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ABSTRACT. Let (R, m) be a generalized Cohen-Macaulay local ring of dimension d, and
fi,..., fr a part of system of parameters of R. In this paper we give explicit numbers N
such that the lengths of all lower local cohomology modules and the Hilbert function of
R/(f1,..., f») are preserved when we perturbs the sequence fi,..., f. by €1,...,6, € m”.
The second assertion extends a previous result of Srinivas and Trivedi for generalized
Cohen-Macaulay rings.

1. INTRODUCTION

This work is inspired by the recent work of the first author with Ma and Smirnov [5]
about the preservation of Hilbert function under sufficiently small perturbations which was
also inspired by the previous work of Srinivas and Trivedi [6]. Taking a small perturbation
arises naturally in studying deformations when we change the defining equations by adding
terms of high order. In this way we can transform a singularity defined analytically, e.g., as
a quotient of a (convergent) power series ring, into an algebraic singularity by truncating
the defining equations.

This problem was first considered by Samuel in 1956. Let f € S = k[[z1,...,z4]] be a

hypersurface with an isolated singularity, i.e. the Jacobian ideal J(f) = %, cey 6%) is
(x1,...,2q)-primary. Then Samuel proved that for every € € (z1,...,24)J(f)? we have an
automorphism of S that maps f — f 4 . In particular, Samuel’s result asserts if f has
an isolated singularity and ¢ is in a sufficiently large power of (z1,...,2z4), then the rings
S/(f) and S/(f + €) are isomorphic. Samuel’s result was extended by Hironaka in 1965,
who showed that if S/T is an equidimensional reduced isolated singularity, then S/I = S/I’
for every ideal I’ obtained by changing the generators of I by elements of sufficiently large

order such that S/I' is still reduced, equidimensional, and same height as I.

—_—

The isolated singularity is essential in the both theorems of Samuel and Hironaka. For
a local ring (R, m) and a sequence of elements f = f1,..., f., instead of requiring the de-
formation to give isomorphic rings R/(f1,...,fr) = R/(f1 +&1,..., fr + &), we consider
a weaker question: what properties and invariants are preserved by a sufficiently fine per-
turbation? For example, Eisenbud [2] showed how to control the homology of a complex
under a perturbation and thus showed that Euler characteristic and depth can be pre-
served. As an application, if f = fi,..., f, is a regular sequence, then so is the sequence
fo=fi+et,..., fr+er as long as we take a sufficiently small perturbation. Huneke and
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Trivedi [4] extended this result for filter regular sequences, a generalization of the notion of
regular sequence.

For numerical invariants, perhaps the most natural direction is to study the behavior of
Hilbert function. Srinivas and Trivedi [6] showed that the Hilbert function of a sufficiently
fine perturbation is at most the original Hilbert function. Furthermore they proved that
the Hilbert functions of R/(fi,..., fr) and R/(f1 + €1,..., fr + &) coincide under small
perturbations provided two conditions: (a) f = fi,..., f, a filter regular sequence; (b)
R/(f1,..., fr) is generalized Cohen-Macaulay. Recalling that (R, m) is generalized Cohen-
Macaulay if all lower local cohomology HE(R),i < dim R, have finite length. Moreover, a
generalized Cohen-Macaulay ring is Cohen-Macaulay on the punctured spectrum. Srinivas
and Trivedi gave examples to show that the condition (a) is essential even if f = fi,..., f,
is a part of system of parameters. However they asked whether the condition (b) is super-
fluous. Recently, Ma, Smirnov and the first author [5] answered affirmatively this question
and proved the following.

Theorem 1.1. Let (R,m) be a Noetherian local ring of dimension d, and f = f1,..., fr a

filter reqular sequence. Then there exists N > 0 such that for every e = e1,...,e, € m¥,

the Hilbert functions of R/(f1,..., fr) and R/(f1 +¢€1,..., fr +&r) are equal, i.e.
UR/(f,m") =LU(R/(fe, m")

for allmn > 1.1

We also asked the question.

Question 1.2. Can one obtain explicit bounds on N ?

