DENSITY ESTIMATES FOR JUMP DIFFUSION PROCESSES

ARTURO KOHATSU-HIGA, EULALIA NUALART AND NGOC KHUE TRAN

ABSTRACT. We consider a real-valued diffusion process with a linear jump term driven by a
Poisson point process and we assume that the jump amplitudes have a centered density with
finite moments. We show upper and lower estimates for the density of the solution in the
case that the jump amplitudes follow a Gaussian or Laplacian law. The proof of the lower
bound uses a general expression for the density of the solution in terms of the convolution
of the density of the continuous part and the jump amplitude density. The upper bound
uses an upper tail estimate in terms of the jump amplitude distribution and techniques of
the Malliavin calculus in order to bound the density by the tails of the solution. We also
extend the lower bounds to the multidimensional case.

1. INTRODUCTION AND MAIN RESULTS

Consider the following integral equation with jumps

t t [ee)
X;f::c+/ a(Xj)st+/ B(XD)ds+ > Yilpe, >0, (1.1)
0 0

=1

where € R and (By);>0 is a standard Brownian motion. The jump amplitude sequence
Y = (Y;)i>1 is formed with i.i.d. random variables which have mean zero, finite moments of
all orders and probability density function ¢. The jump times (7});>; are the arrival times
of a Poisson process (/Vy):>o with rate A > 0. All sources of randomness are assumed to be
mutually independent.

The coefficients o,b : R — R are assumed to be twice differentiable with bounded
derivatives of all orders. Set ¢; := ||b]|« and ¢z := ||0||co. Moreover, we assume that
inf,er |o(y)| > p > 0 for some constant p > 0.

Under these conditions it is well-known that there exists a unique cadlag adapted Markov
process X* = (X[);>0 solution to the integral equation (1.1), which satisfies that for all
T>0andp>1,

E[ sup ]Xf]pl < 00,
te[0,7)
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see for e.g. [4, Theorem II1.2.32|. Moreover, it is also well-known that for all ¢ > 0, the law
of X7 has a density with respect to the Lebesgue measure on R, that we denote by f;(z, ),
see |2, Theorem 2.5] or |9, Theorem 11.4.4].

In this paper, we are interested in obtaining upper and lower bound estimates for the
density f. When equation (1.1) has no jumps, Gaussian estimates for the density are well-
known. Indeed, if we denote by Z* = (ZF);>¢ the unique solution to the equation

t t
Zf:x+/ a(Zf)st+/ b(Z%)ds
0 0

and by p(z,-) its density function, then it is well-known that for all 7" > 0, there exist
constants Ar,ar > 1 such that for all t € (0,7] and y € R,

1 aply—x|? AT _ly==?
L e ) < ¢ Bt 1.2
W or < pi(,y) 5 (1.2)

see for e.g. |5, 6, 10]. However, in the presence of jumps, less is known about estimates
for the density of the solution to (1.1). Similar estimates for the density function f as the
ones we obtain in this paper are proved in |7] (see also the references therein) for a class of
infinite activity Lévy processes. The main motivation to write this paper is the fact that
the model (1.1) appears in some insurance problems and their statistical estimation requires
in principle properties of their transition densities. The Laplace transform and Karamata-
Tuberian theorems are traditionally used in order to obtain asymptotic results for the density,
see for e.g. [1] and the references therein. Here we propose a more direct analysis of the
density that replaces the machinery of Laplace transforms.

The aim of this paper is to obtain upper and lower bounds for the density f when the
jump amplitudes follow the Gaussian or Laplace laws.

Theorem 1.1. Assume that ¢ is the centered Gaussian density with variance 3 > 0. Then
for all T > 0 there exist constants Cp,cr > 1 such that for allt € (0,T] and x,y € R,

CEl (QCle:cl 1n+(|y;71‘) + ﬂ) < ft(fl?,y) < ﬁechl\yﬂd\/@’
Vi Vi

where In (r) = max(Inz,0).

