adaptive architecture having the output that approximates f in the
Loo(I%)-norm with a prescribed accuracy € and having a size estimated by

22 1
W) < CadZ((dIfgl)'> e (log(2e 1) loglog(2e 1)) )Y, (1.2)

where Ko = 4(2°‘+33)#+2(0F1 log(2a~1))1/2. Comparing (1.1) and (1.2) we find the later estimation
improves log(2e~!). Notice that the terms in right-hand side of both (1.1) and (1.2) which depend on
dimension d only decay as fast as super exponential in d.

The outline of this paper is as follows. In Section 2, we introduce necessary definitions and elementary
facts on deep ReLLU neural networks. Section 3 is devoted to recall a decomposition of continuous
functions on the unit cube I¢ by Faber system and approximation of functions f € Us? by truncations
of Faber series R, (f) as well as by sets of finite cardinality. In Section 4, we explicitly construct
nonadaptive deep ReLU neural networks that approximate functions in ﬁggd and prove upper estimates
for size and the depth required. Section 5 presents an improvement for approximation by adaptive deep
ReLU neural networks of the results obtained in Section 4. In Section 6, we give an application of our
results in numerical approximation of solutions to elliptic partial differential equations. Conclusions
are given in Section 7.

Notation. As usual, N is the natural numbers, 7Z is the integers, R is the real numbers and Ny :=
{s€Z:5>0}; Ny = NgU{—1}. The letter d is reserved for the underlying dimension of R?, N%,
etc. If z € R, |z is defined to be the largest integer no larger than x. Vectorial quantities are denoted

by boldface letters and xz; denotes the ith coordinate of & € RY, i.e.,  := (21,...,24). For & € R?,
we denote |x|1 == |z1]| + ... + |z4], supp(x) = {j : z; # 0} and 2% := (271,...,2%). If k,s € Nd, we
denote 27 Fs := (27%151,...,27%s;). We use the abbreviation: Lo := Loo(I%) and || - [|oo == || - |-

Universal constants or constants depending on parameters «, d are denoted by C' or C,, 4, respectively.
Values of constants C' and C, 4 in general, are not specified except the case when they are precisely
given, and may be different in various places. |A| denotes the cardinality of the finite set |A|.

2 Deep ReLU neural networks

In this section we introduce necessary definitions and elementary facts on deep ReLLU neural networks.
There is a wide variety of neural network architectures and each of them is adapted to specific tasks. We
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Figure 1: The graph associated to a deep neural network with input dimension 3 and 5 layers

only consider feed-forward deep ReLLU neural networks for which only connections between neighboring
layers are allowed.

Definition 2.1 Letd,L €N, L >2, Ny =d, and Ny,...,Np € N. Let W = (!

,j)’ gzl,...,L, be

Ny x Ny_q matriz, and b® = (b;) e RMe.

o A neural network ® with input dimension d and L layers is a sequence of matriz-vector tuples

o= ((Whbl),..., (Wl bh)).

We will use the following terminology.

The number of layers L(®) = L is the depth of ®;

Nu(®) = maxy—g,. {N¢} is the width of ®; N(®) = (No, N1,...,Nr) the dimension of ®;

The real numbers wa and bf are edge and node weights of ®, respectively;

The number of nonzero weights wﬁj and bﬁ is the size of ® and denoted by W (®);

When L(®) > 3, ® is called a deep neural network, and otherwise, a shallow neural network.

neural network architecture A with input dimension d and L layers is a neural network

A — ((Wl, bl), . (WL, bL)),

where elements of W' and b*, £ =1,...,L, are in {0,1}.

The above defined networks are sometimes called standard networks to distinguish with networks
allowing for connections of neurons in non-neighboring layers. A deep neural network can be visualized
in a graph. The graph associated with a deep neural network ® defined in Definition 2.1 consists of
L + 1 layers which are numbered from 0 to L. The ¢th layer has Ny nodes which are numbered from
1to Ny If wfyj # 0, then there is an edge connecting the node j in the layer £ — 1 to the node ¢ in the
layer £. In Figure 1 we illustrate a deep neural network with input dimension 3 and 5 layers.

Definition 2.2 Given L € N, L > 2, and a deep neural network architecture A = ((WI,El), e
(WL,EL)). We say that a neural network ® = (W*,bb),...,(WF, bL)) has architecture A if



° Ef,j = 0 implies wf’j = 0, Bf = 0 implies bf =0 foralli=1,...,Ng, j =1,...,Ny_1, and
{=1,...,L. Here Ef?j are entries OfWZ and Bf are elements of#, {=1,...,L.
For a given deep neural network ® = ((Wl, bl),..., (W, bL)), there exists a unique deep meural

network architecture A = ((Wl,gl), ol (WL,EL)) such that

o N(®)=N(A)

e W, =0 wl, =005 =0<=b=0forali=1... N,j=1,...,Ney, and (= 1,...,L.

We call this architecture A the minimal architecture of ® (this definition is proper in the sense that
any architecture of ® is also an architecture of A.)

A deep neural network is associated with an activation function which calculates output at each node.
The choice of activation function depends on the problem under consideration. In this paper we
focus our attention on ReLU activation function defined by o(t) := max{¢,0},t € R. We will use the
notation o(x) := (o(z1),...,0(x4)) for x € R?.

Definition 2.3 A deep ReL U neural network with input dimension d and L layers is a neural network
o= ((Whb'),...,(Wkbh))
i which the following computation scheme is implemented
2i=xec Rd,
2= (W24 vh, 1=1,... L1,
b= wlzl=l bl

We call 2° the input and with an ambiguity denote ®(x) := 2 the output of ® and in some places we
identify a deep ReLU neural network with its output.

Several deep ReLLU neural networks can be combined to form a larger deep ReLLU neural network
whose output is a linear combination or composition of outputs of sub-networks. In the following, we
introduce parallelization, concatenation and special construction.

Lemma 2.4 (Parallelization) Let N € N, Q C R? be a bounded set, ANeER, j=1,...,N. Let ;,
j=1,...,N be deep ReLU neural networks with input dimension d. Then we can explicitly construct
a deep ReL U neural network denoted by ® so that

N
O(x) =) N\di(m), e,
j=1
with L(®) = maxj—1,. N{L(®;)} and
N
W(@) =Y W(@)+ > (L@ -L®)+2) < BN max W(®;).
j=1

FL(®;)<L(®)

The network ® is called the Parallelization network of ®;, j =1,...,N.
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Figure 2: Illustration of a special deep ReLU neural network (d = 2)

A proof of Lemma 2.4 can be found in [3]. The last estimate in Lemma 2.4 is due to 2 < L <
maxj—1,.N W(®;).