A certainly positive answer for the case r = 1 was given in [5, Theorem 3.3]. If R
is a Cohen-Macaulay local ring of dimension d, Srinivas and Trivedi [7, Proposition 1.1]
provided a formula for NV in terms of the multiplicity for any r» > 1. Namely, we can choose

N=(d-r)eR/(fr,---,[fr)) +2.

Inspired by the above formula, one can hope to give a bound for IV in any local ring by using
the extended degree instead of the multiplicity. See the next section for more details about
the notion of extended degree. The aim on the present paper is to give an evident for this
belief. We will extend the above result of Srinivas and Trivedi for the class of generalized
Cohen-Macaulay rings by using the multiplicity and the length of local cohomology H{ (R).

Let (R, m) be a local ring and M a generalized Cohen-Macaulay module of dimension d.
The Buchsbaum invariant of M is defined as follows

d—1 d—1 '

ron =Y (7 )emaan)
i=0

We now present the first main result of this paper.

Theorem 1.3. Let (R,m) be a generalized Cohen-Macaulay local ring of dimension d, and
f=fi,-., fr a part of system of parameters of R. Let s =d —r, and

N = st (e(R/(f)) + 1(R/(f))) + (s + DI(R) + 1.

L Actually, we proved the result for any ideal J such that (fi,..., fr) + J is m-primary. Although the
main result of this paper can be extended for such ideals, we will keep our interest for the maximal ideal
for simplicity.



Then for every € = €1, ..., € mY we have the Hilbert functions of R/(f) and R/(f:) are
equal.

The method of our proof of the above result is inspired by the Srinivas and Trivedi one
in the Cohen-Macaulay case. Let us mention the most important step in our proof. If R is
Cohen-Macaulay and J = (z1, ..., ) a minimal reduction of m with respect to R/(f), then
we can choose N such that J + (f) = J + (f.) for any € = 1,...,&, € m". The strategy
of Srinivas and Trivedi was to transform the Hilbert functions of R/(f) and R/(f.) (with
respect to m) to the Hilbert functions of R/(f) and R/(f.) with respect to the parameter
ideal J, and using the following well-known fact for Cohen-Macaulay rings

UR/(f, TMT) = (n:S)Z(R/(f, J)) = (n~|—s)€(R/(f€7 T)) = LR/ (fo, J*)).

S
For generalized Cohen-Macaulay rings, we also have an explicit formula for the Hilbert
function with respect to special parameter ideals, say standard parameter ideals, in terms
of the length of lower local cohomology modules (see Theorem 2.5). Therefore we need to
control £(H. (R/(f)) under sufficiently small perturbations. This is the second main result
of this paper. N

Theorem 1.4. Let (R,m) be a generalized Cohen-Macaulay ring of dimension d and f =
fi,---, fr a part of system of parameters. Let N = e(R/(f)) + I(R) + 1, then for every
E=¢€1,...,6 e m® we have

((Hy(R/(f))) = ((Hy(R/(f)))

for every i < d—r.

The paper is organized as follows: In the next section, we recall some notations used in
this paper. We will prove Theorem 1.4 in Section 3. Section 4 is devoted to prove Theorem
1.3.
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2. PRELIMINARIES

Throughout this paper, (R,m) denotes a Noetherian local ring. Let M be a finitely
generated R-module of dimension d > 1, and J an m-primary ideal of R. The Hilbert
function of M with respect to J is defined by

HFy(M)(n) == ¢(M/J" M)
for all n > 0.

The Hilbert function of M, denoted by H F (M), is the Hilbert function of M with respect
to the maximal ideal m. It is well-known that for n sufficiently large the Hilbert function
HF;(M) becomes a polynomial in n of degree d, and can be written as the following form

HE;(M)(n) = eo(J, M) <” ;r d) —e1(J, M) <" ;f; 1) oot (=1)deq(J, M)



for all n > 0, where e;(J, M) are the integers and they are called the Hilbert coefficients of
M with respect to J. In particular, e(J, M) = eo(J, M) is called the multiplicity of M with
respect to J and e(M) = e(m, M) is called the multiplicity of M.