Theorem 1.2. Assume that ¢ is the centered Laplace density with scale parameter 1/ where
u >0, that is,

o(z) = et (1.3)

Then for all T > 0 there exist constants Cr,cp > 1 such that for allt € (0,T] and x,y € R,

1,.— C -1
o7t (e + 22 < o) < Teemonn
The proof of these two theorems that may be applied to other probability density functions
. Indeed, first, we obtain an expression for the density f in terms of a convolution of the
density of the continuous part p and the jump amplitude density . This expression is given
in Proposition 2.1 below and turns out to be very suitable in order to obtain lower bounds
for the density. Second, we show an upper tail estimate for the solution to equation (1.1) in
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terms of the jump distribution of Y that will be crucial for the upper bounds, see Proposition
2.3 below. Finally, in Proposition 2.5 below we appeal to the techniques of the Malliavin
calculus in order to bound the density f; in terms of the tail probabilities of X. These three
results are proved for a general jump amplitude density . Then, we will show how to apply
these general results for the two particular cases of ¢ defined in Theorems 1.1 and 1.2.

The rest of the paper is organized as follows. Section 2 presents the key preliminary results
explained above for a general density ¢. Section 3 is devoted to the proofs of Theorems 1.1
and 1.2. Finally, in Section 4 we explore how the main results extend in the multidimensional
case.

2. PRELIMINARY RESULTS

In this section we present some preliminary results that will be crucial for the proof of
Theorems 1.1 and 1.2.

We start proving an expression for the density that will be very suitable in order to
establish lower bounds. For any ¢ > 0 we consider the random variable Z + Y and we
denote by ¢;(z,y) its probability density function, where recall that Z7 is the continuous
part of X} and has density p, and Y is the jump amplitude which has density ¢. As Y and
Z¥ are independent then we have that ¢/(z,y) = (p; * ¢)(z,y) where x denotes the space
convolution of the functions p,(x,-) and ¢(-). That is,

q(x,y) = /Rap(y —v)p(z,v)dv. (2.1)

The following result gives an expression for the density of X} in terms of q.

Proposition 2.1. For anyt > 0 and x,y € R, the density fi(z,y) of X} solution to equation
(1.1) can be written as (here to =0):

fila,y) = pi(x, y)e™ + Z/ Gry—to %+ % Gyt g * Doty (T, N TN d

1 St <<t <t<tni1

(2.2)

Proof. Recall that the probability density function of the random vector (7, T, ..., T,) has
a density function given by

91y Ty (1 o tn) = A M Loc et (1, ).
Therefore,
i) = EI8, (7)) = E0,(2) L] + SO EIB,(X0) U cocrpcrcn). (23)
n=1

where forn > 1, X;”" = X;"" (1, ..., t,) denotes the solution to the following integral equation
with deterministic jump times

t t n
X" =1+ / o(X7™)dBs + / b(XI™)ds + Z Yil,<
0 0

=1
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Remark that an abuse of notation is used here when we write the delta distribution function
dy(x). The formal argument can be obtained by proper approximation arguments which are
left to the reader.

As Z7 and T are independent, we have E[0,(Z}) 1<y ] = pi(z,y)P(t < T7). Similarly,
using Chapman-Kolmogorov’s equation, we can write
E[6y (Xi™")] = Gri—to * =+ * Qtp—to s * Pe—t, (2, 9).

Using again the independence between the jump times and the other random components
in X®", we obtain

E[éy (th) 1T1<---<Tn<t<Tn+1] - / E[dy(Xf’n)])‘nHeiM"Hdtl e dtng

b <o <ty <E<tpg1

Plugging these results into (2.3), the result follows. O
Remark 2.2. Observe that in the linear case, that is, b =0 and o = 1, (2.2) reads as
— = *N AL)"
) = e 3@ x o)y — 1)
n=0

where ®; denotes the N(0,t) density.

The second result of this section is an upper bound for the tail probability of X} in terms
of the distribution of the jump amplitude Y. This result is an extension of Lemma 26.4 in
[11], where a similar tail probability estimate is obtained for Lévy processes. Let us first
introduce some notation which is similar to that in [11]|. Define

C:={uecR:E[e”] <oco} and s:=sup(C).
Note that C' is an interval and assume that s > 0. Set, for u € C,

1
U(u) = §u203 + AE[e"Y —1].

Then
U'(u) = ucs + AE[Ye"]
and
U"(u) = c3 + AE[Y "]
Notice that ¥ € C*°, and ¥” > 0 in the interior of C.
Let u = 0(&) be the inverse function of £ = ¥/(u), that is,