Another way to construct a ReLLU network whose output is a linear combination of outputs of
other ReLU networks is to use special networks. A special deep ReLU neural network with input
dimension d can be defined as follows. In each hidden layer a special role is reserved for d first (top)
nodes and the last (bottom) node. Concatenation of top d nodes and the bottom node in each layer
to the corresponding nodes in the next layer form d 4 1 parallel channels. The nodes in these d + 1
channel are free of activation. The top d parallel channels are called the source channels and just carry
x = (z1,...,zq) forward. The bottom channel is called collation channel. The nodes in the bottom
channel are used to collect intermediate outputs by addition. This channel never feeds forward into
subsequent calculation, it only accepts previous calculations. It has been shown in [3] that if ® is a
special deep ReLU neural network with input dimension d depth L and @ € I?, then there is a deep
ReLU neural network ®' such that

L(®') = L(®) (2.1)

and ®'(x) = ®(x). In view of the proof of [3, Lemma 4.2] we find only node weights in the collation
channel of ® and @’ are different. Therefore we deduce

W (D) < W (D) + L(®) < 2W (). (2.2)

Lemma 2.5 (Special Construction) Let N € N, Q C R? be a bounded set, \; €R, j =1,...,N.
Let ®;, j =1,...,N be deep ReLU neural networks with input dimension d. Then we can explicitly
construct a deep special ReL U neural network denoted by ® so that

N
O(x) => Ndj(m), zeQ,
j=1

with L(®) = YN L(®;) and W(®) < 3200, W(®;) + (d + 1)L(D).

An illustration of a special network ® whose output is a linear combination of network ®;, j =1,..., N
is given in Figure 2.



Lemma 2.6 (Concatenation) Let & and ®y be two ReLU neural networks such that output layer
of ®1 has the same dimension as input layer of ®a. Then, we can explicitly construct a ReL U neural
network ® such that ®(x) = ®o(P1(x)) for © € R Moreover we have L(®) = L(®1) + L(®3) and
W(®) <2W(Py) + 2W (P2).

A proof of the above lemma can be found in [29]. The network ® in this lemma is called the
concatenation network of ®; and ®,.

3 Approximation by sets of finite cardinality

In this section we recall a decomposition of continuous functions on the unit cube I¢ by Faber series,
interpolation approximation by truncated Faber series and by set of finite cardinality. They are a
key tool for explicit construction of approximation methods by deep ReLLU networks for functions in
Holder-Nikol’skii spaces of mixed smoothness.

Let o(z) = (1 —|x —1])+, = € R, be the hat function (the piece-wise linear B-spline with knots
at 0,1,2), where 1 := max(z,0) for x € R. For k € N_; we define the functions ¢y, s by

ors(z) = (2" e —25), k>0, s€ Z(k):=1{0,1,...,2F — 1}, (3.1)
and
o_1s(x) =9 —s+1), se Z(-1):={0,1}. (3.2)
For a univariate function f on I, k € N_, and s € Z(k) we define
1 _
)\k,s(f) = _iAg—k—lf(z ks)u k > 07 )‘—1,5(.]0) = f(8)7
where

Ajf(z) = fz+2h) = 2f(z +h) + f(2),
for all x and h > 0 such that x,x + h € I. If m € Ny we put

R(f) = _a(f),  a(f) = D MslF)rs (3.3)

k=0 seZ(k)
For k € Ny, we define the functions ¢} , € C(I) by

<p}';7s(ac) = <p(2k+1m —s+1), seZ.(k):={1,... ,okFL 1}, (3.4)
and for f € C(I) one can check

Ry (f) = Z f(27m718)90:n,s :

SEZx(m)
Hence R,,(f) € C(I) interpolates f at the points 2~ 1s, s € Z,(m), that is,

Ru(H)@™'s) = f2), s € Zm).

Put Z(k) := X;-lle(kj). For k € N¢,, s € Z(k), we introduce the tensorized Faber basis by

(Pk,s<x) = Pky,s1 (.%'1) Tl @kdasd(xd)v T c Hd' (3'5)



We also define the linear functionals A s for multivariate function f on 14, k € N¢,, and s € Z(k) by

d
Mes(f) =T Moo (F)
i=1

where the univariate functional Mg, o, is applied to the univariate function f by considering f as a
function of variable x; with the other variables held fixed.

We have the following representation by Faber series for continuous functions on I¢ (see [2, Section
4] and [36, Theorem 3.10]).

Lemma 3.1 The tensorized Faber system {pps: k€ N s € Z(k)} is a basis in C(I¥). Moreover,
every function f € C(I%) can be represented by the Faber series

f = Z Qk<f)7 Z Aks Spk,s (36)

keNd scZ(k

converging in the norm of C(I%).

When f € U, Me,s(f) =0if kj = —1 for some j € {1,...,d}, hence we can write

f=> af

keNd
with unconditional convergence in C(I¢), see [36, Theorem 3.13]. In this case it holds the following
estimate
d
|)\ks =27 HAS kflf )
i=1

(3.7)
d

i=1

for k € N&, s € Z(k). Here {e'};—;. 4 is the standard basis of R?.

77777

For f € C (I4), we define the operator R,, by

Rm(f) = Z Qk:(f) = Z Z Ak:s Spk:,s-

ki <m lkli<m seZ(k)

The truncated Faber series Ry, (f) € C(I%) completely determined by values of f at the points 27%~1s,
for (k,s) € G4(m), where

Gl m) = {(k,s): |kl <m, s € Z.(k)},

Z,(k) :=]]¢ Z.(kj) and 1 = (1,...,1) € N% Moreover, R,,(f) interpolates f at the points 27%~1s,
c X

Ru(f) 2% ts) = f27%ts),  (k.s) € GY(m).

The following lemma gives a d-dependent estimate of the approximation error by R,,(f) of f € ﬁg‘o’d,
see [1].



Lemma 3.2 Letd>2, meN, and 0 < a < 1. Then we have

sup I = Bon(f)lloe < 2-0B270m (m " d), B= (-1

feévgo,d d - 1
We make use the abbreviations: z; := (z1,...,2;) € R} &; := (zj11,...,24) € R4 with the
convention &g := 0 for € € R and j = 0,1,...,d — 1. When j = 1 we denote z; instead of ;.

For f € Ut we explicitly construct the function Sy € C (I) by

Spi= D 2L (3.8)

SEZ4(m)

where we put lo(f) = 0 and assign the values S;(27"'s) = 274M+ D] () from left to right closest
to f(27™71s) for s = 1,...,2mT! — 1. If there are two possible choices for I,(f) we choose I (f) that
is closest to the already determined ls_1(f). We define

S%m) = {S;: fe UL} (3.9)

It has been proved that the set S%(mn) is finite and it holds the estimate |S%(m)| < 32", see [4].
Moreover, by Lemma 3.2 and [1, Lemma 2.3] for f € USs" and m € Ny we have
9—(m+1)a

ma1)a— L
1 = Slloe < 1f = B(F)lloo + I1Rm(F) = Slloo < 27 4 =

(3.10)
In case of high dimensions we have the following.
Lemma 3.3 Letm>1,d>2and 0 < a <1. For f € ffg‘(;d, let the function Sp,(f) be defined by
Sm(f)@) = Y 2ot N o o (@)Sky L (@), (3.11)
|k1|<m s1€Z(k1)

where SKkl NOE S8%(m — |k1|1) is as in (3.8) for the function Ky, ¢ (f). Then it holds the inequality

do—am m+d
I = Sl < o272 (1),

Moreover, for the set )
§Um) = {Sm(f) : fe UL},

we have Ng(m) := |S%4(m)| < 32 ()

For a proof of the above lemma we refer the reader to [1].

