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ABSTRACT. Let u € Lo N CLH R\ {0}) N C(R™) be a nonnegative solution

loc
of the fractional order equation

a 1
(=A)z2u= (W * \:v|“up) |z|%uP~t  in R™\ {0},

where 0 < a < 2,0 < 8 < n and a > max{—a, —O‘Qﬂ} By exploiting the
method of scaling spheres and moving planes in integral forms, we show that

w must be zero if 1 < p < % and must be radially symmetric about the

originifa<0and%§p§%@l.

1. INTRODUCTION

In this paper, we study the fractional Choquard type equation with weights
o 1
(—A)zu = (W * :1:|“up) |z|%uP~t  in R™\ {0}, (1)

where 0 < @ < 2, 0 < < n, a > max{—a, —#}, p > 1. Here, the convolution
of two functions f and ¢ is defined as

(fxg)(z) = - [z —y)g(y)dy.

We also remind that the fractional Laplacian in R™ is defined as a nonlocal
pseudo-differential operator

a u(z) — u(y) : u(z) — u(y)
—-A)2u(z) = Cp o PV ———~dy = Cj,  lim —dy
( ) ( ) R |.T _ y|n+a 0 R"\BE(:E) ‘l’ _ y|n+oz

7

where C,, o is a normalization constant, B.(x) is the ball of radius € and center
x € R™, and PV stands for the Cauchy principle value. This operator is well defined
in the Schwartz space of rapidly decreasing continuously differentiable functions in
R™. 1In this space, the fractional Laplacian can also be defined by the Fourier
transform
Fl(=A)2u](€) = [¢]* Fu(€),

where Fu is the Fourier transform of u. One can extend this operator to the
distributions u in the space L, by

(-8)fue) = [ u-8)ipds, forallp e CR@R),
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where

Lo,=<uelLl (R® ————dr <0 ,.
a { loc( ) | - 1+ |£L“n+o‘

It is also clear that if u € Ly N Cllo’c1 (©), where Q is an open domain of R™, then
(—A)Zu(x) is well defined for all 2 € . Throughout this paper, we study solutions
of in the classical sense. That is, we call v a nonnegative solution of if u
is a nonnegative function in L, N Cﬁ)’i (R™\ {0}) N C(R™) and u verifies for all
z € R™\ {0}.

In the last decades, the fractional Laplacian has been widely used to model vari-
ous physical phenomena, such as the turbulence, water waves, anomalous diffusion,
phase transitions, flame propagation and quasi-geostrophic flows (see [4,/6,/9] and
the references therein). It also has several applications in probability, optimization
and finance. In particular, the fractional Laplacian can be seen as the infinitesimal
generator of a stable Lévy process (see [1,/3,5]).

One may observe that the right hand side of is also a nonlocal term. This
phenomenon causes some mathematical difficulties which make the study of such
problem particularly interesting. Moreover, problem of type has a strong phys-
ical motivation. In fact, it is an analog of the nonlinear stationary Choquard
equation

1
—Au+V(z)u=2 <|n_2 * u2> u in R,
x

which arises naturally in a variety of applications, for instance, the physics of mul-
tiple particle systems, quantum mechanics, Hartree-Fock theory, physics of laser
beams and so on, which we refer to [19,23].

Elliptic problems of Choquard type have been studied extensively by several
authors in recent years. An introduction to mathematical treatment of Choquard
type equations can be found in the review paper [22] by Moroz and Schaftingen.
Without any intention to provide a survey about the subject, we would like to refer
the reader to the papers [2,/12,|20,25] and the references therein, where some recent
existence and multiplicity results for Choquard equations and related problems
can be found. In this paper, we focus to problem , which is usually called the
fractional stationary Choquard equation with Hénon-Hardy weights and vanishing
potential. This problem was studied by various authors and some optimal Liouville
theorems as well as classification results were established recently.