If M is Cohen-Macaulay and J is a parameter ideal we have

d
HE(M)(n) = €(M/J M) (”; >
for all n > 0. In particular e(J, M) = ¢(M/JM). In general we always have the inequality
e(J,M) <{t(M/JM) for all parameter ideals J of M.

Definition 2.1. An R-module M is called generalized Cohen-Macaulay if the difference
L(M/JM) —e(J, M) is bounded above for every parameter ideal J.

We next recall some well-known facts in the theory of generalized Cohen-Macaulay mod-
ules (see [8]).

Remark 2.2. Let M be an R-module of dimension d. Then

(1) M is generalized Cohen-Macaulay if and only if HE (M) has finite length for every
i < d. Moreover, we have
d—1
et - eran < 3 (e an)
i=0
for all parameter ideals J. The left hand side, denoted by I(M), and is called the
Buchsbaum invariant of M.
(2) If M is generalized Cohen-Macaulay, then for every part of system of parameters
x1,...,x, we have I(M) > I(M/(x1,...,x.)M).
(3) If M is generalized Cohen-Macaulay, then every system of parameter is a filter
regular sequence of M. Recalling that x1,...,2: € m is called a filter reqular
sequence of M if

d—1

i

(.’El, e ,l‘i_l)M 7
(xla s 7':Ui—1)M

Supp ( ) C {m}

foralli=1,...,t.

Definition 2.3. Let M be a generalized Cohen-Macalay module of dimension d. A param-
eter ideal J of M is called standard if

d—1
d—1 ’
ammnwumzz(.>mmm»
i

i=0
Remark 2.4. Let M be a generalized Cohen-Macalay module of dimension d. Then there
exists a positive integer N such that J is standard for every parameter ideal J C m¥. In
fact we can choose N = I(M).

The Hilbert function of a standard parameter ideal J can be expressed explicitly as
follows (see [8, Corollary 4.2]).

Theorem 2.5. J is a standard parameter ideal of M if and only if

HF;(M)(n) = (";d) e(J, M) + Zdi: (n;rilz_l) (d j_iz 1>€(H€;(M)),

i=1 j=0
for allm > 0.



In order to capture the complexity of non (generalized) Cohen-Macaulay modules, Vas-
concelos et al. [9, 10] introduced the notion of extended degree which is a generalization of
the notion of multiplicity. Let M(R) be the category of finitely generated R-modules. An
extended degree on M(R) is a numerical function D(e) on M(R) such that the following
properties hold for every R-module M € M(R):

(1) D(M) = D(M/L) + ¢(L), where L = H(M),
(2) D(M) > D(M/xM) for a generic element x of m,
(3) D(M) = e(M) if M is a Cohen-Macaulay module.

The prototype of an extended degree is the homological degree defined by Vasconcelos in [9].
If R is a homomorphic image of a Gorenstein ring S with dim S = n then the homological
degree of R-module M is defined by

d—1
hdeg(M) = e(M) + > <d; 1) hdeg(Ext% (M, S)).
=0

Recently, Cuong and the first author [1] introduced a new extended degree, say the unmized
degree, and denoted by udeg(M). The readers are encouraged to [1] for more details about
the construction. If M is generalized Cohen-Macaulay we have

hdeg(M) = udeg(M) = e(M) + I(M).
We close this section with some lemmas that will be useful for the proof of the main results.

Lemma 2.6. Let (R,m) be a local ring of dimension d and f = f1,..., fr a part of system
of parameters. Let D(e) be an any extended degree and set N = D(R/(f))+ 1. Then for

everye =e€1,...,e, € mY we have fe= fiter, ..., frter is a part of system of parameters

of R.

Proof. Let x1,...,24—, be a general sequence of elements of R/(f). Then
UR/(f,21,...,24—)) < D(R/(f)) =N —1.