4 Deep ReLU network approximation - a nonadaptive method

In this section, we explicitly construct a nonadaptive deep ReLU neural network having an output
that approximates every function f € U%% in the Loo(I9)-norm with a prescribed accuracy ¢ and prove
dimension-dependent error estimates of its size and depth. Nonadaptivity means that its architecture
is the same for all f € U, Our technique is first to approximate f by its truncation of Faber series
R,(f) and then approximate R, (f) by a deep ReLU network. Since the case d = 1 was already
considered (see, e.g., [I, 7, 11] ), we study the high dimension case when d > 2. Our main result in
this section is read as follows.

10



Theorem 4.1 Let d € N, d > 2 and o € (0,1]. Then there is 9 = eo(d, ) € (0,1] such that for
every € € (0,e9) we can explicitly construct a deep neural network architecture A. with the following
property. For every f € if&;d, we can explicitly construct a deep ReLU neural network ®.(f) having
the architecture A such that

Hf - (I)s(f)Hoo <e.

Moreover, we have

Kf
(d— 1)

41
W(AL) < Cad< ) e log(2e ™)@ DGEH)H (4.1)
and
L(A.) < Clogdlog(2e™),

where K, = BY (@t 40~ with B given in Lemma 3.2 and Cy depends only on «.

To prepare for proving Theorem 4.1 we recall results of approximating the product H;i:l x; and
¢k,s by deep ReLU neural networks, see [33] and [3].

Lemma 4.2 For every § € (0,1), d € N, d > 2, we can explicitly construct a deep ReLU neural

network ®p so that
d

sup <.

xe[—1,1]4

fL’j — (I)p(a})
=1

j:
Furthermore, if x; = 0 for some j € {1,...,d} then ®p(x) = 0 and there exists a constant C > 0
independent of & and d such that

W(®p) < Cdlog(ds™')  and  L(®p) < Clogdlog(ds).

Lemma 4.3 For every dimension d > 2, § € (0,1) and for the d-variate hat functions g s, k € Nd,
s € Z(k), defined as in (3.5), we can explicitly construct a deep neural network ®s5(pr.s) so that

”ka,s - q>6(90k,s)||oo <9

and
W(®s5(pr,s)) < Cdlog(déil) and L(Ps(¢rs)) < Clogdlog(déil). (4.2)

Moreover, supp ®5(¢k.s) C SUPD Pk s-

The above result allows us to construct a deep ReLU network ®. (R, (f)) to approximate Ry, (f).

Lemma 4.4 Let d € N, d > 2, n €N, a € (0,1] and € € (0,1). Then for every f € U4 we can
explicitly construct a deep ReLU network ®. (Rn(f)) of the same architecture A, so that

|Ra(f) = ®=(Ra(f))]| . < (4.3)

Moreover, we have

we () < ca ("5 toglamte) (1.4)
and
L(®.(R,(f))) < Clogdlog(dB%™). (4.5)

The estimates (4.4) and (4.5) also hold for W(A;) and L(A¢) respectively.
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Proof. For every pair k,s with |k|; < n and s € Z(k), by applying Lemma 4.3 with 6 := B~%, we
explicitly construct a deep ReLU neural network ®5(¢ s) so that supp ®s5(pg,s) C Supp ¢ks,

ks — Ps(r,s)loo < B~ %, (4.6)

and it holds the estimates (4.2) for W (®s(¢k,s)) and L(Ps(pk,s)). We approximate R,(f) by the

output
(I)s( Z Z )\ks (I)ﬁ Soks)( )

k|1 <n s€Z(k)

of the network ®.(R,(f)) which is a parallelization of the networks {®5(Pk,s) } k|, <n, sez(k)- Notice
that the interiors of supp ®s5(¢k,s) and supp ®s(pk,s) have empty intersection if s # s’. Moreover, for
every = € I9, there is an s € Z(k) such that « € supp ¢ s, and hence, by using (3.7) and (4.6) we get
the estimates

|Ru(f)(2) — e (Ru(f = > Prslf)(ers(@) — s(ors) (@)
k|1 <n
< 9—od Z o—alkli.p—d
|k|1<n

22 aﬂ(‘Hd >

From

Z (j +m>tj <=0 te(0,1), (4.7)

J

0
see [0, Lemma 2.2|, we obtain (4.3).

By using Lemma 2.4 and the estimates (4.2), the size and the depth of ®. (R, (f)) can be estimated

as
< : <
WP (Ra(1)) < Cl{(hs )£ K < s € ZGN W (5]
_C Z o <€ T >d10g(dBd5_1)
< Cd2r <” - ) log(dB%),
d—1
and

< < de=1.
L(®.(Rn(f))) < ‘kllgrﬁ?éz(k)L(q)d(@k,s)) < Clogdlog(dB%™")

The proof is completed by noticing that ®.(R,(f)) has the architecture A. (independent of f)
which is defined as the minimal architecture of the deep ReLU neural network ®. obtained by paral-
lelization of the networks {®s(pk,s)} k|, <n, sez(k) With the output

)= > > Os(prs)(w), el

k|1 <n scZ(k)
Hence, the estimates (4.4) and (4.5) also hold for W (A.) and L(A.) respectively. a

We are ready to prove Theorem 4.1.
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Proof. Denote ng the natural point from which the function h(n) = 2-*B42-o" (Z”_Lf) is decreasing
and h(n — 1) < 27°%/2 for all n > ng. We put g = min{h(ng), h(d)}. For ¢ € (0,9) we define
n > max{ng,d} by

_ _ +d € _ o fn—1+d
2 aBd2 an T < < 2 aBd2 a(n—1) ) )
<d1>—2< d—1 (48)

With ¢/ = ¢/2 in Lemma 4.4 and ®.(f) = & (R, (f)) we have

d
I = @e)le < 1F = Rl Dl + 1B = Bl e < 252 (35 1) 45 <

We define A, as the minimal architecture of the deep ReLLU neural network ®. obtained by paral-
lelization of the networks {®s(k,s) } k|, <n, sez(k) With the output

<I>E(CL‘) = Z Z q)é(@k,s)(w)7 T e]ld'

k|1 <n scZ(k)
Then ®.(f) has the architecture for all f € U%?. From Lemma 4.4 we have

n+d—1>

W(A.) < Cd2" 10g(2d5_1Bd)( g1

From the choice of n we have

-1 -1
2de 1B < 42%9on (Z + f) < 90m94 <Z + ‘f) < 9om |

By this and (4.8) we get
+d-1N\\Y* [n+d-1
A < 2e-1pa ("
w13 ) )
1
SCd(Qs_le)l/an<n+d_l>a+

-1\ ot
< Cd(ale)l/an<Ez_) 1)!) )

Now h(n—1) <272 and (4.8) lead to 5 < 2-2"/2 which implies n < 2 Jog(2e~!). Therefore we get

(407! log(2e_1))d_1> atl

W(A.) < Cd(e B log(251)< (d—1)!

o/ (da~1yd=1\ atl
_ Cd(Bd)l/ <((3_)1)! ) 8—élog(2e—1)(d—l)(é+1)+1

and (4.1) follows. We also have

L(A.) < Clogdlog (d2¢7'B?) < Canlogd < C'logdlog(2e™").
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5 Deep ReLU network approximation - an adaptive method

In this section, we explicitly construct an adaptive method of approximation with accuracy € > 0 by
deep ReLU neural networks of functions f € U, This method reduces the computation complexity
expressing as the size and depth of the approximating deep ReLU networks comparing with the
computation complexity of the nonadaptive method given in Theorem 4.1. As mentioned the univariate
case was already considered in [7] (0 < @ < 1)) and [10] (e = 1), we focus our attention on multivariate
case when d > 2. The main result of this section is read as follows.

