NULL CONTROLLABILITY WITH CONSTRAINTS ON THE
STATE FOR A SEMILINEAR NONLOCAL PARABOLIC SYSTEM

CUNG THE ANH!Y, LE TRAN TINH AND VU MANH TOI

ABSTRACT. This paper is addressed to study a null controllability problem
with finite number of constraints on the state for a parabolic system with
local and nonlocal nonlinearities. We first transform the linearized problem
into an equivalent problem of null controllability problem with constraint on
the control. Then, by using a suitable Carleman inequality adapted to the
constraint we get the null controllability with constraint on the control. Then,
the main result is proved by an application of a fixed-point method.

1. INTRODUCTION
Let Q ¢ RV, (N € N, ) be a bounded open set with boundary 99 of class C2.
For a time T' > 0, we set Q@ = Q x (0,7),X =92 x (0,T).
We are concerned with the following initial boundary valued problem for a par-
abolic coupled system with nonlinear terms of local and nonlocal kinds

ye — a( [y yde, [ zde)Ay + f(y,z) =vl, in Q,

ze — b( [ ydx, [ zdx)Az 4 g(y,z) =0 in Q,

y=2=0 on X,

y(x, 0) = yO(x)v Z(:ZZ,O) = ZO(x) in Q,
where v is the control, (y, z) is the state and 1, is the characteristic function of a
non-empty open subset w of . Moreover, a(r, s), b(r, s), f(r,s) and g(r,s) are C*
functions with bounded derivatives and satisfy

0< Ly <a(r,s);b(r,s) < Ly < +o00, Y(r,s) € R xR, (1.2)

(1.1)

and
£(0,0) = ¢(0,0) =0, (1.3)
and there exist positive constants ¢y and Ty such that

> co>0inw x (0,Ty). (1.4)

This condition implies (2.5) which needs to get Lemma [2.5]
As in [I, if yo, 20 € L?(Q), v € L*(Q), the functions a,b, f and g satisfy
(1.2)-(1.3), then the system (1.1) admits a unique weak solution (y, z) satisfying

(.2) € (10,7 Hy(©)) N O(0.T) L)) (e 2) € (L2(0, T3 H ()2
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The system is said to be nonlocal in view of structure of the diffusion
coefficients. It appears in some phenomena which nonlocal terms appear naturally.
To this respect, let us list several examples of real physical models as follows.

In the case of migration of populations such as the bacteria in a container, we
can find in practice that, see [4] 18],

a:a(/ﬂy(x,t)d@/ﬂz(x,t)dx,/ﬂVy(w,t)dx,/ﬂVz(x,t)dx).

In the case of reaction-diffusion equations, see [3], the nonlocal coefficient can be
found by form

a = a(<hay("t)>7 <ka Z('vt»)»

where h, k are continuous linear form on L?(12).
In the case of hyperbolic equations, we also find the terms of this kind, see [12]

for instance
a:a(/ |Vy|2dx,/ \Vz|2dm).
Q Q

We can find more details from the above references. In addition, we refer [B] [§]
and the references therein. In last decade, the control of reaction-diffusion system
has attracted the interest of the control community. The controllability of nonlinear
parabolic systems have been studied by many authors in recent years. In case of
a = b = 1, the null controllability of some reaction-diffusion systems are studied
(see [T, @, A0, T7]). In [5], the authors obtained the local null controllability and
numerical experiments of (L.I)). In [8], for @ = b = 1, the author has proved the
null controllability with constraints on the state of the reaction-diffusion system.
In this paper, we focus on the null controllability problem with a finite number of
constraints on the state that we describe now.

For any fixed M € N, we consider e; € L?(Q), i = 1,..., M are such that

{e;1,}M, are linearly independent. (1.5)

It will be said that the problem is null controllable with a finite number of
constraints on the state at time 7' if given e¢; € L?(Q),i = 1,..., M, satisfy (L5]),
and yo, 20 € L?(€), there exists control v € L?(Q) such that the associated states
(y, z) satisty

y(x,T)=2z(x,T)=0 in €, (1.6)

and
// zejdxdt =0, fori=1,..., M. (1.7)
Q

Our approach is based on earlier works on the local and global null controllability
of parabolic equations and systems (see [l [6] 8, [13] 14} [16]). The main tool to
establish such a result is a Carleman estimate. Let us now give the main result and
explain the methods used in the paper. We will prove following theorem.

Theorem 1.1. Let Q be a bounded open subset of RN with boundary 02 of class
C? and e; € L*(Q),i = 1,..., M wverifying . Assume that yo, z0 € L?(Q), one
can find a control v € L?(Q) such that the solution (y,z) of satisfies
and .

This paper is in keeping with the idea of the framework can be found in [8] T3]
and it is organized as follows. In Section 2, we prove the null controllability with
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constraints on the state of the linearized system by reducing to the null controllabil-
ity with constraints on the control. The null controllability with constraint on the
control of the linearized system is based on a new adapted Carleman estimate for
an adjoint system respectively. The last section gives the null controllability with
constraints on the state of the nonlinear system by using the null controllability of
the linearized system and a fixed-point method.

Throughout this paper we use C' to denote various constants, which may change
from line to line. When the dependence of the constant on some index is important
we highlight it in the notation.