£ =0(&)c; + AE[Y "], g€ (0,W(s5-)).
Proposition 2.3. For allt >0 and z,y € R such that @ —c € (0,V'(s—)), we have

ly—z|

P(X7 —a] > |y —af) < 2e7h T OO

Proof. Let u € (0, s) and let (M;);>o denote the Ito-Lévy process given by

t e 1 t
M, = u/ o(X)dBs + UZY; < — §u2/ o*(X")ds — )\t/(euz — Dp(z)dz.
0 0 R

=1
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Observe that

t 1 t
u(Xy —x) = My + u/ b(XT)ds + §u2/ o?(X%)ds + )\t/(e“‘Z — D(z)dz.
0 0 R

By It6’s formula,
t (0.9}
M= 1 +u/ Mo (XT)dB, + ) M (e = 1) 1g,<y — / / Ms— (% — 1)p(2)dzds.
0 i=1

In particular, M; is a martingale and E[e*] = 1.

Using Markov’s inequality and the fact that o and b are bounded, we have that

P(X? — x> |y — z]) = P(e"Xi—®) > euly=al)

( Mt+uf0 (X7 ds+1u2 tUQ(X;”)der/\fJ Jr(e¥*=1)p(z)dzds > €u|yfx|)

IN

P
P(e Mytucit+zu At o (e —1)p(2)dz €u|y—$|)
P

< Mz > €(|y z|— Clt)uffu cat—ME[e*Y — 1])

min 6—(\y—w|—c1t)u+t\lf(u) — min et(\IJ(u)—uz)’

0<u<s O<u<s

IN

where z := =2l _ ¢/ The rest of the proof follows as in Lemma 26.4 in [11]. Indeed, we

have z € (0, ¥'(s_)). As U'(u) — z changes value from negative to positive at u = 0(z) and
U(0) =0, we have

0(z) z
min (U(u) — uz) = U(O(2)) — 0(2)z = /0 W (u)du — 0(2)z — /0 £do(E) — 0(2)>

= 20(2) ~ o) — [ oepde — o)z = - [ o(e)as

since

lim £0() = lim ¥/ (u)u = 0.
im £0(¢) = lim W' (w)u

This shows the upper bound for P(X} —z > |y — z|).

Proceeding exactly along the same lines, we can consider the martingale —M; and show
the same upper bound for P(—(X7 — x) > |y — z|). Thus, the desired result follows. O

The last result of this section is an upper bound for the density of X} in terms of its
upper tails. For this, we appeal to techniques of the Malliavin calculus with respect to the
Brownian motion B. We denote by D the Malliavin derivative operator with respect to B
and by D?* the Sobolev space of twice differentiable random variables with finite moments
of all orders. See the monographs [8] or [9] for the precise definitions. The next result is
classical and shows that the solution to (1.1) is twice differentiable in the Malliavin sense
and gives an expression for the Malliavin derivatives, see |2, 3] and [9, Theorem 11.4.3| for
its proof.
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Lemma 2.4. For allt > 0 and z € R, X7 belongs to D** and the Malliavin derivative
(D, X?,r <t) satisfies the following linear equation

t t
D, X7 :a(Xf)+/ a’(Xf)DrdeBs+/ V(X2)D, X2ds,
forr <t, a.e., and D, X} =0 forr >t, a.e. Moreover, for allp > 1,

sup E

rel0,T7] te[r,T]

sup \DTXf|p] < 0.

Furthermore, the iterated Malliavin derivative (D?LmX{"’,rl Vo < t), satisfies the equation

t

D? X} =D, 0(X:)+ D,,0(XE)+ D?  (o(X"))dB,

T1,72 T1,72
T1V1ro

t
+ [ D) s

forriVry <t, ae., and D? , X7 =0 otherwise. Moreover, for all p > 1,

1,72

sup E{ sup |D2 Xf‘p < Q.

1,72
r1,m2€[0,T r1Vre<t<T

We are now ready to state the last result of this section which bounds the density fi(z,y)
of X in terms of its upper tail probability. Since the jump term is linear, the proof fol-
lows exactly along the same lines as for a continuous diffusion (see [8]). For the sake of
completeness, we provide the proof.