Theorem 5.1 Letd € N, d > 2, o € (0,1]. Then there is 9 = eo(d, ) € (0,1/2] such that for every
e € (0,e0) and for every f € Ugo’d we can explicitly construct an adaptive deep ReLU neural network
O.(f) so that

1f = @(f)lloo <e.
Moreover, we have
K \at? 1y
W (@(f)) éCacF( € _21),) =% (log(2: 1) log log(2e 1)) (1)@~ D) (5.1)
and 1 d-1-a (a+1)(d—1)
L(®:(f)) < Coe™ s (log(2e™ 1)) i (loglog(2e™1)) ™ @, (5.2)
where

Ky = 42273 B) %72 (o log(2a"))/?

and positive constants Cy, C!, depend on o only.

Let us explain the idea of the proof. Let f € U and ¢ € (0,e0) (g0 will be specified latter) be
given. Using the writing

= Ra(f) + (f = Ra(f)),

we explicitly construct deep ReLU neural networks to approximate with accuracy /2 the terms
R, (f) and f — R,,(f) and evaluate the dimension-dependent computation complexity separately, and
then take their sum to get an approximation with accuracy € to f and its dimension-dependent
computation complexity. For approximation of the first term R, (f), we take the deep ReLU neural
network ®_5( R, (f)) which has been constructed in Lemma 4.4.

Thus, our main task is to explicitly construct a desired deep ReLU neural network @, /o ( f—Rn(f ))
for approximation of the second term f — R, (f). Our strategy is to represent the difference f — R, (f)
in a special form and then approximate terms in this representation by deep ReLLU networks. To this
end, we need some auxiliary preparation.

For univariate functions f € CQ'(]I), let the operator Ty, k € Ny, be defined by

T (f) == f = Br—1(f)

with the operator Ry defined as in (3.3) and the convention R_; := 0. From this definition we have
Tp is the identity operator. Notice that for f € U%', it holds the inequality ||T}(f)]| e < 2.

For a multivariate function f € é’(]Id), the tensor product operator Ty, k = (ki,...,kq) € N4, is
defined by

d
Ti(f) = [ [ Tw, (£),
j=1
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where the univariate operator T}, is applied to the univariate function f by considering f as a function
of variable z; with the other variables held fixed.

For n € N, it has been shown in [1] that f — R,,(f) can be represented in the following special form

d—1
F=Ra(£)=)_ > Fu;, (5.3)
=0 [k;li<n

where F, :=T(;,41)et and

Fiy i= T fpy st (@, (D), 5= Loovid =1,
or equivalently,
J
Fr; = [ Ti-vyer = Trser) Tnsr—y e+ (f)s - G=1,...,d—1. (5.4)
i=1
We shall explicitly construct deep ReLLU neural networks <I>5/(ij) to approximate each term Fj; in

the sum in (5.3). Due to (5.4) this is reduced to construct deep ReLU networks that approximate
Tw(f), k € N&. Put

d d
Iy s = Xj:llkj,s]- = ><j:1[2_kj3j,2_kj(5j +1)], k€ Ng, se Z(k),
and

The,s(f)(2) == 2a‘kll_d(Tk(f)Xlk’s) (27%(z + ).

Since supp (Tk(f)x1,.,) C Ir,s and | The ()X 130 0 | e 10y < 24, we have that

supp (Ths(f)) C 1% Thoal(f) € US

Take the function Sy, (Tk s(f)) defined as in (3.11) for Ty s(f) € U%?. By Lemma 3.3 it holds the
estimate

[Tl ~ S Teatr) ., = 527 ().

Define
Sean(f)(@) =271 N S (Ths(f)) (2% — 5). (5.5)

seZ(k)
We then get

176(h) = Sem Dl = | 30 [Tl xro () = 27098, (Th o (1)) (2% - =) |

seZ(k) 00
_ 9—alkli+d Z [Tk,s(f) - S, (Tk,s(f))} (2k . _3)
seZ(k) 0o
Since support of Tk s(f) — Sm (Tk7 s(f )) is contained in I¢, we finally obtain
—a +d
79 = Sen().. < 2BY 22y (). (5.6

Considering Sk (f) as an intermediate approximation of Tj(f), we shall construct deep ReL.U
networks approximating Sk, (f). Since Sk (f) is a sum of functions in S*¢(m), we shall construct
a deep ReLU neural network ®.(S) for approximating S € S“%(m) with accuracy ¢ and estimate its
size.
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Lemma 5.2 Letd € N, d > 2, m € N, a € (0,1], and € € (0,1). Then for every S € S*%(m), we
can explicitly construct a deep ReLU neural network ®.(S) so that supp ®.(S) C I¢ and

1S = P(5)]lo0 < e (5.7)
Moreover, there is a positive constant C' such that

m+d—1

W(®.(5)) < C'dlongm( i1

) log(dB%™Y), L(®.(S)) < C2™logdlog(dB%™Y),  (5.8)
where B is given in Lemma 3.2.

Proof. By Lemma 3.3, for every function S € S%%(m), there is a function f € U%? such that

S(@) = Su(f)(x)= Y 27elkbrd=l N (@1)Sk, s, (1),

|E1|1§m .§1€Z(i€1)

where Si 5 = SKkl NOE 8%(m — |k1]1). Since Sg, 5, is a piecewise linear continuous function, see
(3.9) and (3.8), according to [7, Theorem 3.1] we can explicitly construct a deep ReLU neural network
®(Sg, 5,) With one-dimensional input so that ®(Sg, 5, )(x1) = Sg, & (1), 21 €T, and

W((I)(Skhﬁl)) < C2m_|k1|1’ L(q)(sfcl,iq)) < C2m_|fcl|1' (5'9)

Each univariate function ¢y, s, in the tensor product ¢g, 5 = ®§'l:290kj,sj can be expressed as an
output of a neural network ®(y; s;) with one-dimensional input, deep 3 and 8 weights. Adding layers
(with one node in each layer) putting forward z; to each network ®(yy; s,;) such that it has the length
L(®(Sk, 5,))- We still denote these new networks by ® (¢, ;). Then we obtain