First, we consider the case a = 0. One may show that, ifa =0and 0 < o, 5 < 2,
then is equivalent to the elliptic system

{(—A)gu =ouP~t  in R™\ {0},

(—A)2p = uP in R™ \ {0}, @)

up to a suitable scaling. By applying the method of moving planes for this system,
Lei [17] classified all positive solutions to (I}) when o = 3 = 2 and p = 22, He also

n—2"
derived Liouville theorem in the subcritical case 1 < p < Z—J_rg The more general
cases 0 < a, 8 < 2 were studied by Ma and Zhang in |21], where they established the
n+p

symmetry and nonexistence of positive solutions of in the critical case p =

and subcritical case -~ <p < Zi‘g, respectively. The method used in [21] is the

direct method of moving planes, which was first introduced by Chen, Li, Li [7], for
the fractional system . Note that the assumption 0 < 8 < 2 is compulsory in

n—«a
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this approach. Later, Dai, Fang and Qin [10] found a way to apply the method
to equation directly, and they successfully classified all positive solutions to
when 3 =n —2a, o € (0,min{2, 3}) and p = 2. Very recently, these results were
extended to the full range 0 < 8 < n by Le in [15]. Indeed, it is proved in [15] that,
if 0 < B <nandue L,NCLYR) is a nonnegative solution of (), then u =0

loc
n—a

2

provided that 1 <p < % and w must assume the form u(x) = ¢ (W)

provided that p = %

Now we turn our attention to the weighted case, i.e., a # 0. When a < 0,
the study of equation is motivated by the doubly weighted Hardy-Littlewood-
Sobolev inequality

@) )N T
(// FRS — dxdy) < O(=A)7ull2@ny,

syl

see |18l/24] for more details. In [13], Du, Gao and Yang proved that, if o = 2,
%ﬁnm’"} <a<O0andp= %, then every D1:2(R") positive solutions of
must be radially symmetric about the origin. There is also a radial symmetry
result for positive solutions u of the Choquard type equation involving fractional
p-Laplacian

(-8 u= (g + b e R (o)

where a < 0 and p > 2, see Le |16]. However, a priori asymptotic assumptions on
u is required in [16].

The main purpose of this paper is to extend the result in [15] to the case a # 0.
Our results will cover the full range 0 < a < 2, 0 < 8 < n and we do not assume
any integrability or asymptotic behavior of solutions.

In our first result is the following Liouville theorem.

Theorem 1. Assume 0 < a<2,0< < n, a> max{fa,fo‘—;ﬁ} and 1 < p <

n+p+2a
n—ao

. If u is a nonnegative solution of equation , then u = 0.

Remark 1. The case a = 0 was already established in |15] via the direct method of
moving planes. However, that method cannot be applied to the case a # 0 to get
Liouville theorem. If one use that method on equation with a # 0, one can only
obtain the radial symmetry of nonnegative solutions in the range 1 < p < ”n%ﬁz:a
To obtain Liouville theorem in the full range 1 < p < %, we will take another
approach: the method of scaling spheres. This method was introduced by Dai and
Qin recently in [11] and was successfully used to establish the optimal Liouville
theorem for nonnegative solutions of the fractional Hénon-Hardy equation

(=A)2u = |z|"wP~t  in R™\ {0}.
In order to prove Theorem , we will turn equation into an equivalent integral

system, then we extend the method of scaling spheres to this system to get the
desired result.

Our second result concerns with the radial symmetry of nonnegative solutions
when p > n+B+2a
- n—o
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Theorem 2. Assume 0 < a < 2, 0 < 8 < n, max{—oz,—o%ﬁ} < a <0 and
”J;Bf“ <p< ”+B+“ If u is a nonnegative solution of equation (I)), then u must

be radially symmetmc about the origin.

Remark 2. Clearly, if "";fi‘;ga <p< n:f:a, then a < 0. Furthermore, when a = 0,
ntf+2a - p < n+pB+a
n—ao - - n—o

the assumption reduces to p = % This case was already
studied in |15], where it is proved that every nonnegative solutions must be radially
symmetric about some point in R™ and therefore assume an explicit form. Such
an explicit form is, however, not available for equation in the case a < 0 to the
best of our knowledge.

Note that Theorem can be proved by the direct method of moving planes
as in [15]. However, in this paper, we will utilize the method of moving planes in
integral forms instead, see [8]. This gives us a new proof which is simpler than that
in [15] and more consistent with the proof of Theorem (J).