2. NULL CONTROLLABILITY OF THE LINEARIZED SYSTEM AT ZERO WITH
CONSTRAINTS ON THE STATE

Since we prove the main result by using a fixed-point argument, we need to
analyze first the controllability of the linearized system. For any fixed (7,2) €
(L?(Q))?, using the condition (I.2), we have the following linearized system of
(L.1) at (y,%),

Yyt — aAy + Ay + Brz = vl in Q,

2z —bAz+ Ay + Boz =0 in Q,
(2.1)
y=2=0 on X,
y(z,0) = yo(x), 2(x,0) = 20(x) in £,
where
a=a ﬂdx,/?dx,bzb/ﬂdx,/?dm,
(] e, [ zw) v =b( [ v, | zar)
1 o~y 1 PPN
Alz/ Md)\7 B1=/ Md)\’ (2.2)
0 dy 0 0z
and ) L ) o
A2:/ Md)\, 32:/ Md)\, (2.3)
0 dy 0 0z
Due to the condition (1.2) we have
Cl,b S [Ll,LQ}.

Since f(r,s) and g(r,s) are real C! function with bounded derivatives, then
Ay, As, By, By satisfy
14:(@. 2= < K, i=1,2,
I1B: (4, 2)l| L) £ K, i=1,2,
with some positive constant K, and it follows from that
|Aa] > ¢o > 0inw x (0,Tp). (2.5)
If (yo, 20) € (L?(Q))? and v € L?*(Q), then it is well-know that the problem
also has a unique solution (y, z) € (C’([O,T]; L2(Q)) N L2(0,T; H} (Q)))2
The adjoint system of is given by

(2.4)

—ot—aAo+ Ao+ Axp =0 in Q,
—y —bAY+ Bip+ By =0 in Q, (2.6)
0=1¢%=0 on X, ’

o(z,T) = or(z), ¥(x,T)=vr(r) in Q.
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We consider the null controllability with a finite number of constraints on the
state as follows: Given yo, 20 € L*(Q) and e; € L?(Q),i = 1,..., M wverifying .
Find v € L*(Q) such that the solution of satisfies and .

In case of a = b = 1, [I0] has considered the null controllability of and
[16] has considered its null controllability with constraint on the control. The null
controllability with a finite number of constraints on the sate has studied by Gao
[8]. However, the term As > ¢y > 0 was required. To our situation, we will relax
restriction, i.e., |As| > ¢o > 0. Moreover, the diffusion coefficients still depends on
time. By exploiting wisely some estimates used by authors (see [7, [8, [10]), we still
achieve the same results. To make it clear, let us give the main ideas.

We will need some well-known results from Fursikov [7] (see also [6]) that will be
used subsequently. Let w’ be a subdomain of w such that ' € w € (2, there exists
a function B € C?(2) without critical points in Q2 \ w’ satisfying

op

<
7 = 0, on 09,

and

3
min |VB(x)| >0, minpS(x) >max{ﬁ||Loo(Q),ln3},
zeQ\w’ €N 4

where v denotes the outward unit normal to 02. We adopt the following notations
with parameters A > 0 and 7 > 0:
eAB(x) e3MBllLee o) _ AB(z)

HT —t)’ alwt) =7 tT — 1) ’

@(mat) =

M
0=c 7*=eC% E*=3"|eilli~()
=1

L? = | Ail T (q) + 14207 (q) + I Bill7=(q) + 1B2llf=(q)-
The main result of this section is the following theorem.

Theorem 2.1. Let Q be a bounded open subset of RN with boundary 0 of class
C? and e; € L*(Q),i = 1,..., M verifying , For every yo, 20 € L*(Q), one
can find a control v € L?(Q) such that the solution (y,z) of satisfies
and .

2.1. Equivalence to the controllability problem with constraint on the
control. In this section, we transform the linearized problem into an equivalent
linear problem of null controllability with constraint on the control. The argument
of the proof is inspired the work by Gao [§]. Therefore, by following step by step
(see [8, Lemmas 2.3-2.6, Proposition 4.1]), we will obtain the same results, so we
omit the proofs here and state the main results as follows.

Lemma 2.1. The functions {p;1,}i=1,.. .M are linearly independent, where (p;, g;)
are the solutions of the following systems.
—pit —a Ap; + A1p;i + A2q; =0 in Q,
—qit —b Aq; + Bipi + Bagi = ¢; in Q,
pi(z,t) = q;(x,t) =0 on X,
pi(x,T) = qi(x, T)=0 in Q.

Moreover, the functions {Gflpilw}izlwa are also linearly independent.
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We define
U= Span{pllunp?luh e ap]\/[lw}7

Uy = 67U,
where (p;, ¢;) is the solution to (2.7)).

Lemma 2.2. If (p,q) is the solution of the following system
—pr—alAp+Aip+A2¢q=0 in wx(0,7T),
—q—bAq+Bip+Byg=0 in wx(0,7T),
plu € U.

Then p,q are identically zero in w x (0,T).

Lemma 2.3. Let yg, 29 € LQ(Q). There then exists a unique vy € Uy such that

*/ yopi(o)dir*/ Zoqi(o)dl’:// vopidrdt, (2.9)
QO Q wx(0,T)

fori=1,..., M, and where (p;,q;) are solution to (2.7). Moreover, there exists a
constant C = C(Q,T, L, E) such that
lvoll 2 (wx 0,1)) < Cllyollz2) + 20l L2(2)),
10voll L2 (wx (0,7)) < C(llyollz(e) + Iz0llL2(2))-
Proposition 2.1. Let yo, 20 € L*(Q), U and Uy be defined in 2.8). The null
controllability problem with constraints on the state (2.1), (1.6), (1.7)) is equivalent

to the following null controllability problem with constraint on the control: Given
vo € Uy verifying (2.9), find vg € L?(w x (0,T)) such that

vg €U, (2.10)
and the solution to
yr —a Ay + A1y + Biz = (v +ve)l,  in Q,
2zt —bAz+ Asy+ Boz =0 in Q,
y(x,t) = z(x,t) =0 on X,
y(x,0) = yo(x), 2(2,0) = 20(x) in 2,

(2.11)

satisfies (|1.6]).