This implies that m™V—1 C (f,z1,...,24—). Therefore for every ¢ = €1,...,e, € m?Y we

have

(i, Tlyeo- ,(L‘d,r) = (é, Tlye-- ,{L‘d,r).

Hence fe,x1,...,24-, is a system of parameters of R. The proof is complete. O

It would be nice if we obtain similar results for (filter) regular sequences instead of system
of parameters. These results, if have, will play an important role for an answer for Question
1.2 in the general case. In the main context of this paper R is generalized Cohen-Macaulay,
so these three notions coincide. We will need the following regular [9, Corollary 3.6].

Lemma 2.7. Let (R,m) be a local ring of dimension d with the infinite residue field. Let
hdeg(e) be the homological degree. Then there exists a minimal reduction J of m with
reduction number rj(m) < (d — r)! hdeg(R) — 1.

Lemma 2.8. Let (R,m) be a local ring of dimension d and f = f1,..., fr a part of system
of parameters. Let J be a minimal reduction of m in R/(i)? and k a non-negative integer
such thatr;(m, R/(f)) < k. Then for everye = e1,...,e, € m**2, J is a minimal reduction
ofmin R/(f:) and rj(m, R/(f.)) < k+ 1.



Proof. By the assumption we have m*™! 4 (f) = Jm* + (f). Therefore m¥*1 C J + (f).

Hence for every ¢ = €1,...,6, € m*"2 we have J + (f) = J + (fs). We are going to prove
that m*2 + (f.) = Jm**1 4 (f.). We have

Jmft+ (fo) + m(mt 2 4 (fo) = Jm o+ (f) + m(mE 4 ()
= JmFT 4 (fo) + m(Jm 4 (f))
= JmF 4+ (fo) + m(f)
=m(Jm" + (f)) + (f)
= m(m" + () + (fo)
=m"? 4+ () + m(f)
= mFt? ¢ (fe)-
The last equality follows from the fact that m(f) € mF*2+(f) = m* ™2+ (f.). By NAK we
have m"2 + (f,) = Jm**! 4 (f.). The proof is complete. O

3. LOCAL COHOMOLOGY UNDER SMALL PERTURBATIONS

Let (R,m) be a generalized Cohen-Macaulay ring of dimension d and f = fi,..., f, a
part of system of parameters. In this section we provide a positive integer N depends
on e(R/(f)) and I(R) such that for every € = e1,...,¢, € m" we have the lengths of
Hi(R/(f)) and H.L(R/(f-)) coincide for every 0 <i < d — 7.

The proof of the main result is based on the induction on r, where r is the length of the
sequence f. First, for the case r = 1 we have the following proposition.

Proposition 3.1. Let (R,m) be a generalized Cohen-Macaulay ring of dimension d, and f
a parameter element of R. Then for every e € m!(®) such that f + € is a parameter element

of R, we have ' A
((Hy(R/(f))) = ((Hy(R/(f + €)))

for every i < d— 1.

Proof. Following from the short exact sequence

0— R/(0: f) L5 R— R/(f) — 0

we obtain the following short exact sequence

0— s BRI — Oy 1) — 0
for every i < d — 1. Similarly we have the following short exact sequence
0y Il iR ) s (0 (f 4 €) — 0
(f + ) Hu(R) " Ha(R)
for every i < d — 1. Since ¢ € m!"®) we have e H:(R) = 0 for all i < d. It follows that

(0 ‘Hit(R) f)=(0 HIF(R) (f+e€)) and ﬁj‘é&)) =~ (f—iz%léfz)(R) for all i < d — 1. Hence the

above two short exact sequences imply
((Hy(R/(f))) = ((Hy(R/(f + €)))
forall i < d—1. ]




We now present the main result of this section.

Theorem 3.2. Let (R, m) be a generalized Cohen-Macaulay ring of dimension d and f =

fis--- fr a part of system of parameters. Let N = e(R/(f)) + I(R) + 1, then for every

N

€E=¢€1,...,6 €m" we have

((Hy(R/(£))) = ((Hy(R/(f)))

for every i < d—r.