Proposition 2.5. For any T' > 0 and q > 1, there exists a constant Cyr > 0 such that for
allt € (0,T] and z,y € R,

C
fulw,y) € = (PXT — 2| > |y —al))*.

Vi

Proof. Appealing to Proposition 2.1.2 in [8], we have

T z||— || 1/a
Fo.9) <y (POXE = ol > by = ) (B [IDX15) + (B (102X o)
24
Ny (2.4)
< (BlIDxz 1)) ).
for some constant ¢y, 3 > 0, where 5 +14 % =1and H = L*(]0,t]; R).

Using Lemma 2.4 and Hélder’s inequality, it is easy to check that for any o > 1,

(B [ID*X¢ [$0m]) """ < Cart < ChpVE. (2.5)

Now, we denote by Ji := 0, X} the derivative of X} with respect to the initial condition
x, which satisfies the linear equation

¢ ¢
Jr =1 +/ o' (X¥)JIdBg +/ V(XT)J ds.
0 0
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By Ito’s formula, the inverse HT := (JF)~! satisfies the linear equation
t t
=1 [ Omzas, - [ () - o (X0 Hzds
0 0
Using the assumptions on b and ¢ and Gronwall type arguments, we have that for all p > 1,

B[ sup |71 < Cpre B[ sup [H7P] < Cyr
te[0,T] t€[0,T]

Moreover, we have that
D, Xy = JrH o (X)) 1jo,q(r).
Consequently, for any p > 1,

E[IDX.];7] = E [(/Ot(Jf)Q(Hf)QOQ(Xf)dr> p/2] -
2.6

< | sup 2 sup iz | < S
pPEPI2 7 | o<p<r 0<r<T prie/?

Thus, substituting (2.5) and (2.6) into (2.4), we conclude the proof of the upper bound.
Observe that Lemma 2.4, (2.6) and criterion in [8, Theorem 2.1.1] imply the existence of the
density. 0

3. PROOF OF THEOREMS 1.1 AND 1.2

Proof of Theorem 1.1. Assume that ¢ is N(0,3). We start proving the upper bound. By
Proposition 2.5, it suffices to apply Proposition 2.3. For v > 0, we have that

Lo ws
\I/(u)ziu s+ Aez —1).

w2
Thus, ¥'(u) = u(c3 + )\ﬁeTﬂ) and its inverse function u = 6(§) satisfies

0(6)28

E=0(&)(c3+Me 2 ), £€(0,00).

026

Let us now estimate 6(&). Observe that 6(§) 1 oo as £ 1 0o and for a < %, e o — 0as
2 2
& 1 oo. Hence, there is & > 1 such that for all £ > &, 56_95) < % and cle_gcis) < % Thus,

2
for £ > &, (£ + cl)e_eT(g) < 1l and 0(§) > \/aln(§ + ¢;). Therefore, by Proposition 2.3, for

ly—z|
t - Cl > 517

ly—=| e ly—z|
P(|Xf _ I’ > |y . x|) < 2eitf51 ; 'y/aln(E+er)de _ 2eftf£1+t61 aln(g)dg'
As for z sufficiently large [, vIn&d¢ > 2V/In 2, the desired result follows. In the case that

0< @ — 1 < & then the result follows trivially. In the case that ‘y;—xl — ¢1 < 0 then the
probability of the reverse inequality can be bounded in a similar fashion.
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We next prove the lower bound. Using (2.1) and the lower bound in (1.2), we obtain that
for all t € (0, 7] and z,y € R,

1 _ ‘y_*lﬂz
@(r,y) > e 2rth),
AT\/aTQW(a;It +3)
Therefore, using (2.2), we obtain for r := |y — z| and Cr = AT\I/ﬁ
- C 5=t (Mt
o) 23 @' -l e O (3.)
\/27'(' ap't +npB) w

Observe that it suffices to assume that 7 > e, otherwise the bound follows trivially, since
taking n = 0 yields to

1 - 1 e
x, > e*)\t e 2aT t > €7>\T€ 2aT ,

ft( y) - AT\/ 27t - AT \Y4 27T
from which the desired lower bound follows for r < te. Observe also that if r = 0, we get

the lower bound
Y 1

T,Yy) > e S
flz.y) Apv/ant
By Stirling’s formula, there exists a constant K > 1 such that for all n > K, it holds that