The remainder of this paper is organized as follows. In Section 2, we use maxi-
mum principle and Liouville theorem for a-harmonic functions to transform equa-
tion into an equivalent integral system. Then we establish the method of scaling
spheres for this system to prove Theorem [I]in Section 2. The last section is devoted
to the proof of the radial symmetry of solutions, namely, Theorem .

Throughout this paper, we use C to denote some positive constant which may
change from line to line or even in the same line. At times, we append subscripts to
C to specify its dependence on the subscript parameters. For the sake of simplicity,
we also denote by Bpr the ball of center 0 and radius R > 0.

2. PRELIMINARIES

It is not easy to investigate the qualitative properties of solutions to directly
due to the presence of the convolution term in the right hand side. To overcome
this difficulty, throughout this paper, we denote

1

v = P * || “uP,

then we transform into an equivalent integral system. More precisely, we have

Theorem 3. If u is a nonnegative solution of , then (u,v) is a solution of the
integral system

a, p 1
CW/ |y||;t_ - 1;( )dy, ©cR"
52 o 2 ®)
v(x) = / dy, r e R™.
R!L

x—y[nph

In order to prove Theorem [3] we need the following lemmas.

Lemma 4 (Lemma 2.2 in [11]). Assume that n > 2 and 0 < a < 2. If w is
a-harmonic in Br \ {0} and satisfies w(x) = o(|x|*™™) as |z| = 0, then w can be
defined at 0 so that it is a-harmonic in Bpg.

Lemma 5 (Maximum principle [7]). Let n > 2, 0 < o < 2 and Q be a bounded
domain in R™. Assume that w € Ly N Cloc( ) and is lower semi-continuous on Q.
If

w(z) >0, x € R™\ Q,
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then w(zx) > 0 for all x € R™. Moreover, if w = 0 at some point in §, then
w( ) = 0 almost everywhere in R™. These conclusions hold for unbounded region
Q if we further assume that lllr‘n inf w(x) > 0.
xT|—00
Lemma 6 (Liouville theorem [26]). Assume thatn > 2,0 < a < 2 and w is a
strong solution of
{( A)Sw(z) =0, xeR",

w
(x) >0, x € R™.

Then, u = C for some constant C > 0

Proof of Theorem[3 Assume that u is a nonnegative solution of . For arbitrary
R >0, let

:/ Gz, y)|yl*uP~ (y)v(y)dy,
Br

where G% is the Green’s functions on Bg for (—A)%. That is, % is given by

‘R a_q

C s b2 .
o meo —db, if z,y € Br(0),
Gg(z,y) = { l==vl /0 (1+0b)% ifz,y € Br(0)

0, if v ory € R™\ Bg(0),

= lz—y? _ (1 =2 2
where sg =2 and tp 1— %) (1= "% ) (see [14]). Then ur € Lo N
CLLHR™\ {0}) N C(R™) and satisfies

loc
(—A)Sug(x) = |z|*wP~ (z)v(z), z € Bgr\ {0}, )
ug(z) =0, z € R"\ Bg.

Let ug(z) = u(z) — ug(z), then (—A)2ug = 0 in B \ {0}. By Lemma we
have g € Lo NCL(R™) and

loc

By Lemma 5] we derive
ur(z) >0, zeR"
Therefore, letting R — 0o, we have
a, p— 1
w(z) > ooz Cw/ ly|*w (y)dy’
|z — y|” @

and U € Lo N Ci)cl (R™\ {0}) N C(R™) is a solution of

(=A) % uoo () = [z[*u? " (2)v(w), @ €R"\{0}.

Now let Uoo () = u(z) — uo (), then by Lemma we have T, € Lo NCLL(R™)
and satisfies

r € R".

« A)%w )=0, zeR,
>0,
> 0, which indicates u > C;. Thus,

z)
From Lemma [f] we get T = C)
)

|y|*uP (y / |y|*
v(z) = 7d > P — 2 _dy=CPC
(@) /]R" o=y Y= o ey E Y T
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and

u(z) =C1 + Cn,a/

ly|*

n |z —ynme

ly|“uP~ (y)v(y)
|z — y[n—

dy > Oy + Cp.oC7P71Cy / dy.