Proof. Without loss of generality we will always assume that the residue field is infinite.
We proceed by induction on r. For r = 1, we have

N >e(R/(f)) +I(R/(f)) + 1 =hdeg(R/(f)) + 1.
So f1 + €1 is a parameter element by Lemma 2.6. Hence we are done by Proposition 3.1.

Forr > 1,let Ry = R/(f1). For simplicity, we will identify f; with its image in R;. Since
N >e(Ri/(f2,..., fr)R1) + I(R1) + 1 and €, ..., ¢ € m¥, by induction we get

UHy(R/(fr, for -0 fi))) = LHG(R/(f, fo + €2, fr + €0)))

for every i < d—r. Since N > hdeg(R/(f))+1 and ¢y, ..., € m", by Lemma 2.6 we have
fi, fot+ea, ..., fr+e and fi+eq, fo+ €, ..., fr + €, are the parts of system of parameters
of R. Let Ro = R/(f2+ €2,..., fr + € ), we have f; and fi + €, are parameter elements of
Rs. Moreover, N > I(R3) and ¢; € m", by Proposition 3.1 we get

((Hy(Ra/ f1Ra)) = (Hy(Ra/(f1 + €1)Ry))
for every ¢ < d — r. That is

Z(Hrzn(R/(flafZ + €2, .. '7f1“ + Er))) = E(H&(R/(fl + €1>f2 +€2,.. '7f7“ +€T)))

for every i < d — r. Hence we obtain the desired assertion. The proof is complete. O

4. HILBERT FUNCION UNDER SMALL PERTURBATIONS

In this section, let (R, m) be a generalized Cohen-Macaulay ring of dimension d, and
f = fi,..., [r a part of system of parameters. We will find an explicitly positive integer
N depends on hdeg(R/(f)) and I(R) such that for every € = e1,...,¢, € m" the Hilbert
functions of R/(f) and R/(f.) coincide. The following lemma is a special case of Lemma
2.7 and Lemma 2.8. B

Lemma 4.1. Let (R,m) be a generalized Cohen-Macaulay ring of dimension d with the
infinite residue field, and f = f1,..., fr a part of system of parameters. Let s =d —r, and
C = s! hdeg(R/(f)) + 1. Then there exists a minimal reduction J of m in R/(f) such that

(1) mOFF 4 (f) = JF*ImC—L 4 (f) for all k > 0.

(2) For everye =e1,...,6 € m© one has mCTF+(f.) = JFHImC1+(f.) for all k > 0.

Proof. By Lemma 2.7 there exists a minimal reduction J = (z1,...,24—,) of m in R/(f)
such that r;(m, R/(f)) < (d—r)! hdeg(R/(f))—1 = C—2. Hence m®+(f) = Jm“~14+(f).
By Lemma 2.8 one has J is a minimal reduction of m in R/(f) and r;(m, R/(f.)) < C —1.

Hence m% + (fo) = Jm“~! + (f,) for every € = €1, ..., €6, € mC. Therefore, for all k > 0 we
have m“**R/(f) = JMImCTIR/(f) and mE R R/(f.) = J*'mC1R/(f.). The claims are
now clear. g



The following theorem is the main result of this section. It extends the result of Srinivas
and Trivedi [7, Proposition 1] for generalized Cohen-Macaulay rings.

Theorem 4.2. Let (R,m) be a generalized Cohen-Macaulay ring of dimension d, and f =

fi,-.-, fr a part of system of parameters. Let s =d —r, and
N = s! hdeg(R/(f)) + (s + 1)I(R) + 1.
Then for every e = €1,...,€, € m® we have