(3.2)

2ren ln(n)fnJr% In(n) 1
-1 < .
n! 2

This implies that for all n > K,
()\t)n - 1 e_nln(%)-&-n—%ln(n) > 1 e—nln(l)_lln(n).

n! 2\ 21 2V 27

Then, substituting this into (3.1), we get that

C nIn(Cr)—1 In(am t4nf)— ——— —nin( 2 ) =1 In(n)
f($ y) 4T _At Z € e T 2(aT1t+nﬁ) (At> 2

n>K
CT -\t —n|In(Cr)|—2 In(a: T+nB)— —2—nln ) —Lin(n)
> LMy e inle (3e) =3t (3.3)
n>K
We next consider two different cases according to ——/— > K + 1 and <K+ 1

n(T/lt) vV ln(7’/ )

] > K > 1. Note that  — 1 < [z] <z for any = € R,

In the first case, we set n = |
’ w/ln(r/t)

then using (3.3), we obtain

ft(‘xvy>
2
_ T In(C 711 / T _ r _ T 1 T 711 ( r )
C «/1n(r/t)| n(Cr)| 2 n(CT\/ln('r/t)) 9 ” _1)s V/In(r/t) n()\t\/ln(r/t)> 2 V/In(r/t)
~T At V/In(r/t)
T dr
> ﬁef/\Techr ln(r/t)’

47
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for some constant ¢y > 0, where ¢, = a}lT + (. In the last inequality we have used the
following inequalities

2
(1) — " SRS/ Ry y7y
_Wt 15K )
In(r/t), sinceCZe,
\/ (T/t t
.

r/t (7‘7/15) < ry/In(r/t)(1 + | In(N)]).

LS < K + 1 the conclusion follows easily since taking n = 0 in
\/In(r/t) — Y &

In(r/t) ()\t\/ (r/t) )

For the second case

(3.1) yields

1 1 -G
x, > G—At e 207 T > e—AT e 2a;° T
flz.y) = Ap/2rT = A2l
The proof is now completed. ([l

Proof of Theorem 1.2. We first prove the upper bound. As above it suffices to apply Propo-
sitions 2.3 and 2.5. A direct calculation using (1.3) gives that for all —p < u < p,

1 1 1
w= 02 (3 (k) )
u+p o u—p

Au( 1 B 1
2 \(0(5) — w3 (0(8) + p)?

Let us now estimate 6(£). Observe that (&) 1T p as € 1 oco. This implies that £((0(¢) —

1) A (0(€) + p)?) converges to 2 as € 1 co. Hence, there exists & > 0 such that for all

€ > &1, VE(1—0(6)) — /Ai/2 < 1, and thus, for all € > &, 0(€) > p— “Z2 . Therefore,
by Proposition 2.3, for 22 I' —c > &,

Thus,

£=0(8)c;

), £ € (0,0).

Choosing % >

ly—z|
t

a (|y—x|_01_£1)‘

. 1
/51 vmn S e

In the case that @ —c1 < & then the result follows trivially. This finishes the proof of the
upper bound.




10 ARTURO KOHATSU-HIGA, EULALIA NUALART AND NGOC KHUE TRAN

Next, we prove the lower bound. Using (2.1) and the lower bound in (1.2), we get that
for all t € (0, 7] and z,y € R,

_le=w-a)?
1 2a71t

1 _
zy) > el — ¢ T dz
qt( y) o 2 /R AT\/ 27Tt

2, —1 oo le——z—ptagh)? 0 o= (y—atptar’)?
H i Tk (y—2)u Tk
= — ¢ 2 e e T dz +e e T dz
QAT\/ 2mt 0

[,L2tﬂ._

1 1 ly—a—ptay ! ? 1
L — =1,
> CTe 2 (6 —)n 1y—m—uta;1<0§e Tt + §1y—x—uta;120

e i
Y—x)u - apt _
te 1yf:r+,uta;1202e T + 21y7x+uta;1<0 ) )