If we choose = 0, then the above inequality implies Cy = 0. Therefore, (u,v)
satisfies integral system .

Conversely, assume that (u,v) is a nonnegative solution of integral system ,
then

8% = [ 8% () e ety

= [ bl ety = laf v @)e(z).

That is, u satisfies equation . This completes the proof of Theorem O

For any A > 0, we denote by Sy = 0B, the sphere of center 0 and radius A. We

also denote by
PN
|z

the inversion of € R™ \ {0} about the sphere S). We then define the Kelvin
transform of u and v with respect to Sy by

uA(m):(|i|>n_au(a?)‘) and v,\(x):(|;\|)n_6v(x>‘).

One may check that if (u, v) is a solution of (3)), then (uy,vy) satisfies the integral
system

(5)

|y|a A Tup—l v x n
~Cn [ i () 8 O R )
(

oa(z) = /Rn Iz _yy|‘|ln (3)/\|)

T=n+f+2a—pn—a). (6)

A(W)dy, z € R™\ {0},

where

From Theorem [3|, we deduce that, if u is a nonnegative solution of , then
u,v are both positive or u = v = 0. Therefore, in the remainder of this paper,
we may assume that (u,v) is a positive solution of (3). Then we try to reach
a contradiction in the case 1 < p < %

n+pB+2a <p< n+,3+a
n—o P= :

and the symmetry of u in the case

3. NONEXISTENCE OF POSITIVE SOLUTIONS

In this section, we utilize the direct method of scaling spheres to prove the
Theorem 1} For that purpose, let (u,v) be a positive solution of and define

Ux(z) = ux(z) —u(z), Vi(z)=ovr(zr) —v(x).
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From the first equation in (3)), we have

u(@) = o /B et yey)dy

|z —y|"
a by T B (7)
O 'y() & (o (y)dy.
B Mm—i |y
p) Y

From the first equation in , we deduce

ux(z) = Oma/ |y|>\n_aup1(y)v(y)dy
By [l _ A
TINT T Y (8)
a AN\ L
O [ A () o
By |z =l |
By combining @ and , one can derive that, for any « € B) \ {0},
Ualw) = OTW/B |z —|yy||"a C |y|/\ noa
AT p—1
X\ 77 ) uh @oaly) — v (y)o(y) ) dy
|yl 9)
> / yl* [yl
= Un,a T—y e \ —c
By ‘ | %x _ my

< (W87 W)oaly) = w7 (W)0()) dy.
In the last inequality, we have used the fact

2
(xz_)\Z)yZ_)\Q
oyl = (=N =0

vl 2,
A Yl

>0 forz,y € By\ {0}

By the mean value theorem, one may show that, for any 0 < a < b and ¢ > 0,
a? — b? > max{q, 1} (a — b). (10)

Using , for each y € B), there are four possible cases:
o If uy(y) > u(y) and vy(y) > v(y), then

B (y)oay) — v (y)u(y) > 0.
o If uy(y) > u(y) and vx(y) < v(y), then
B )oaly) — w? T (@)o(y) = uP T () Vay)-
o If uy(y) < u(y) and vy (y) > v(y), then
& o) — o @)) 2 () - 0 ) vly)

> max{p — 1, 1}u?>(y)v(y)Ux(y).
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o If uy(y) < u(y) and vy(y) < v(y), then

7 oaly) — w w)ely) = (W57 () = w7 (1)) oaly) + @) (a(y) — v ()
> max{p — 1, 1}uP2(y)v(y)Ux(y) + "~ (y)Valy).
Therefore, in all cases, we have

B (y)uay) — uPH(y)oly) = max{p — 1, P2 (y)o(y)Us (y) + u?~ 1)V (),
(11)
where, as usual, we denote ¢~ = min{0, a} for any a € R.
We also denote

By ={x € BA\{0} |Ux(z) <0} and B} ={xe€ By\{0}]|Vi(z) <0}
From @ and , we have

UA(:E):CW/ |yl B |yl __
By

lx —y|n—e ’\ |

A
AT T Y

x (max{p — 1, 1}u""*(y)v(y)U5 (y) + v’ (y)Vy (y)) dy
ly|*uP~2(y)v(y)Ux(y) ly|“uP =" (y)Va(y)

>C - dy+C ———dy.
BY |z —yl BY |z =yl
(12)
Similarly,
ly|* ly|® AN\
Vaie) = [ - A (2) g -ww) dy
B, |\ lz—y[nF ’%xfiyn o lyl) 2
[yl (13)
lyl® ly|®
> - — | (WX (y) — P (y)) dy,
/& o —y["=? o — 2y [" L
A [yl
which leads to
aupfl U
Va(2) > p / W), (14)
By |z -yl

We also recall the following Hardy-Littlewood-Sobolev inequality.