2.2. Null controllability of the linearized system with constraint on the
control. Thanks to Proposition[2.1} we only focus on solving the null controllability
problem with constraint on the control , (2.11)) and . To do this, we use
a Carleman inequality adapted to the constraint (2.10]).

We begin with the following backward parabolic equation

{stw(t)Af:h(x,t) in Q,

e e (2.12)

where u(t) is a positive, bounded and continuously differentiable function, and
h € L2(Q).
Denoting

I0vs,m€) = [[ o 71e 2 AUl +1A€R) + M2 TEP + Mrt ] dat
Q
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for positive constants A, s, 7. Because of the properties of u(t), we imitate step by
step of the proof of Theorem 7.1 in [7l p. 288], we get the following result.

Lemma 2.4. Let £ and h salisfy the problem (2.12)), and let s > —3. There exist
Ao > 0,79 > 0 and a positive constant C' such that, for A > X\g, T > 79, we have

I\ s,7,8) < C{T // ©*Se 2| h2dxdt + N\t // <p28+3e_2°‘|§|2dacdt}.
Q W' x(0,T)

Furthermore, similarly to [I0, Lemma 2, Theorem 3] (see aslo [16, Lemma 2.3,
Theorem 2.4, Corollary 2.5]), we also have the following result.
Lemma 2.5. Let (g, 1)) be the solution to and C' is determined in Lemma .
C

2 1/3
For any A > Xo, 7> 1 := - (F) L?/3 and s > —3, the following inequality
0

// (|g|2 + |¢|2)<2s+3e—2adxdt <CM // (|g|2 + |1/J|2)C28+36_2“dxdt
Q w’x(0,T)

holds. Moreover, for all v € [0,2), there exists a constant C = C(T, L, co,r) such

that
// (lof + [01?) 2 dwat < C// |o2e™ " dudt. (2.13)
Q wx(0,T)

We now prove the following Carleman inequality.

Lemma 2.6. (Adapted Carleman inequality). There exists a positive constant C
such that for all the (0,v) which is the solution to

/Q(|Q( )12+1(0) d:z:+// |Q|2+|1/)| )dxdt<0// 72|01, —P(ol,)|2dzdt,

where P is the orthogonal projection operator from L*(w x (0,T)) into U.
Proof. Tt follows from (2.13) that

2-ra
// |g|2 + [4] )dxdt < C// ¢ lo|?dxdt,
wx(0,T)

where 72 = ¢72* and r € [0,2). Then replacing v> = e(>=m and using the
boundedness of =2, we obtain that

// \g\2+|w\ )da:dt < C// 2|0l 2 dzdt. (2.14)

We first prove that there exists a positive constant C' such that

// |g|2+|w| )dxdt < c// v2lol, — P(oly,)|*dxdt (2.15)

We argue by contradiction, i.e., suppose that (| - ) does not hold. Then for any
n, there exists o (z), Y3(z) € LZ(Q) satisfying

// |Qn|2 + |thn] )dmdt =1, (2.16)
// V[onle — Plonly)*dadt < l, (2.17)
Q n
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where (9n,%y) is the solution to

LZ(Q?H ¢n) =0 in Q,
LZ(Qm ¢n) =0 m Qa (218)
on(w,t) = Pp(x,t) =0 on X,
Qn(va) = Q%(l’)a wn($7T) = 5&(.’13) in €,

where
LZ(anwn) = —0nt —Q Agn + Algn + A2wn7

LZ(Qna 1pn) = _wnt —-b Awn + BlQn + BQ'(/)TL
Thanks to the Cauchy inequality, for all n € N*, we have

// 9_2|P(gn1w)|2dxdt§2(// 9_2|gn1w|2dxdt+// 9_2\gn1w—P(gn1w)|2dxdt).
Q Q Q

Since #~2 and =2 are bounded then it follows from (2.16)), and (2.17) that there
exists a positive constant C' satisfying

// 072 P(0nly)|?dxdt < C.
Q

Since Pg, € U and U is finite dimensional subspace of L?(w x (0,7T)), we deduce
that

// |P(0nl,,)2dadt < C. (2.19)
Q
On the other hand,

// |Qn1w|2dxdt§2(// |P(gn1w)\2dacdt+// |gn1w—P(Qn1w)|2dxdt).
Q Q Q

According to (2.17)) and (2.19), we infer from the last inequality that there exists a

positive constant C satisfying
// lonl,|?dzdt < C.
Q

Consequently, we can extract a subsequence of {g,1,} (still denoted by {on1s})
and o1, € L*(w x (0,T)) such that

only, — 0ly, in L%*wx (0,T)). (2.20)

Since P(p,1,) belongs to U, an application of Lemma 2.3 in [I3] with H = L?(w x
(0,7)), pI = pil, and h"™ = P(pp1,,) leads to

P(only) — P(ol,) in  L*w x (0,7)). (2.21)
On the other hand, it follows from (2.17) that
Y(only — P(only,)) = 0 in  L*(w x (0,T)),

and therefore,

only — Plonly,) =0 in L*w x (0,7)). (2.22)
Putting (2.22)) together with (2.21)), we obtain
onl, — P(ol,) in L*w x (0,7)). (2.23)

From (2.20) and (2.23) we deduce P(¢l,,) = p1,,. This means that o1, € U and
only, = 0ly in L%*(wx (0,T)). (2.24)
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Let us go back (2.16]), as a result

// 0720, |2 dadt < 1, // 07 2|aby | dxdt < 1.