W(®(pr, ;) < C2m IRl

We approximate the d-univariate function g, 5 (21)Sg, 5, (z1) by the output of the network g o
with d-dimensional input which is explicitly constructed as a concatenation of the networks ® (S %15 1),
D(pr;,5;)s J = 2,...,d, with product network ®p in Lemma 4.2. With ¢ = B in Lemma 4.2 we
have

ng/_ﬂ,ﬁ S’:?1,51 o (1)1_61,51 Hoo < EBlid' (510)

Since |¢g, 5, (1) < 1 for 21 € 19! and Sk, 5, (1) < 4 for 21 € I by (3.10), from Lemmata 2.6, 4.2
and (5.9) we derive that

d
W(®g,5,) < C(Z W(®(en,,5,)) + W (P(Sk, 5,)) + W@P))

=2 (5.11)

< Cd(2m kil 4 log(dB)),

and ~
L(®g, 5,) < L(®(Sk, 5,)) + L(@p) < C(2m7 k1l +log dlog(dBl™)). (5.12)

Moreover supp(®, 5,) C supp(¢g, 5,5k, 5, ) by Lemma 4.2.

Let the network @ with output



be explicitly constructed as a combination of the networks {® Fo1.51 b
Then by Lemma 2.5, (5.11) and (5.12) we obtain that

s162(ky) by the special construction.

L(®g,) < Z L(®g, 5,) < C2|f“1|1(2m_‘kl‘1 +log dlog(dB%™1))
51€Z(k1) (5.13)
< 02™logdlog(dB%™1)

and

> W(®g, )+ (d+1)L(g,)
§1€Z(EZ1)

< ¢d2Fih (2m=IFil | 1og(dB%™1)) 4 C(dlog d)2™ log(dB% ")
< C(dlog d)2™ log(dB%1).

(5.14)

Since x € I¢, we can construct a standard network with the same output as ®j, and the estimates
(5.13) and (5.14) hold, see (2.1) and (2.2). We still denote this network by @z . Now we define the

network ®.(S5) as a parallelization of the networks (g, )z,|,<m With output

Z 2—oz(|l_<:1\1+d—1)(1>’:: (CC)
1

|k1]1<m

Since supp (<I>,—c17§1) C supp(¢g, 5,5k, 5,) and for a given k1, supp(¥g, 5,5k, 5, ) and supp(c,o,—chgl1 S,-chg/l)
are disjoint if 8/ = 51, it holds by (5.10) and (4.7) that

k d—
152 < || 3. > 27 Vg, 5 Sp s — B
|k1|1<m 81€2Z (k1) e
—allk d—
= Z 2 Ot(l 1‘1+ 1) max H<)0k1 518k1731 - ¢E17-§1HOO
|k1|1<m 8 EZ(kl)
< Z 9—« a(lk1|14+d—1) ceB1—d
|k:1|1<m

:5 dle €a<£+d 2>§5

By Lemma 2.4 and (5.13), (5.14) we obtain

d—1
W(@e(S)) < 3|{a: Bl < m}| max W(2g,) < Cldlogd)2™ (m; ) ) log(dB%e™),
kl 1<m -
and
L(®.(9)) < Anax L(®g,) < C(logd)2™ log(dB% ™).
ki|1<m
Finally, the inclusion supp ®.(S) C I follows from Lemmata 4.2 and 4.3. O

The following result is a generalization of [7, Lemma 5.1] to d-dimensional case.

Lemma 5.3 Let k € N, A C Z(k) and j € {1,...,d}. Let ® be a deep ReLU network with input
dimension d such that supp ® C I¢. Denote

:Z@(xl,...,Zk:rj—s,...,xd), x el
seEA
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Then we can explicitly construct a deep ReLU network ® 5 with output f(x) and
W (@) < Cd[A[+W(D)),  L(Pa) <5+ L(D). (5.15)

Proof. Without loss of generality we assume that j = 1. Set Hox_,(t) := o(t — 27%s)/(1 — 27Fs),
Hoyi(t) := 0 and Hy := ¢}, for s € Z(k) \ {2¥ — 1}, where ¢}, is defined as in (3.4). Let

Zi(k) :={seZ(k):s=3r+i,re Ny}, i=0,1,2.
To make the proof simple, we divide it into several cases of A and ®(-).

Case 1. The case A C Z;(k) for some i € {0,1,2} and ®(x) > 0 for all € I?. We will show that

f(x) = a(CI)(ZHS(xl), xl) - ¢><1 =Y Hop(a), x1)> (5.16)

seN sEN

for all € I Indeed, if 21 & Usep[27%s,27%(s + 3)] we have Yosen Ho1(z1) = > cp Hs(z1) = 0.
Since supp ®(-) C I we get
fl®)=0=0(2(0,21) — ®(1,21)).
If 21 € [27%50,27% (59 +1)] for some sy € A we have YosenHsii(zr) =0and )\ Hy(z1) = 2k 21 — s0.
Since ®(z) > 0 and supp ®(-) C I we obtain
f(CC) = (13(2k561 — 50,531) = U((I)(le‘l — So,il) — (I)(l,:il))

If 21 € [27%(s0 4+ 2),27%(so + 3)] for some sy € A we have >, ) Hs(z1) = 0. Again from ®(x) > 0
and supp ®(-) € I¢ we get

flx)=0= a<<I>(0, T1) — @(1 - ZAHsH(xl),ml)).

If 21 € [27%(so + 1),27%(so + 2)], so € A, it is easy to see that >, ) Hs(z1) = 1 — Y cp Hop1(21).
Hence, the equality (5.16) holds. We have

Hy(zq) = 0(1 — J(Qkxl —5— 1) — U(s +1-— 2’%1))
for s € Z(k)\{2% — 1} and Hyr_;(z1) = Tl_,csa(xl — 27 k).

Denote the neural networks on the right side by ®(H,). Then the functions ) ., Hs(x1) and
1 -3 en Hsi1(w1) can be realized exactly by two networks ®; and @3 constructed by parallelization
of ®p,. By Lemma 2.4, the length of ®; and @5 is 3 and their sizes are bounded C|A|. Since ®1(z1) >0
and ®o(z1) > 0 when z; € I, we can write

f(x) = o[®(c(D1(21)), 0(0(0(21)))) — (0(P2(1)), o (o(0(21))))].

Therefore, the network ®, is a concatenation of ®1, ®o, o(o(c(21))), and ®. It is clear that we have

the estimate
W(®y) < C(d|A] + W (D)), L(®y) <4+ L(D).

Case 2. The case A C Z;(k) for some i € {0,1,2} and ®(x) changing sign when € I¢. In this
case, we write ®(x) = o(®(x)) — o( — ®(x)). Hence

f(x) = Za(fb@km —5,&1)) — ZO’( — o2z, — s,&1)), € 1.

TSN seEA

18



Applying the construction in Case 1 for each sum on the right side with ® replaced by Id(¢(®(-))) and
Id(o(—®(-))) respectively we obtain two neural networks @1 and @ . Here Id is the identity operator.
Concatenating these two network by parallelization, see Lemma 2.4, we obtain ®,. Note that

W(Id(a(®(+)))) = W(Id(o(=®(-)))) = W(®) + 1
and
L(Id(o(®(-)))) = L{Id(o(~(")))) = L(®) + 1.