Lemma 7 (Hardy-Littlewood-Sobolev inequality [18,24]). Let 0 < a < n and

p,q > 1 be such that % = % — . Then we have

/ f(y)i dy
re T =yl

Let s > # and ¢t > n%ﬁ be such that

< Cn,oz,p”fHLp(R")
La(R")

for all f € LP(R™).
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Applying Hardy-Littlewood-Sobolev and Hélder’s inequality, from we have
T I St

Lwtas (By ‘Lﬁ(Bw
<C ||‘x|aup72UHL§(Bj\‘) [1%Y

+ O |l

L*(BY) (15)

|V/\||Lt(B§)-

La%5 (BY)
Similarly, from , we have

-1
VMl sy < Clllal*u" 0Nl 225 )

<Cllalw |y [Oh] 1o
< x|%u ey (5) Al (By)-
From and , we deduce
a, p—2 n a, p—1 a, p—1
103y < € ol gy + Mol g Mol 2, b
X[|UxllLs (B2
1
where the constant C is independent of \.
Proof of Theorem[1, The proof is divided into three steps.
Step 1. (Start dilating the sphere from near A\ = 0)
In this step, we will prove that for A > 0 sufficiently small,
Uy, >0 in By\{0}. (18)
Indeed, since a > max{—a, —#}, there exists £g > 0 small enough, such that

9 1
2m < -

La+B(By) ~ 2C
for all 0 < A < g9, where the constant C is the same as in . Hence, indicates
U] Ls(y) = 0, which means B} = (). Therefore, holds for all A < g¢. This
completes Step 1.

Step 2. (Dilate the sphere Sy outward until A\ = o)

Step 1 provides us a starting point to dilate the sphere Sy from near A = 0. Now
we dilate the sphere S outward as long as holds. Let

Ao =sup{A>0|U, >0in B, \ {0} for all z € (0,\]}.
In this step, we show that

llal™w =20l 2 5, + Nal e

Suppose on contrary that 0 < A\g < co. Since U), is continuous with respect to A,
we already have Uy, > 0 in By, \ {0}. From (13)), we deduce V), > 0 in By, \ {0}.
Then (9) implies Uy, > 0 in By, \ {0}.

Now we claim that, there exists C' > 0 and i > 0 such that

Ux,,Vae 2 C in B, \ {0}. (20)

Indeed, from (), we can derive that, for any « € By, \ {0},

e A (P R TP W )
Ao )\70:1; — ﬁy
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% (8 W)one () — w2 w)o()) dy

> |y‘a _ |y‘a p—1 Vs d 29
= Un,a n—o n—o U (y) Ao (y) Y. ( )
B |z —yl |yl Ao
0 TQZL' my

Note that if |y| < 22, then

1 1 1 1 2o
|z —y|me

— — > as z — 0.
n—o ‘y|n—a Ag—a )\g_a

ly| Ao
Il — Ao
2o WY

Hence for = € B, \ {0}, where 7 is sufficiently small, we deduce from (22)),

Uy, (z) > C WP (y)Va, (y)dy > 0

B
2

for all z € B, \ {0}.
Similarly, from , we can derive

|y|® |yl P P
V)\o (1‘) > n—pB n—p_ (u)\o (y) —u (y)) dy
By | 12—l lly — 20
2T T WY

>C wP " (y)Uxy (y)dy > 0

B
2

for all z € B, \ {0}, where 7 is chosen smaller if necessary. This proves (20).
Now we fix 0 < rg < % small enough, such that

]2 0| 2 R <

Loth (BA0+7'0 \BAO—rO)

1
(Bxg+ro \Bxg—ro %’ (23)
where the constant C' is the same as in .