Thanks to the boundedness of §~2, we can extrapolate that {g,}, {1,} are also
bounded in L*(Q x (,T — €)) for every ¢ € (0,T). Therefore, we can extract
subsequences of {0, } and {t¢,,} (still denoted by {0}, {tn}) such that

on—0 in L*Qx(e,T—¢)).
Yy =1 in L*Qx(,T —¢)).
We deduce that

on =0, Yn—t¢ in D(Q).
Moreover, L} (0n,%n), Li(0n,¥n) are also weakly continuous in D(Q). It means

Li(on,¥n) = Ly(o,¥) in D'(Q).

Li(on,¥n) = Li(o,¥) in D'(Q).

where
L;(0,%) = —0r —a Ao+ Ajo+ Az,

Ly(0,v%) = =t — b A+ Bio + Ba.
It follows from ([2.18)) that
Li(o,) =0 in wx(0,7),
L{(o,¥) =0 in wx (0,7,
ol, €U.

Thanks to Lemma[2.2} we obtain that ¢ = ¢ = 0 in w x (0,T). Therefore, it follows
from (2.24) that
only =0 in L*(w x (0,7T)).

Because of ([2.14)), we deduce that

S 072 (loal + 1) ot =0

which is a contradiction with (2.16 -
Next, we prove that

[ 10 + P ds < [ o1~ plor)Pasar

On a time interval [T'/4,3T'/4], we have

INBllLoo (o) _ pAB(x)
a(x’ t) = 7—63 t(T — t) € < Te%)‘l‘ﬂHL“’(n) (4/T)2.

Thus
h1_ o> e—re%“'ﬁ”L“(S?)(zL/T)"‘

We deduce the existence of a positive constant C such that

3T/4 3T/4
L, ferserewriazc [ 5[ o+ v
Q T/4 JQ
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Moreover, it follows from (2.15) that

3T/4
/ 072 (lo]* + |¥]?) dadt < C’// 7?0l — P(ol,,)|*dxdt.
T/4 Q Q
So,
3T /4
/ / (lo]? + |[]?) dadt < C// v2|ol, — P(oly,)|?dzdt. (2.25)
T/4 Q Q

We consider the following function

(t) e C>=([0,T]), 0<e<1,
(=1, Vtel0,T/4],
(=0, Vtel[3T/4,T),

and with § € R, we define

oz, t) = U(t)e " o(x, 1),

R (2.26)
Pz, t) = é(t)e_étz/)(x,t).
We see that
Oz = 1Z|2 =0,
8z, 0) = o(x,0),  P(x,0) = ¥(x,0), (2.27)
o(z,T) = ¢(x,T) = 0.
From ([2.26) one gets that
—G — Al (AL = 0)a+ A = —l'e g,
—8871? — bAlZ—F Bl§+ (Bg — 5)’(2)\ = —6/6_5tw.

Taking inner product of both equations with respect to g, TZ, then integrating by
parts over @, we get

1/ \5(0)|2da:+// a|v@2dxdt+// (A, — 6)|odzdt
2 Ja Q Q

—|—// Aopibdadt = —// V' poe~*tdadt,
Q Q
and

;/912(0)2dx+//62szZ|2dxdt+//Q By 5ypdadt
o [ (B oiazar = — [ ¢veanar
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Summing these equations and using the Young inequality leads to

%/Q(‘g( )2 + 19(0) dx+// oVl d:cdt+/ bV P[2dadt

+/ (A1 —8)|2] dxdt+// (By — 6) |4 dadt
Q Q
=~ [[ (4220 + 150 o
Q
_ / / (¢eloP + ey ) e dudt
Q
1 2 1 2
< || |oPdedt + = || |AsdPdudt
2/ Jq 2/ Jo
1 ~2 1 2
+ = | B1o|*dzdt + = [ *dxdt
2J)Jq 2J)Jq

[ (1P +102) e tte > dzar
Q
So, we get that

%/qu( )2 +19(0) da:+// al Vol dxdt—l—/ VP dadt

+//Q (A1—6—1—> B dxdt—i—// (Bg—a—l—AQ> () 2dadt
< //Q (|g|2 + |¢|2) |0/ 0)e =20 dadt. (2.28)

We now choose

. 1 Billi~o 1 [1A2]7 g
o< _mm{||A1||L°°(Q) t5 7 f() 1B2llp= (@) + 5+ —5— (>

then it follows from (2.28) that

1 —~ 2 - 2 ~2 12
= b dzd
5 [ (2O + 5Oz + [[ arvaPana+ [ vvianas

3T/4
< c/ / (1o + 012 )~ .
T/4 Ja

Taking (2.25) into account, we infer from the last inequality that

020+ o <c [f o - Peroasa

Q

Thus, using (2.27) we get that
/ (I@( I+ 1(0) dx < c// v?loly, — P(oly)[*dxdt. (2.29)
Q

Combining (2-15) and (2.29) we complete the proof of Lemma [2.6] O
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Thanks to Lemma [2.6] we can construct the following norm on a Hilbert space
V which is the completion of V = {(g,9) € (C*(Q))? such that L*(o,v) =
Li(0,¢) =0and p =1 = 0 on X} with respect to the norm

SO = 2101, — P(ol,)|2dzdLt.
e 0)II% //Qm (01, 2dx

Obviously, this norm is generated from the following scalar product in V' which is
also a symmetric bilinear form

-~

A(B,D): (02, 02)) = / /Q (8l — P(31.))(02les — Plosly))dadt.