Therefore, the estimates (5.15) still hold true.

Case 3. General case. We rewrite f in the form:

flx) = Z Z 2%z — 5, 21).

7=0,1,2 seAnZ, (k)

To construct the network ®4, we first construct the network ®4;, j = 0,1,2, by using the procedure
in Case 2 to have that

pj(@) = Y (2% —s,3).
SEAﬂZj(k‘)

Then by parallelizing (®4;);=0,1,2 we obtain the network ®,. From Lemma 2.4 we prove (5.15). a

Lemma 5.4 Letd,m € N, d>2, k€ N? o € (0,1] and € € (0,1). Assume that ®.(S) is the neural
network constructed in Lemma 5.2 to approximate S € So"d(m) with accuracy € and computation

complexity as in (5.7) and (5.8). Then for every f € U™ we can explicitly construct a deep ReLU
neural network ®, (Skm(f)) so that

Hq)s (Sk,m<f)) - Sk:,m(f)Hoo < 2ia|k|1+d5 . (5‘17)
Moreover,
W (@< (Skm(f))) < Cd <2'kll + log d2/kli =kl N, ()2 <m ;r_d 1_ 1) log(dBds_1)> : (5.18)
and
L(®:(Skm(f))) < Clogd Ng(m)2™ log(dB%™), (5.19)

where Ng(m) is given in Lemma 3.3 and B is given in Lemma 5.2.

Proof. We can assume without loss of generality that k1 = |k|s. By the definition (5.5), for f € Ue
we have that
Sk:,m(f)(w> = 2—a|k\1+d Z Z Sm(Tk,s(f))(Qkx - 3)'
§1€Z(’::1) SlGZ(kl)
We number the elements of the set S*4(m) from 1 to Ng(m) as S,..., Sn,(m)- For 81 € Z(k1) and
n=1,...,Ng(m), we define
Ay(31) = {51 € Z(k1) : Sin(The,s(f)) = Sy € S¥*(m)}.
Hence, we can write

Ng(m)

S (f)(@) = 270+ K™ NN g, 2k — s).

81€Z(k1) n=1 s1€Ay(31)
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To approximate Sk ,,,(f) we use the output

P (Skm () (@) = 270lhHd S 7 Z > (S (2 - s) (5.20)

s1€2(ky) 1=1 s1€A,(51)

of a deep ReLU neural network ®. (Skm( f)) Let us first show explicitly how to construct such a
network @ (Sk.,(f)) and then estimate its size and depth. Denote by ®g, 5, the network constructed
by adding a layer of d nodes before the input layer of ®.(S,). Computations at nodes in the first layer
of ®g, 5, are o(z1) and o(2%z; — s;), j =2,...,d. Then by (5.8) we have

W(®s,5) <2(d—1) + 14+ W(P(S5,)) < CW(Pc(Sy))

and

L((I)Sn,&) < 1+ L(®(Sy)) -
Since supp ®.(S,) C I¢, we have ®g, 5, (x) = (S, (21, okig, — 51). Hence we can write
O (S (f))(z) = 24-alkh Z Z Y B8 (2521 —s1,3).
31€Z(k1) n=1 s1€Ay(31)

Applying Lemma 5.3 to the function ZsleA ) g, 5 (2k1x1 — 51, :El), we can explicitly construct a
network @, (5,) with the output

(I)An(.§1)(m) = Z <I>Sn,§1 (2k1x1 — 51, j1)
S1€An(§1)

so that its size and depth satisfy
W (P, s1)) < C(dIAy(31)]| + W (Ps,5,)) < C(dIAy(31)] + W (D:(Sy)))

and
L(®y,(s,)) < CL(®s,5,) < CL(®:(Sy)).

Let @5, be the special network combining (CI)A (81))n=1,...,N (m) With output

Ng(m)
T)= Y Oy (@)
n=1

By Lemmata 2.5 and 5.2 its length is bounded as

< > L(®a,e) <C Z )) < C'log dNg(m)2™ log(dB%~1)

Ng(m) (m)
77:1 :
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and its size

Ng(m)
W(®s,) < W (@, (sy)) + (d+1)L(Ps,)
n=1
Na(m)
< Y O(dAy )]+ W (@:(S,) + (d+ DL(®s,)
n=1
Na(m) m+d—1
< C’( Z d|Ay(31)] + (dlog d)Ng(m)2™ log(dBd€_1)< J_1 >>
n=1

<0od (z’fl + (log d)Ng(m)2™ <m ;_d 1_ 1) log(dBds_l)) :

Since z € 1%, the network ®z, can be transformed to a standard ReLU neural network with the same
output and estimation for depth and size (by adjusting the constants), see (2.1) and (2.2). We still
denote this new network by ®z,.

The network @, (Skm(f)) is a parallelization of (@gl), P which has output (5.20) and by Lemma

s1€k
2.4
W (@< (Skam(f))) <2281 max W(@5,)
s1€ky
z -1
< Cd2lkih <2’ﬂ + log dNy(m)2™ <m :lr_dl ) log(dBd6_1)>

and

L(®(Skm(f))) < max )L(cbgl) < Clogd Ng(m)2™log(dB%™1).
s1€Z (k1

Thus, (5.18) and (5.19) have been proven. Next, we prove the estimate of the approximation error
(5.17). Notice that by the assumptions of the lemma and Lemma 5.2 supp S C I¢ and supp ®.(S) c I¢
for all S € §%%(m), and it holds the estimate (5.7). Moreover, for different pairs (s,7) and (s',7),
the supports of the functions (®(S,) —S,) (2% —s) and (®-(S,y) — S;y) (2% - —s') are disjoint. Hence,
by (5.7) we obtain

Ng(m)
ST DT (@(Sy) - Sy)(2F - —s)

19 (Skn(f)) — Skm(f)] o, = 29721kI

§1€Z(E:1) n=1 sleAn(gl) ©
— gd—alkli oy max max d.(S,) —S,)(2F. —s
51€7(k1) 1<n<Na(m) s1€A,(s1) (<5 = 50)( -
which proves (5.17). a

We are now in position to prove Theorem 5.1.
Proof. For convenience, we divide the proof into several steps.

Step 1. [Construction a deep ReLU neural networks ®.(f)]. Let us recall our plan of the proof.
To approximate f € Ugo’d, we will construct a deep ReLLU neural network with an output of the form

(I)a(f) = (I)E/Z(Rn(f)) + q)a/Z(f_Rn(f))v (5'21)
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where @,/ (Rn(f)) and @, /2 (f — Rn(f)) are deep ReLU neural networks approximating R, (f) and
f — Ry, (f) with accuracy /2, respectively. Then we have

1 = @(Fllso < |Bnlf) = epo(Bu(H)) |, + |(f = Bu(f)) = epo(f — Ro(H))||, < (5:22)

For approximation of the first term R, (f), we take the deep ReLU neural network @, /5 (R, (f))
which has been constructed in Lemma 4.4. Let us construct a deep ReLU neural network
D, /9 (f = R,(f)) for approximating f — R,(f) with accuracy £/2.