It follows from , the continuity and positivity of Uy, and V), that, there
exists a constant C' > 0 such that

Usys Vo 2 C  in By _p, \ {0}.
Since v and v are uniformly continuous on arbitrary compact set, there exists
po € (0,7¢) such that, for any A € (Ag, Ao + po),
C
Ux,V\ > 5 >0 in Bx,—r \ {0} (24)
Therefore, for any A € (Ao, Ao + po),
B;\L’BK C Bxg+ro \Bko—To'

Hence, estimates and yield |Ux||s(vy = 0, which means By = 0.
Thus, for any A € (Ao, Ao + po),

Ur>0 inBy\ {0}

However, this contradicts the definition of Ay and is proved.
Step 3. (Derive lower bound estimates on u and v)
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Since \g = 0o, we have Uy > 0 in By \ {0} for all A > 0, that is,

AN /A2
u(z) > (> u <f§) for all || > A and A > 0.
] ||
Choose A = \/m, we have

1
u(x)2| = ( |) for all |z| > 1.

Hence, we arrive at the following lower bound estimate

i C
u(z) mmilau =—— forall |z| > 1.
That is,
C
u(z) > for all |z| > 1,
||
where 79 = 757,
Now we have for |z| > 1,
ayP C d C
v(z) :/ ol T(Ly_)ﬁdy > n—,@/ El—a = Tplpro—(atB)
re |7 — Yl || olz|<|y|<3z| [YIPT |z [P0
and hence
ly|* P~ (y)v(y) (y)
/ -
|z|” * Jolz|<|y|<3|z| |y|(P=L)mo—atpro—(ats)
B C
= Jz|@-Dro-@atath)’
That is,

C
u(z) > —— forall |z| > 1,
||

where 71 = (2p — 1)19 — (2a + a + f).

Continuing the above iteration process, we have the following lower bound esti-
mates for every k € N,

C

u(z) > P for all |z| > 1, (25)
where
Ter1 = (2p — D)1 — (2a+ a + ).
If p=1, then
Te=T0—k(2a +a+B) > —oc0 as k— oo.
If p > 1, then
n—a 2a+a+ 2a + o+
Tk:(Qp—l)k( - 5) b
2 2(p—1) 2(p—1)

This indicates

2
T, > —00 as k—oo if 1<p<w.
n—a«
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Therefore, in all cases, 7, — —00 as k — co. Combining this fact with (25), we
arrive

u(z) >C forall |z|>1.

Therefore, we have

v(x):/ e y) s © / dy
re [T —y[" 7P T 2" i< iyi<aia) Y17

:|?:1+,3)>C for all |l’| 2].
T
Then
a,p—1 d
oo>u(()):0n7a/ wdyzc/ %_
n lyl R"\ By |yl

However, the last integral would be infinity since a + a > 0. We reach a contradic-
tion. Therefore, system has no positive solution. This completes the proof of
Theorem [1I O

4. SYMMETRY OF POSITIVE SOLUTIONS

Let (u, v) be a positive solution of (3) and denote by @ and T the Kelvin transform
of u and v with respect to S;. That is,

a(z) = m%u (|§|2) and  (z) = m%_ﬂv (;2) .

From (), we see that (7,) satisfies the integral system

=Coe | A TS Y0
e y, = €R" )
n |$—y\" “I 1

(26)
v(x ——dy, r € R™\ {0},
vle) = Rn Ix—yl” ﬁlyW o)
where
y=n+pB+a—phn-—a)>0.
Moreover, we have
1 1
‘x|n « |£L'|" B

To prove Theorem [2| we exploit the method of moving planes in integral forms.
For arbitrary A € R, let

TA:{$ERn|QS1:)\}
be the moving plane,
Ex={zeR" |z <A}
be the region to the left of the plane.
In this section, we redefine z*, Uy and V) as follows
o 2= (2\ — 1z, 79,...,1,) is the reflection of the point z = (1, 29, ..., 2,)
about the plane T},
o Ty (x) = u(z) and Ty (z) = v(z?),
o Ux(z) =ux(z) —u(z) and Vy(z) = vx(z) — v(z).
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We also denote
Y={z XA\ {0} | Ux(x) <0} and X% ={zeX)\{0}]|Vi(zx)<O0}.
One can observe from Lemma [20] that, for any = € 3, with A < 0,