According to the Cauchy-Schwarz inequality, the bilinear form .A(.,.) is continuous
on V x V and coercive on V. Let vy be determined by Lemma[2.3] Let us consider
the linear operator £ on V defined by

L(o,9) = //wx(o,T) Uogdmdt+/Qyog(O)dx—k/onz/)(O)dx.

Using the Holder inequality, we have the following estimate
1L(0, )| < [10volullL2 @0 ell2(@) + lwollz2 @ 2(0) |2 (o)
+ 20/l L2 (o) 1Y (0) | L2 (02)-

Thanks to Lemma [2.3|and Lemma [2.6|and the Cauchy-Schwarz inequality, we infer
that

1£(e, )| < ClllyollZ2 0y + 20072 (o)) 12, )l

We deduce that the linear operator £ is continuous on V. In view of the Lax-
Milgram theorem, there exists a unique (g, %g) of the following equation.

/ /Q (061 — P(o91)) (0l — P(oL,))ddt

= // vogda:dt+/ yoo(0)dx +/ 2o (0)dz, for every (o,v) € V. (2.30)
wx(0,T) Q Q

Proposition 2.2. Let yo, z0 € L?(Q), (09,v9) is the unique solution of (2.30) and
vo = =7 (001w — P(0s1w))- (2.31)
Then vy satisfies (2.10) and the associated solution of (2.11) satisfies (1.6]). More-

over, there exists a positive constant C(Q,w, T, L, E) such that
[vellz2(wx(0,1)) < Clllyollz2) + 20l L2(2)), (2.32)
(20, o)llv < ClllmollLzo) + 20l 22(0))- (2.33)

Proof. According to the construction of vy. We easily infer that vy € U+-. We
now prove that the solution (yg, zg) of satisfies (1.6). Indeed, multiplying
both sides of the first equation in by o and the second one by v, and then
integrating in time and spaces. It follows from adding the resulting identities that

[ @)+ = [[ o+ wuodsde+ [ o) +200(0)ds.
Q Q Q
for every (p,1) € V. Putting this together with (2.30)), we deduce that

/Q (u(T)or + =(T)br) dz = 0,
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for every (p,%) € V. Therefore, y(T') = z(T) = 0 in Q.

The estimation (2.32)) and (2.33)) are implied directly from (2.30) by replacing o
by g, using the Cauchy - Schwarz inequality, Lemma [2.3| and Lemma [2.6] (]

Proof of Theorem We have just proved the null controllability of linearized

system with constraint on the control (2.10)), (2.11)) and (1.6)). Therefore, Theorem
[23]is the result directly deduced from Propositions

3. NULL CONTROLLABILITY OF NONLINEAR SYSTEM

We have just proved that, for any (7,%) € (L?(2))?, there exists a control v €
L?(Q) such that v = vy + vy and the triple (v,y, z) satisfies the null controllability
problem with constraints on the sate associated to the linearized system ,
and . Thus we can construct a nonlinear map

St (L(Q)? — (LX(Q))?,
©,2) — 5, 2) = (v, 2),
where (y,z) is the solution of (2.1)) with v(y,2) = vg + vo, vo(¥,2) € Uy, and
vp(7,2) € Ut are determined by Lemma and Proposition We now prove
that S has a fixed point (y, z) € (L*(Q))?, such that S(y, z) = (y, 2), since f(y,2) =
A1(y, 2)y+ Bi1(y, 2)z, and ¢(y, z) = As(y, 2)y+ Ba(y, 2)z, will be sufficient to finish
the proof of Theorem

Proposition 3.1. Assume that a, b, f and g be functions of class C* with bounded
derivatives, satisfying (1.2)-(1.4). Then

(i) S is continuous;
(ii) S is compact;
(iii) S has a bounded range, i.c., there exists a positive constant C such that

15y, )l (22 < C, V(y, 2) € (L*(Q))>.

Proof. The proof is the same idea as in [I3], Proposition 3.1]. However, it must be
adapted to our situation. Thus, we outline it for reader’s convenience.
i) Proof of the continuity of S. We proceed in five steps as follows:
Step 1. Let (¥,,2n) € (L?(Q))? be such that
Un =y in L*(Q),
Z, — 2 in L*(Q).