As noticed above, since the difference f — R, (f) is represented as in (5.3), we shall explicitly
construct deep ReLU neural networks ®.(Fj;) to approximate each term Fy, with accuracy ¢’ in the
sum in (5.3), where the value of &' will be chosen latter. For ease of notation we consider the case
supp(k;) = j with 1 < j < d —1. The other cases are carried out similarly with a slight modification.
From (5.4) we have

J
Fy, = H Ties—1)er = Tived) Tins1— iy |1 yei+1 ()
-

= Y DMy Ty e () = D clelf),

ec{0,1}J LeA(k;j)
where

Akj) = {£ € NG, supp € C {1, j+ 1}, =k — e, L1 =n+ 1 |ks,e € {0,1}}

and cg is either 1 or —1. It is easy to see that |[A(k;)| < 2/ for all k; and if £ € A(k;) then
n+l—-d< £y <n+l.

We approximate Fg; by the output

P (Fy,)(z) := Z ce®er (Sem(f)),

LeA(k;)

where the networks ®./(Sg,,(f)) are constructed as in Lemma 5.4. The network ®./(Fy,) is a paral-
lelization of ®./(Se.m(f)), € € A(k;).

We define ¢,/ ( f—R,(f )) as a deep ReLU neural network with the output
d—1
Oopo(f = Ro(£) =D Y. P (Fiy) (@) (5.23)
J=0|kj|1<n

which is a parallelization of ®.s (ij), |kjli <n,j=0,...,d—1. It approximates f — R,(f) with
accuracy €/2 by an appropriate choice of &’

_ +d
/:Bd2 am M
c <d1

We put
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with m will be chosen later such that &’ € (0,1). We have from (5.6) and Lemma 5.4

| Fr, — ®er (Fi,)|| o < Z (HTe(f) — Sem()]|o + || Per (Sem(f)) — SZ,m(f)HOO)

£eM(ky)

< Z ((QB)d(2m2|£|1)a (73 +1d) 4 2—a|£|1+d€/>
£eA(ky) -

< Z ( 2m2n+1 d) <m + d> 4 2—a(n+1—d)+d€/>
eeA(k;) d—1

: — +d
< 2]—1—1—04 2o¢+1B d gmon alm )
< ait-a(att gty (M

This leads to

d—1
1(f = Ro() = @epo(f = Rl o <D > @ (Fry) — Fi ||

=0 |k, 1 <n

d—1
Jj+l—a/ga+l maon m+d
> 2 (2T B)d(2m2") <d_1>

|kjli<n

TL+] l—a/qga+l1 maon) & m+d
2J 2 2 B)*(2™2
( J ) ( (@) <d—1

<

M

Q<.
= o

IN

—0

l—a(ga+2 p\d(omon) — m+d\(n+d—1 _.
(292 B)¢(2m2") <d_1)< g1 )= A

<

<

[\)

In the next step, our task is to choose n,m (and therefore, €’) depending on ¢ such that A, ,, <¢e/2.
Then we define the deep ReLU neural network ®.(f) as a parallelization of the networks @,/ (Rn( f ))
and @, 5(f — R,,(f)) with the output (5.21). From this (5.22) follows. The size and depth of ®.(f) are
estimated explicitly in d and ¢ from the estimation of sizes and depths of ®./, (Rn( f )) and ./ (Fy;)
by the choice of m,n.

Step 2. The choices of €9 and n, m. Define my > d as the smallest integer such that
Bdg—amo (’Zofld) < 1. Denote ng € N from which the function

h(n) := K427 "n? 1% (logn)@+ D=1, (5.24)
where
+2B)4(4d1 LA 2
Kjo:=2(2¢ @ .
da = 2( )*(4dlog 3) <(d_1)!> (5.25)

is decreasing and h(n — 1) < 272 for all n > ng. We put n; = [(8dlog3)2™° (modtdl_l)J +1 and
define 9 = min{h(ng), h(n1),1/2}. For ¢ € (0,e9) we choose n € N, n > max{ng,n1}, such that
h(n) <e/2 < h(n —1) and then m such that

m+d

>m < 2% < (logd)3¥™ (i )2m+1<d_1>(m+ 1. (5.26)

(log d)327n+1 (’m+d1—1)2m (m + d —1

d—
d—1

These choices imply

2m+1 (m+d71

d—1 ) < 2% < 32m+3(7§j1d)
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and

d—1 d
gm-+1 <m (";_ . ) log3 < g < (8log 3)2™ <73j1> and m <logn. (5.27)

Since n > (8dlog 3)2"° (”Zlﬁld) we get m > mg > d and

_ _ d m4+d\ /n+d—1
< l—a/qa+2 do—na m +
Apm <277%2%7°B)%2 [dn (810g3)<d 1 d1 d—1

gd—1 \ at2
< 2(2a+23)d(4d log 3)& < (d — 1)'> 2fanndflfam(a+1)(d71)

= h(n) <

l\D\(“)

Step 3. Estimating the size and depth of ®./(Sgm(f)). Fromn+1—d <|€]; <n+ 1 we have

1—-d
]£]1—1£]m§n+1—%§n—%+2
which by (5.18) leads to

W (@ (St (£) < Ca(2 4 (o2 3 (7 71 log(ate ™ Natm) )

Note that by the choice of £’ we get

-1
10g(dBd5’71) <log <d20‘m <T;L +1d) ) < am.

It yields from (5.26)

(logd)Qm (m +d— 1)mNd(m) < 32m+1(m;7d;1)2m <m +d— 1>m < 9%,

al3

d—1 d—1

Consequently
W (@ (Sem(f))) < Cad2™ (5.28)

Similarly, we have

m—+d—1

L(®o(Sem(f))) < Clogd Ng(m)2™ log(dB%' ") < Ca(logd)3®™ " ("i" Domm < ¢,21.
Step 4. Estimation of the size and depth of ®(f). We recall that ®,/5(f — R, (f)) is the network
obtained by parallelization of ®./(Sg,(f)) with £ in the multi-set
A= {EEA )3_0 —1, |k]\1§n}
and has the output equal to the double sum on the right side of (5.23). We have
n+j afn+d—
< J = J < .
|A|ZZ2 Zz( >2(d
J=0|k;|1<n

The network ®.(f) is a parallelization of ®./5(Rn(f)) and ®./5(f — Rn(f)). Therefore, by Lemma 2.4
and the construction of ®,/5(R,(f)) and <I>€/2( R, (f)) we obtain

W((I)E(f)) < Cmax {W((I)E/Q(Rn(f)))a W((I)a/Q(f - Rn(f))}
< Cmax {W(@E/an(f))) 2 (“ - 1) maxW@E/(se,m(f)))}.

d—1 LeA
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From Lemma 4.4 and (5.28) we deduce that

o)< come a1 25 )t (1251}

Since h(n) < e/2, from (5.24) by simple calculation we get
log(dB% ™) < Cy(d +n) < Cypdn

which implies

d—1

don, d 2
W(B.(1) < Cod22n Zr.