— 00

#ﬁ' Observe that in order to get the last inequality when z > 0, we have

used the fact that the integral of a Gaussian density with a non-negative mean on the positive
axis is lower bounded by % On the other hand, in the case that the mean is negative, we
have used the inequality |a — b|*> < 2(|a|? 4 |b|?), valid for all a,b € R and the fact that the
integral of a Gaussian density with zero mean on the positive axis equals % We have applied
a similar argument for the case z < 0.

where Cr =

Expanding the square appearing in the two exponentials, yields

= ()
qt(xa y) = 76 g e °r <€ ! u]'y—m<,utzz;1 +e uly—mZ—Hm;l)
+ ei(yix)‘uly—xz;uﬁa_l + e(y:v)/lly_x<_“m;1)

T
2,1 ly—z|?
>—CTe’u (e or't
-2

—ly—z|p
e 1 -1
< ly—z|<ptar

—ly—z|p —|y—z|p
te 1y—x>uta;1 t+e 1y—x<—uta;l

CT _ witar!
—€
2

> T e 2ly—zln

This implies, using the triangular inequality, that

% B tla}l 2| | HQ(tZ*tl)a;l 2| |
_ ol —aly P Cemter
Gty * Gyt (T, y2) > ol yitlte e Ty,
R

02 H2t2a%1
— 4T -— €—2|y1Iue—QIyz—:c—ylIudy1
R

2 —1
_kitaap _
> 2#07216 7 e el
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Therefore, iterating the above computation, we obtain that for n > 1,

M2tna;1

Qo * Qo—ty * * % Gty * Pi—t, (T,Y) = C’:?e_ 2 / 6_2|y"_x|“pt—tn (Yn, y)dyn,
R

> aTéggefCTte*My*IIu’
for some constants Cr, Cr, cr > 0. Finally, appealing to formula (2.2) yields to

ral —C — —x — > ~n )\t n —_— —(c _ _x
ft(%y) > Cre Tt o—Aly—zlp o AtZCT(n!) > Cre (er+ )T o—4ly m’

n=0

which proves the lower bound for z # y. When x = y it suffices to use formula (2.2) for
n = 0 to obtain the same lower bound as in (3.2). This completes the proof. O

4. EXTENSION TO THE MULTIDIMENSIONAL CASE

The aim of this section is to explain how the results obtained above extend to the multi-
dimensional case. The multidimensional version of equation (1.1) writes as follows:

t t [ee)
X =z +/ o(X*)dB, +/ b(XD)ds+> Yilpe, >0, (4.1)
0 0 i=1
where z € RY, (B;)i>0 is a d-dimensional standard Brownian motion, ¥ = (¥;);>1 is a

sequence of d-dimensional i.i.d. random variables which have mean zero, finite moments of
all orders and probability density function . The function b : R — R? and the matrix
o RY = Mgyq are C*, bounded with bounded partial derivatives of all orders. We also
assume that the matrix o is uniformly elliptic, that is, there exists p > 0 such that
inf o 2> p>0.
A lo(w)El" = p

Under theses conditions it is well-known that there exists a unique cadlag adapted Markov
process X* = (X[ );>o solution to the integral equation (4.1), see [4]. Moreover, for all £ > 0
the random vector X[ possesses a density f;(x,-) with respect to the Lebesgue measure on
R, see [2].

As before we denote by p;(x,-) the density function of the solution to equation (4.1) with
Y = 0. Then, it is well-known that for all 7' > 0, there exist constants A, ar > 1 such that
for all t € (0,7T] and x,y € R4,

1 _arly==? Ap  _ly==?
At PO E e T 2

The expression for the density obtained in Proposition 2.1 can be easily extended in this
multidimensional setting as follows. The proof follows exactly as in the one-dimensional
case.

Proposition 4.1. For anyt > 0 and =,y € R¢,

filw,y) = pi(w, y)e™ + Z/ Gy—to %+ Qty—ty * Doty (T, YN TN d

] St <<t <t<tpiq
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The lower bounds of Theorems 1.1 and 1.2 also extended to equation (4.1) as follows.