Since a and b are C'-functions with bounded derivatives satisfying (1.2]), we have

a(/{zgndaz,/ﬂ%dz> —>a(/ﬂ§dz,/g§dx) in L2(0,7), (3.1)
b(/ﬁ@ndx,/gzndaz) ab(/{lgdx,/ﬂzdx) in L2(0, 7). (3.2)

Moreover, we can extract subsequences of {7, } and {Z,} (still denoted the same)
such that
Yn — ¥y almost everywhere in Q,

Zn — z almost everywhere in Q.
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Since f and g are functions of C! class with bounded derivatives, then functions
Ay, Ag, By and By determined by (2.2) and (2.3) are continuous. Thus

Ai(Un, 2n) — Ai(7,Z) almost everywhere in Q,
B;(Yn, 2n) — Bi(y,Z) almost everywhere in @,
for i = 1,2. We deduce from (2.4) that |A;(Yn,2n)| < K, and |B;(Un,2n)| < K

almost everywhere in Q). It follows from the relation of modes of convergence that
(see [2, Chapter 7, Theorem 7.2])

Ai(Uns2n) = Ai(7,2) in L*(Q), (3.3)

Step 2. Since Theorem holds for every (7,2) € (L?(Q))?, it is also true for
(Un,2n) € (L?(Q))2. Therefore, there exists the control v(¥y,,2,) such that the
solution (yy, z,,) of
86%” - a(fﬂ Undz, [, Enda:)Ayn

+A1(§/\n, :Z\n)yn + Bl(ﬂna /Z\n)zn = U(Z/J\na 2n)lw in Q,

Oz _ b( JoyTndz, [, 2ndg;) Az + Ao (G Z0)yn + Ba(Gns Zn)2n =0 in Q,
Yn(z,t) = 25 (z,t) =0 on Y,
yn(7,0) = yo(x);  2n(z,0) = 20(x) in {2
(3.5)
satisfies
=2z,(T)=0in Q,

/ / zZpeidxdt =0, 1 =1,..., M,

U(@\n; /Z\n> = 'UO(:I/\na /Z\n) + 'U0<:7J\n7 /z\n)v
where, in view of ([2.8)),

UO(@\TH /Z\n) S 9_1SPan{P1 (@\nv En)1w7p2(/y\n7 /Z\n)lwy cee apM@/\ny /z\n)lw}

and

satisfies
[ wopi@n 2Oz~ [ 202 Ode = [ (GG ),
Q Q x(0,T)
(3.6)
fori=1,..., M, and (p;(Un,2n), ¢i(Yn, zn)) is the solution of
0Get) o [, Guda, fo Zade ) Api(Gn, )
a [ Any/Z\n -~ -~ ~ ~
+B; (277“ En)pi (Z/J\na 3n) + By @m En)Qi(gn7 2n) =€ in Qa
pz(§n72n)(xat) :ql@n,gn)(%t) =0 on Ev

Let P, = P(n, ) be the orthogonal projection operator from L?(w x (0,T)) into
u(gn, lz\n) = Span{pl (@\na En)lw;pQ(@\n; En)]-wa e ,pM(@\TM gn)]-w}



14 C.T. ANH, L.T. TINH, V.M. TOI

In view of (2.31]),
vg(ﬂn,gn) = _72(99(@\71,271)1&) - Pn(ge@n, /Z\n)lw)%
where (QG(gnagn)awO(@\nagn)) € V satisfies

LZ(Qo(Z/\ny/Z\n%wO(:/U\ny/z\n)) =0 n Q,
Ly (00 (Yns Zn), Yo (Uns 2n)) = 0 in Q,
00(Yn, 2n) (2, 1) = Vo (Un, 2n)(,t) = 0 on X,

06(Un, 2n)(2, T) = o1 (@), Yo(Un, 2n) (2, T) = ¢r(x)  in Q.

(3.9)

Furthermore, according to Proposition 2.2 Lemmas 23] and [2.6] there exists a

positive constant C(Q,w, T, L, E, K) such that

(00 Uns Zn)s Yo (Uns Zn))llv < Cllvollz2() + 120l 22(0)),

1126 (Uns Zn)s Yo (s Z0)l (22 wx (0,102 < Clllwollz2(e) + 120/l 22 (@),
10 (Fns Zn)ll L2 wx 0,1)) < Cllvollz2@) + l2o0llz2(0)),
||9110(Z7m3n)||L2(wx(0 ) < C(||yo||L2(Q) + ||Z0HL2(Q))a

109 (Yns Zn) |22 (wx (0,1)) < Cllwollz2) + ll20ll 22 ()
10(Uns Zn)ll L2 @wx 0.1)) < Clllyoll2) + llzollz2(0))-

(3.10)
(3.11)

(3.12)

(3.13)

Therefore, we can extract subsequences (see [I5, Theorem 4.18, Corollary 4.19])

(still denoted the same) such that

91}0 (/y\na /Z\’I'L

Ue(ym rZ\n

)
)
(Y Zn) = To in L? ( (O,T))
)
)

Therefore,

(P, Zn) = V=709 +0p in L*(w x (0,7)).

Step 3. Since (ypn, 2,) is the solution of (3.5), by using (3.13]), we have
lynllw o7y < Cllvollzz() + 20l z2(0)):
l2nllwo.m) < Cllyollzz@) + 20/l L2(e)),

where

W(0,T) = L*(0,T; Hy(2)) N H'(0,T; H™H(Q)).

Consequently, there exists (7,2) € (W(0,T))? such that

Yo —y in W(0,T),
zn, — Z in W(0,T).

(3.19)
(3.20)

In addition, the embedding of W (0,7 into L?(Q) is compact, we deduce that

yn — ¥ in L*(Q),

2, — Z in L*(Q).