From /2 < h(n — 1) < 27%/2 we deduce n < 2o~ log(2e~!) and by (5.24)

1
" < O, (Kda25 Lpd=1=0(jog ) (@+D(d= 1>) o (5.29)
Consequently
2d71 1
W(e:(f)) < Cad2dm <Kd,a5_1(n log n)(a+1)(d_1)) )
24-1 (1+3)(d=1)
< Cadem(Kd,a)é5_é (log (2a_1 10g(25_1))204_1 log(25_1)> .

We use the inequalities with p := (14+1)(d—1) > 1, e € (0,1/2)

[log (204_1 log(2s_1))]p = [log(2a_1) + log log(25_1)]p

< [2 log (2a71)(loglog(25*1))]p (5.30)

to obtain

d—1

W (D)) < Cad2®——— (K4

14+1)(d-1)
(d— 1 ’

Qw
QF

(
e~ <4a Yog(2a~ )loglog(2e_1))log(2s_l))

Replacing K4, by the right-hand side of (5.25), we prove (5.1).

Now we estimate the depth of ®.(f). By applying Lemmata 2.5, 4.4 and by the construction of
@, /5(f — Rn(f)) we have that

L(®(f)) = Cmax {L(®e2(Ru(f))), L(Pe/2(f — Ru(f))) }
< C'max {logdlog(dB%(c/2)™"), maxL( = (Sem(f))}
< Cy max{logdlog(dBd b, %}
< Cq max {( dlogd)n,2d}.

By (5.26) and (5.27) it is easily seen that 2@ dominates (dlogd)n. From (5.29), the inequality
n < 2a tlog(2e71), and (5.30) we get

n 1 da
2% < C, (Kdae? Lpd=1=0(1gg p)(a+1)(d- 1)) /(de)
a ! —1yyd—1— -1 1 1)(d—1)\ /(@)
< C, (Kd o log(2e7)) *(log(20 " log(2e~1)))la+Dld— ))
1/(do
< Ca <Kda€ _1log(Qs_l))d_l_a@log(2of1)loglog(25_1)))(a+1)(d_1)> 8 ),
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In view of (5.25), we find that

(Kd7a(2a71)d717a(2 log(Qafl))(a+1)(d,1)) 1/(de)
is bounded by a constant depending only on a. Consequently
L(®.(f)) < Cac~1a (log(2c71)) o (log log (2~ 1)) s
which proves (5.2). 0

6 An application to numerical solving PDEs

In this section, we apply the results on approximation by deep ReLLU neural networks in Sections 4 and
5 for numerical approximation to the solution of elliptic PDEs. Before going into detail, let us analyze
the differences between approximation by deep ReLU neural networks and finite element methods. It
is well-known that every deep ReLU neural network in R¢ represents a continuous piecewise linear
function defined on a number of polyhedral subdomains and conversely every continuous piecewise
linear function in R? can be represented by a deep ReLU. This shows that there exists some deep
ReLU neural network which is at least as good as adaptive finite element for solutions of PDEs.
However, the approximation to solutions of PDEs in high dimensions by finite element methods is
burdened the curse of dimensionality. For some PDEs, it has been shown that deep neural networks
are capable of representing solutions without incurring the curse of dimensionality, see, for instance,
[21, 14, 20, 20]. For further discussion about relationship between deep ReLU neural networks and
finite element methods in numerical solving PDEs, we refer the reader to [17, 28, 30].

Consider a modeled diffusion elliptic equation
—div(a(x)Vu(z)) = f(z) in I¢ ulye = 0,

with a function f and a diffusion coefficient a having sufficient regularity. Denote by V := W21 (I%) the
energy space. If a satisfies the ellipticity assumption

0 < amin < a(x) < apax < 00, VI € ¢,

by the well-known Lax-Milgram lemma, there exists a unique solution u € V in weak form which
satisfies the variational equation

/a(m)Vu(az)'Vv(m)dm = /f(:n)v(m) de, YveW
14 14

We want to approximate the solution w by deep ReLLU neural networks. The approximation error
is measured in the norm of Ly, (I¢). Assume for the modeled case that a and f have Holder-Nikol’skii
mixed smoothness 1, i.e., a, f € HL (I?). Then, the solution u has at least mixed derivatives 9%u with

a e Ng, max;—i __4c; <1, belonging to Ly(1%) [12], and therefore, by embedding for function spaces

of mixed smoothness, see [32, Theorem 2.4.1], u belongs to Jirle (I9). For simplicity we assume that
e1/2

u € U .

For the nonadaptive approximation, according to Theorem 4.1, for any € > 0 sufficient small one
can explicitly construct a deep neural network architecture A. independent of f and a, and a deep
ReLU neural network ®.(u) having the architecture A, such that

[ = Pe(u)loo <,
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Kf
(d—1)!

3
W(A:) < C’d( ) e 2 log(2e~1)3d— 1+
and
L(A.) < Clogdlog(2e™1),

where K7 := 8(v/2 +1)%/2,

For the adaptive approximation, according to Theorem 5.1, for any ¢ > 0 sufficient small one can
explicitly construct an adaptive deep ReL.U neural network ®.(u) so that

[u— @ (u)]o < e,

d 6
K )') 872(log(25*1)log log(25*1))3(d71),

W(®.(u)) < Cd? ((d—l

and
3(d—1)

(loglog(2e™1)) " @,

2d—3
d

L(®-(u)) < C'e"(log(2e™Y))
where Ko := 16((2 + v/2))/3.

7 Conclusions

We have presented both nonadaptive and adaptive methods for explicit construction of deep ReLU
neural network ®.(f) having an output that approximates functions f in the Holder-Nikol’skii spaces
with an arbitrary prescribed accuracy € in the Lo,-norm. Nonadaptivity means that the architecture
of approximating deep ReLU neural networks is the same for all functions in U, For nonadap-
tive approximation, by using truncation of Faber series as a intermediate approximation, we have
established a dimension-dependent estimate for the computation complexity characterized by the size

W(®(f)) estimated by

K¢ \et s .
W(®.(f)) < Cad<(d _11)'> e a log(2e ™)@ D(G D+

where K| = BY/(@tD40~1 with B = (2% — 1)~L.

Concerning adaptive method, for any f € (O]ooé’d, we explicitly construct a deep ReLU neural
network ®.(f) of adaptive architecture having the output that approximates f in the L, (I%)-norm
with a prescribed accuracy € and having the size estimated by

K3
(d—1)!

242
W(2:(f)) < Cad2< ) &‘_é(log(Qe_l)loglog(Q(g—l))(lJré)(dfl)7

where Ky = 4(223B) %+ (a~log(2a1))!/>.

Construction of deep neural networks in the adaptive method is more involved but improves
log(2¢7!) in the computation complexity of the approximating deep ReLU neural networks compared
to the nonadaptive one.

Our theory is illustrated by an application to numerical approximation to the solution of elliptic
PDEs.
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