1 (y)5(y) W (y)oa ()
u(x :OW/ —dy+cw/ A dy (28)
(=) o, e =g alyl o, T P

and
! (y)o(y) w - (y)oaly)
=C, / —————dy + C, / dy. (29)
RSN —yI” “Iyl” RSN —yAI" “IyAl”
Since |z — y*| = |2* — y| and |z — y| = |2* — y*|, from and (29), we obtain

_ T 1 ﬂifl(y)@(@/) @ (y)u(y)
7) = Cne /EA <f€ N yl""‘) ( [y ly| ) ‘

1 1 B (y)oaly) — 7 (y)v(y)
= Cna /m <w —y|nme |zt~ yl"“) ly[” dy&go)

Arguing as in , we have
ah H(y)oaly) — 7 (y)vly) = max{p — 1,137 2(y)v(y)Uy (v) + 7' (y)Vy ((113)1-)
From and , we have
Uy(x) > C / @ (y)o(y)Ua(y) iyt C / 7 (y)Va(y) dy (32)
- “ Z’u .

|z —y["=y|7 r —y["myl
A

Similarly,

1 1 uh(y)  wP(y)
1 (gt (202
)= [\ ) W e
2/ ( 1 - 1 )ux(y) u (y)dy’
s, \Jz —y["=F |zr —ynP |y|

which leads to L
P~ (y)U
Valz) = P/ |_(yn)_;(y1d9~ (34)
By |T vl |yl

(33)

As in the previous section, we let s > —2— and t > # be such that

1 1 f-a

s t  2n
Then using , and arguing as in Section 3, we derive

||U <C P’ %w wP! a1
\ )< v
%) [ 12 g [V |5 gy I 217 12555 (o) (35)
X[|UxllLs (2,

where the constant C is independent of \.
From a > max{—a, —2%t2} and (27), it is easy to check that

W . up~!

L« (R™\ B, d
. €Lt ®\B) and g

€ Lats (R"\ B;) foral e>0. (36)
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Proof of Theorem[3 We consider two cases.
Case 1: The subscritical case p < %B:a In this case, v > 0.
We start moving the plane T from near A = —oo to the right until it reaches the
limiting position in order to derive symmetry. This procedure contains two steps.
Step 1. We show that, for A sufficiently negative,

Uy>0 inX,. (37)
Indeed, from , we can choose Ry > 0 sufficiently large, such that for A < — Ry,

we have
Pt

[

up !

[

1
2C"

uf v

el o

n +
L (2y)

<
2n -
Lo+F (51%)

Lats (my)
where the constant C is the same as in .
Therefore, and imply that ||Ux|Lszv) = 0 and hence [E§| = 0 for
A < —Ry. Thus, holds for A < —Ry. This completes Step 1.
Step 2. Let
A =sup{A<0|U,>0in X, for all p < A} (39)
In this step, we show that
Ao =0. (40)
Suppose on contrary that Ao < 0. By continuity, we have Uy, > 0. Hence, it
follows from that

1 1 1 1
V)\xz/ < — )( —)upydy>0
o2 J o A=y e —ys ) gop T )W

and hence implies

1 1 1 1
U :vz/ ( — >( —>up1yvydy>0.
(@) o, Mz —ylrme et —y[nme S\ yror oy W)

That is, Uy, > 0 in X),. We will obtain a contradiction with by showing the
existence of an & > 0 small enough such that Uy > 0 in Xy for all A € [Ag, Ao + €).