(3.21)

(3.22)
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Now, passing to the limits in (3.5), while using (3.1, , (3-3), (3.4), ;
(3.19), (3.20], (3.21) and -, we deduce that the trlple (~ ~(~), Z(v)) verifies

a(fg ydz, [, de) Ay+ A1 (§,2)y+ B1(y,2)Z =0l inQ,
b(fQ jda, |, de) AZ+ A2+ Bo(3,2)Z=0  inQ,
ylx,t) =Z(x,t) =0 on X,
y(x,0) = yo(x); Z(x,0) = 2o(x) in Q

satisfies
y(T)=2z(T)=01in Q,

T
/ /Eeidxdt:O,lgiSM.
0 Q

Step 4. Since (p;(Yn, Zn), ¢ (Yn, 2n)) is the solution of (3.7), we deduce that

and

1P (ns Zn) L2 0,112 () < Cll€illz2@)s (3.23)
1¢: Fns Zn) [l L2 0,752 (00)) < ClleillLz(q)- (3.24)

On the other hand, we can rewrite (3.7) as follows

— 0B o [ Gude, fo Zade) Api(Gn,Zn) = (s Za) 0 Q,
002 b [ Guda, fo Zade) Aqi(TnZ0) = di(GnZ) 0 Q,

pi (ymzn)(xa t) = ¢i(Yn, 2n) (2, 1) = 0 on X,

where

Ci(@\na gn) =-A (Z/J\na En)pi(?/jna gn) - A2(?7m EH)Qi(@\na 2\”)7

dz(@\na 2'\n> =€; — Bl @m /Z\n)pi(@\na 3n) - BQ(Z/\na gn)%(gru 2n)
are uniformly bounded in L?(Q) according to (3.23)), (3.24), and (2.4). Then
we get that (p;(Un, 2n); ¢i(Un, 2n)) is bounded uniformly in n in (L2(0,7; H%(Q) N
H(Q)) N HY(0,T;L?(2)))? =: X(Q)?. Therefore, we can extract a subsequences
of (pi(Un, 2n)s ¢i(Un, 2n)) (still denoted the same) such that

qi(Un,2n) = ¢ in X(Q). (3.26)

Thanks to the compactness of the embedding X (Q) into L2(0,T; H}(Q2)), we have
Di(Uns2n) — i in L2(0,T; Hy (1)), (3.27)

@i(Yn:2n) — @ in L*(0,T; Hy(Q)). (3.28)

From the energy inequality for p;(Un, Zn)s ¢ (Un,2n), (3.23) and (3.24), it follows
that

19i (Fns 2n) (0) |2y < Clleill2 (@), (3.29)
14 (s Z0) (0)]| 2 () < Clleill2(o)- (3.30)
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Therefore, passing to the limits in (3.7]), while using , , (13-3), , (13.25)),
[3.26)), (3.27) and (3.28)), we get

_%ﬁ; (fQ ydz, fQ de) Api + A1(y,2)pi + A2(Y,2)qi = 0 in Q,
~ 55— b( Jo 9o, [ Zdw) AG + Bu(@ 2552 + Ba§ )G = i inQ,
pi(z,t) = qi(z,t) =0 on X,
ﬁi(a:,T) = @(x T)=0 in Q.
It follows from and - that
Pi(Un,2n)(0) = p3(0) in L*(1), (3.31)
i (Un>2n)(0) = Gi(0) in L*(Q). (3.32)

Therefore, for each e;, i =1,..., M, (p;,q;) is the solution of (2.7). Hence, thanks
to the uniqueness of the solution of , one gets

Step 5. Since 0vo(Yn,zn) € Span{pl(ymZn)lwap2(ynazn) ws -+ s PM (Yny, Zn)lu }
and satisfies -, by using [I3, Lemma 2.3] with H = L?(w x (0, )) ht =

000 (i, Zn)s PP = Pi(Un, Zn) 1o while taking into account (3.16)), (3.27), (3.28)), (3.33)
and (3.34), we deduce that there exists a; € R,i=1,..., M, such that

M
000 (Fns 2n) — Y 6;pj (0, 2)1e in L (w x (0, 7).
j=1

Since 7! is bounded in L°>°(Q) and vg(¥y, 2, ) satisfying (3.15]), we infer that
V0(Yns Zn) — Vo = Zaj —p;(7,2)1, in L*(w x (0,T)).

Passing to the limits in , while using 1|3.15|), 1|3.2?| , |3.28|}7 |3.31|), 1|3.32|), 1|3.33|)
and we get

—/ yopi (7, ?)(O)dx—/ZOqz U,z dw—// vopi (Y, 2)dxdt,
0 wx (0,T)

for ¢ = 1,..., M. Thanks to the uniqueness of vy € Uy which verifies , we
conclude that vg(¥y, 2) = vo.
On the other hand, since

UG(@\TH 25\71) € Z’{l (@)u Zj\n) = Span{pl (gnv /Z\n)lwap2(@\na /Z\n)lw; ce apM(Z/J\n; gn)lw}l7

then we have

// V9(Un, 2n)Pi(Un, 2n)daxdt =0, i =1,..., M.
wx(0,T)
Taking the limits in this identity while using (3.17), (3.27), (3.28)), (3.33) and (3.34)),

we obtain
// Vopi (Y, 2)dxdt =0, i =1,...,. M
wx(0,T)

This means that vg € U+ = span{p1 (¥, 2) 1w, p2(7, 2) 1w, ..., par (7, 2)1,}+.
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Now, it follows from Lemma [2:4] that
I, 8,7, 00(Yns Zn)) + L(A, 8, 7,900 (Yn, 2n))
<Clr [ e (oot ) + Aol )P
18120 50) + Bt 5,) ) dac (339
ontrt [ e (5 0@ ) dode]
Using the Cauchy-Schwarz inequality in the right hand side of , one gets
I, 8,7, 00(Yns Zn)) + L(A, 8, 7,10 (Yn, 2n))
<ol [[ ¢ (1o 200 + oG, 20 ) dec 536