Theorem 4.2. Assume that ¢ is the centered d-dimensional Gaussian density with covari-
ance matriz Y. Then for all T > 0 there exist constants Cr,cp > 1 such that for allt € (0,T]
and =,y € RY,

— —c —x n ly—z| 1z:
ft<x,y>ch1(e R )Hd—/z”)-

Proof. Using convolution properties for Gaussian densities with the lower bound in (4.2)
yields, for all t € (0,7] and z,y € RY,
1 (—2)T (S+ar )~ (y—a)
Qt(x7y) Z e . g Y ,
Ar(2mar)i/? \/| det(X + ap't)|

where [ denotes the identity matrix of order d x d. Therefore, using Proposition 4.1, we
obtain in a similar manner that

e C ( 71)T(n2+a71t1)7l( —x) At n
fi(z,y) > e”\tZCz’ﬁ L e ) v (M)
/2 -1 n!
n=0  (2m)%2y/|det(nX + az tI)|
> €_>\t - cn CT 6_@ ()\t)n
- T ' 9
st (27r)d/2nd/2\/ | det(S + a7 'TT))| w
_ »)-!
where 7 := |y - ZL‘|, Cr = W? and ||(E) 1|| = SUP erd:z£0 8 |)z| Z‘
The rest of the proof follows exactly along the same lines as in the one-dimensional case.

O

Theorem 4.3. Assume that o is the multivariate centered Laplace density with = (piq, .. ., fq),
wi >0, given by

d
1
- = .ol il — )
QD(Z> E 2”16 y z (Zlv azd)
Then for all T > 0 there exist constants Cr, ey > 1 such that for allt € (0,T] and z,y € R,
— —cr|y—=x ]‘$=
o) = ot (ot )

Proof. We start proving the result for d = 2. We proceed similarly as in the case d = 1, but
in this case we need to split the integral into the 4 quadrants of R?. Using (2.1) and the
lower bound in (4.2), we get that for all ¢ € (0,7] and z,y € R?, with i := (uy, —ps)

_le=w=o)?
a(z,y) > %/ o—mlalp—hzlzl, 2l g,
AT JR2

gy R _|z—<y—x—al;1m>|2 ) _\z—(y—x—al;lth

_ —— —(y—z,1 2a,t —(y—=x,[ 2a,t

= D22 o (emmam [ dze T + e~ mmA) dze T
87TtAT R Ry xR_

2
+
lz=(y—atap'ta)?

+e<y—w7ﬂ>/ dze 2zt +e<y_x”‘>/ dze Zop ) (4.3)
R_ xR, RZ
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Then for each of the 8 one-dimensional integral with respect to z;, we proceed as in the one-
dimensional case. That is, we split the integral into two cases depending whether the mean
belongs to the same half line as z;, © = 1,2 or not. If the mean belongs to the same interval
as z;, then the integral can be lower bounded by 1/2, otherwise, we apply the inequality
la — b|> < 2(|al]? + |b*) and use the fact that Gaussian integral with zero mean on the half
line is equal to 1/2. Here, we will show how to deal with one of these terms, all other three
follow similarly. In fact, for the second term of (4.3), we have

-1,
le=y—e—agta)?

—1 2
Hipo  op teZ =T
e 2 e (y x:/'L> dze 2U'T t
87TtAT Ry xR_

a=Lt|uf2 _(y1—11—u1m;1)2
e T

—1
t
il — 1y — —1 €
32A a Y1—T1 MltUT <0

amp _|_1

y1—z1—pitap 1>0
(yo—zo+potan)?

a;lt + 1

x| 1 ya—atpatar’ O

y2*w2+#2ta;1>06
From the above expression, it is easy to see that the above terms are estimated separately
as in the one dimensional case. That is, expanding the squares in the exponentials as in the
one dimensional case, we conclude that there exists Cr > 0 such that

"2 8 oy y~2lya—a]
%(%y) > CTG_ 3 el T o= 2lYy2—T2 12

The rest of the proof for the case d = 2 follows exactly as in the proof of the one-
dimensional case. That is, appealing to formula (2.2) yields for some positive constants C'r
and ¢,

filz,y) > CreertNto—dlyi—ailm g=dlya—a2lu2 > G o= (er+MT o—dly—z|lu]

The same argument above can be extended to R? for d > 2 by splitting the integral into
the 2¢ orthants of R?. This completes the proof. O

Concerning upper tail bounds, we observe that although Proposition 2.5 can be easily
extended, Proposition 2.3 uses a one-dimensional argument which cannot be easily extended
to the multidimensional setting. Thus, we leave it for further work.
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