It can be clearly seen from that, our primary task is to prove that, one can
choose € > 0 sufficiently small such that

ur !

||

ur

[

]

FE (41)

. +
La(23)

1
2n 2n S %
Lat5 (2) LaF8 (2)

for all A € [Ag, Ao + €), where the constant C' is the same as in (3E).
From , there exists R > 0 large enough such that

Pt

[

Pt

[

]

£ v <
|| -

. 42)
Lo+8 (S3\Br)

N +
L (33\Br)

Now fix this R, in order to derive , we only need to show that
lim [N Bgr|= lim |[Z§NBg|=0. (43)
A=Ad A= Ad

1
%a (

2n
La+3 (S§\Br)

To prove this, we define Es = {x € Xy, N Br(0) | Uy,(x) > d} and F5 =
Y, N Br(0) \ Es for any 6 > 0, and let Dy = (X \ Xx,) N Br(0) for any A > X¢.
Then

li Fs|=0 li Dy =0 44
Jm | F5] =0, Aif?g' N (44)
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and
Y4 NBgr(0) CZYN(Es U F5UDy) C (XN Es)UFsUDj. (45)
Therefore, for an arbitrarily fixed n > 0, one can choose § > 0 small enough such
that |Fs| < n. For this fixed d, we will point out that

lim |Z$ N Es| =0. (46)
A—=AS

Indeed, for all x € X% N Ej, we have u(z*0) — u(2*) = Uy, (z) — Ux(z) > 6. It
follows that Y N Es C G} = {z € Bg(0) | w(z**) —u(2*) > 6}. By Chebyshev
inequality, we get

1
) < 5/@ [a(e) — a(e)| do

s
_1
5 BR(2>\0€1)
where e; = (1,0,...,0). Hence hm |G3| = 0, from which (46) follows.

Therefore, by ., and ( ., we have

lim_|S% N Br(0)] < [F5| <.
A= Ad

[u(z) —u(x + 2(Ao — Ae)| da,

This implies the first claim in since 7 > 0 is arbitrarily chosen. The second
one can be obtain by similar reasoning. From and , we arrive at .

Now we deduce from (35]) and ( . 41)) that, there exists an € > 0 sufficiently small
such that [X%| = 0 for all )\ € [Ao, Ao+¢). Hence Uy > 0in X, for all X € [Ag, Ao+e¢).
This contradicts with the definition of Ay in . Therefore, must hold and
hence Up(z) < 0 in Xo.

This completes Step 2.

Similar to the previous steps, one can move the plane Ty from +oo to the left to
get that Up(x) < 0 in Xg. Hence, Uy = 0 and @ is symmetric about Ty. Since we
can repeat the previous arguments to any direction, we deduce that u is radially
symmetric about 0. So is u.

Case 2: The critical case p = . In this case, v = 0.

By contradiction, assume that has a positive solution (u,v) such that u is
not radially symmetric about the origin. Then there exists a hyperplane H passing
through the origin such that « is not symmetric about H. Without loss of generality,
we may assume H = Tj.

Step 1 is entirely the same as that in the subcritical case, that is, we can show
that for \ sufficiently negative,

n+p+a
n—ao

Uy>0 inX,. (47)

Let
Ao =sup{A<0|U,>0in 3, for all p < A}.
We show that
Ao =0.
Suppose on contrary that A\g < 0. We consider 2 possibilities.
Possibility (i): Uy, = 0 in Xy,. In this case, 0 is not a singular point of @ and

v. Hence
1

|z["=F

u(z) ~ and wv(x) ~ as |z| — oo.

‘x|n—a
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Therefore,
|z|%uP~2v € La(R®\ B.) and |z|"u?~! e L%(R” \B:) forall &>0.

This enables us to apply the method of moving plane to integral system
directly and show that u is symmetric about the origin, which is a contradiction.
The proof is very similar to that of Case 1. The only difference is that we deal with
u, v, —a instead of uw,, .

Possibility (i1): Uy, > 0, but Uy, # 0 in Xy,. It follows from that

1 1
Vxx:/ ( _ )upy_upy dy >0
0( ) S |l‘7y|n*ﬁ |I’>‘0 7y|n75 ( )\0( ) ( ))
and hence implies

U, (@) = /Z (I - ;nﬂ TN 1y|na> (ﬂio_l(y)@o (y) —ﬂp‘l(y)@(y)) dy

> 0.

Similar to the subcritical case, one can show that the plane T can move a little
bit to the right such that still holds. This contradicts the definition of Ag.

Therefore, \y = 0. Similarly, one can move the plane T from +oo to the left to
finally get that w is symmetric about Ty, which is a contradiction.

This completes the proof of Theorem [2] ([
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