HE(R/(f)) = HF(R/(fe))-

Proof. Without loss of generality we may assume that the residue field is infinite. Let
C = s! hdeg(R/(f)) + 1, by Lemma 4.1 there exists ideal J = (x1,...,2,) € m such that

mC—l—k + (i) — Jk-l-lmC—l + (i)
for all £ > 0. Moreover, since € = €1,...,€, € m?Y C m% we also have
mC-‘rk’ + (E) _ Jk:-i—lmC’—l + (E)
for all £ > 0. Let ¢t = max{I(R),1}. Forall0 <i<t—1set N;=C+s(t—1)+i. We
have N; < N for all i <t — 1. Since € = €1, ..., ¢ € mY¥ C m™ we have
mﬂ—(i) :mi+(£)

for all ¢ < Ny. Therefore, it is enough to prove that

(o)~ (Frm) o

for all n > Ny. We will prove it in the following equivalent form

(i) () @

forall 0 <4 <t—1 and all k:~2 0. Set J = (x},...,2%), one has J C m! is a standard
parameter ideal of R/(f) and JJE=D0=1) = gst-=1+1
Claim 1. For all 0 <7<t —1 and all K > 0 we have

mNrf—kt + (i) — jk—l—lmNi—t + (i)?
and .

mNr‘rkt + (E) — Jk-l—lmNi—t + (&)

forall e =€1,...,6 € m.

Proof of Claim 1. We have
mVHRR(F) = Js(t—1)+kt+i+1mC—1R/(f)
FHL (=D E=D+iqnC=1 R )
ijrlmNiftR/(i)

for all £ > 0. Therefore 3

mNiJrkt + (i) — JkJrlmNift + (i)
forall 0 < ¢ <t—1and all £k > 0. The second assertion can be proved similarly. The Claim
is proved. [l



By Claim 1, in order to prove the equality (2) it is enough to show

R R
¢ (jk+1mNit i (f)) =1 (jk+1mNit T (f€)> (3)

for all 0 <7 <t —1 and all £ > 0. On the other hand, since N > e(R/(f)) + I(R) + 1 we
have

((Hy(R/(£))) = L(Hy(R/(f)))

for all i < s by Theorem 3.2. We also have (f) + J= (fd) + J since (f) +J D w1, Hence
J is a standard parameter ideal of R/(f.) and e(J, R/(fo)) = e(J, R/(f)). By Theorem 2.5

we have
R R
(i) (=) @

for all £ > 0. Therefore in order to prove the equality (3) it is sufficient to prove that

jk+1+(i) B jk+1+(£)
¢ (jk+1mNit + (f)) =t (jk+1mNit + (f€)> (5)

foral 0 <i<t—1landall k>0. Let L = (i)—i—j: (é)—i—j We will prove (5) in the
following equivalent form

L4 (f) LM 4 (fe)
¢ (Lk:—&-lmNi—t + (f)) =1 (Lk—l—lmNi—t T (fs)) (6)

forall 0 <i<t—1andall k> 0.

Claim 2. For all k > 0 we have L1 N (f) = (f)L* and LF N (f.) = (fo)L*.

Proof of Claim 2. Notice that 1, ..., z! forms a d-sequence of R/(f), by [3, Theorem 2.1]
we have

The second assertion can be proved similarly. ([



We continue the proof of our theorem. Follows from Claim 2 we have

Lk-i—lmNi—t + Lk:-i—l N (i) _ Lk:-i-lmNi—t +Lk(i)

=Lk(Lm )
= LM (Jm™ ™"+ (f))
= L*(m™ + (f))
= L*(m™ + (fe))
= LM (Jm™ "+ (f)

= Lk(Lm T (f)
— LkJrlmNift + LkJrl N (E)
forall 0 <i<t—1andall k> 0. Therefore

Lk+1 + (i) N Lk+1
LE+1mNi—t + (i) - LE+1mNi—t + Lk+1 N (i)
N Lk+1
T LEFHImNi—t o LRI (f)
Lk+1 4 (E)

LF+ImNi—t | (E)

forall 0 <i <t—1and all £ > 0. The equality (6) is now clear. The proof is complete. [

We close the paper with the following.

Remark 4.3. If R is Cohen-Macaulay our formula N = sle(R/(f)) + 1 is slight better the
the formula of Srinivas and Trivedi. If R is generalized Cohen-Macaulay but not Cohen-
Macaulay, according to the proof we can choose

N = N;_1 = s! hdeg(R/(f)) + (s + 1)I(R) — s
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