N // ( )(p2$+3e—2a(‘99(@\n’/z\n)|2 + |1/19(?/J\n7/2\n)|2)d$dt:|
wx(0,T

On the other hand, since (9¢(Yn,2n), Vo(Yn,2n)) verifies and -, then
it follows from (3.36) that (06(Yn,2n);®¥e(Un,2n)) is bounded uniformly in n in

(L2(e, T — g; H%(Q)))?, for all T > & > 0. This implies that
(00(Fns Zn)s 6 (T 2n)) = (20(7.2),$6(3,2)) in (L2 x (e, T —¢)))?,
(00(Tns Zn), Y6 (Fns 20)) = (20(F,2), %0 (3, 2)) in (L2 x (e, T —)))*.
So
(6(Uns Zn)s Yo (Yn, Zn)) = (0(
(6 (Uns Zn); Y0 (Yns Zn)) — (00(

5}

Setting

Lo Za) ol 50)) = = 2205 o [ Godo, [ 2do) Aon(G.5)
+ A1(Un, Zn) 00 (Un, Zn) + A2(Un, Z0) 0 (Un, Zn),
{0l 30) b, 50)) = = 2252 ([ oo, [ 2do) Aun(@nz)
+ B1(Un: Zn) 00 (U Zn) + B2(Un, 2n) o (n, Zn)-
It follows from , , , and that
L (00(Gns Zn)s 0 (T Zn)) = L3 (20(3, 2), ¥0(5,2) in D'(Q),
L5 (00(Fns Zn) 0 (s 2)) = L3 (20(5, 2), 0o (3, 2)) in D'(Q).
Combining with , we deduce that
n Q,

’ in Qa
,2) = p(y,2) =0 on X,

00(y B
00(y,2)(x,T) = or(x), ¥e(y,2)(x, T) = ¢r(x)  in Q.
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Thanks to uniqueness of the solution of (2.30) and vy = Ug, we have gy = g9, %9 =
1g. According to (3.10) and the definition of the norm on V', we have

||Pn(99(:/l/\n7/Z\n)lw)_QG(@\n7En)lw”Lz(Q) < O(Qavaa L7E7 K)(HyO||L2(Q)+HZO||€2(Q)))
3.37

Applying inequality (2.13) to (00(Un, Zn); Yo (Un, zn)) and taking into account (3.9)
and (3.11]), we obtain

107" 00 (T, Zn) | 22(0) < C(Q,w, T, L, E, K)(||yoll L2(0) + |20l L2(2)); (3.38)

107 46 (s Zn) | 22(@) < C(Q2.w, T, L, B, K)(lyoll 20y + 20l 220))-  (3:39)
Then, proceeding as in the proof of Lemmawhile using (3.37)), (3.38]) and (3.39),

we get

1P (06(Uns Zn)1w)l2(@) < C(Qw, T, L, E, K)(lyollL2(0) + |20l L2(2))-
Therefore, P, (09(Yn,2n)le) being in U(Yn, 2n), using [13] Lemma 2.3] with H =
L*(w x (0,T)), h™ = Pu(00(Un>2n)1w), P = pi(Un, 2n)1, while putting together
with (3.27)), (3.28)), (3.33)), and (3.34)), one gets

Pr(00(Un:Zn)1e) = x € span{p1(¥, 2)1w, p2(¥, 2) 1w, - -, o (U, 2) 10 }-
This means that y € U.

By using (3.8)), (3.14) and (3.17), we deduce that
1)0(@17 /Z\n) = _'72(«90(@17 2:\n)]-w - Pn(QG(:/U\nv/z\n)lw))
= =7*(06(9.2)1w —x) =0 in L*(wx (0,1)).

Observing that P(0y(7,%)1, — x) = 0 and P(x) = x because 0y(y,2)1, — x € U+
and x € U. We derive P(po(Y,%)1,) = x. This leads to

o = ve = —7*(00(J.2) 1w — P(00(7, 2)10))-
It follows from the relation (3.18)) that v = vo(7, 2) + ve(y,z) = v. Therefore, the
triple (v, y, z) verifies (2.1)), (1.6) and (1.7]).

i) Proof of the compactness of S. We deduce from the argument above that
when (7, 2) lies in bounded subset B of (L?(Q))?, S(7,2) = (y, 2) lies in bounded set
of (W(0,T))2. Since the compactness of the embedding (W (0,T))? — (L*(Q))?,
we deduce that S(B) is relatively compact in (L?(Q))%2. Thus, S is a compact
operator.

iii) Proof of the boundedness of the range of S. Let (7,2) € (L?(Q))?. Since

(y, z) is solution of (2.1 with v(¥,2) satisfying
lvllz2@) < Clllyollz2(e) + llz0llz2(0))

we deduce that
vllz20,1m2(2)) < Cllvollz2) + 20l z2(2)),
12112 0,712 () < ClllvollL2(@) + 1z0ll2())-
Thanks to the continuous embedding of L2(0,T; H}(2)) into L2(Q), it follows that
Iyll2(@) < Clllwollzz() + lz0llz2(0)),
Izl z2 @) < Clllyollzz(e) + 20l L2(2))-
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oof of Theorem Due to the Proposition[3.1} all hypotheses of the Schauder

fixed-point theorem are satisfied. Consequently, the mapping S has a fixed point

(¥,

v), and then we complete the proof of Theorem
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