Convergence, non-negativity and stability of a new tamed
Euler-Maruyama scheme for stochastic differential equations with
Holder continuous diffusion coefficient*

Trung-Thuy Kieu! Duc-Trong Luong ¥ Hoang-Long Ngo® Thu-Thuy Nguyen?

Abstract

We propose and analyze a new tamed Euler-Maruyama approximation scheme for stochastic differential
equations with Hélder continuous diffusion. This new scheme preserves the stability and non-negativity of
the exact solution.
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1 Introduction

Stochastic differential equations (SDEs) appear in many applied areas such as mathematical physics, mathe-
matical biology, mathematical finance... In these areas, it is often necessary to compute the expectation of some
function of the solution. Since both the explicit form and the probability distribution of X; are unknown in
general, one needs to develop computable discrete approximation schemes that could be used in some kinds of
Monte-Carlo simulation.

Convergence and stability of these schemes are well studied for SDEs with globally Lipschitz continuous
coefficients (see [I0], [14]). During the last few years, there are numerous efforts to construct effective numerical
approximations for SDEs with locally Lipschitz continuous coefficients. In particular, Hutzenthaler et. al [6], [7]
showed that the explicit EulerMaruyama (EM) scheme fails to converge strongly to the exact solution of some
SDEs with non-globally Lipschitz continuous coefficients. Moreover, they introduced a new numerical method
called tamed Euler scheme and showed that it converges in LP-norm with a standard rate of order 1/2 for a
class of SDEs with superlinearly growing, one-sided Lipschitz continuous drift and Lipschitz continuous diffusion
coefficients. The tamed EM scheme then has been developed by many authors, see [19], [6], [20], [15], [12], for
example.

Since SDEs with Holder continuous diffusion coefficient appears in many models in mathematical finance
and mathematical biology, its numerical approximation has been also considered extensively. In [2], Gyongy and
Rasonyi showed that for the SDEs with % + a-Holder continuous diffusion coefficient and Lipschitz continuous
drift coefficient, the EulerMaruyama scheme converges in L'-norm at the rate of order . Their work was later
developed in [I], [16], [17], [15].

In many applications, one needs to evaluate the value of a stable process in a long time period even though
it may be very small. Therefore, the stability of SDEs was studied extensively by many authors (see [L1], [9] for
example). Recently, there have been a number of studies focusing on the stability of the approximated solution
of SDEs whose exact solution is stable. The first result in this direction was presented in [2I], where Saito and
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Mitsui considered SDEs with linear coefficients. Then the results for general SDEs with Lipschitz and locally
Lipschitz coeflicients were shown in [4], [B], [11], [I3]. Since classical approximation schemes (EM or Milstein,
for example) do not preserve the stability of the solution, new approximation schemes such as the implicit §-EM
scheme ([3], ], [13]) the tamed EM scheme ([22], [24]) have been developed.

In this paper, we will construct a new tamed Euler-Maruyama approximation scheme for SDEs whose diffusion
coefficient is Hélder continuous. We will show that the new scheme converges in L'-norm at the same rate as
the plain EM scheme given in [2]. Furthermore, the new scheme preserves the exponential stability of the exact
solution. In addition, if the exact solution is non-negative, we can easily modify our scheme to get another
approximation which is also non-negative. To the best of our knowledge, this is the first stable numerical
approximation scheme for SDEs with Holder continuous diffusion coefficient. The difficulty arising when studying
the stability for such SDEs is that near zero, the size of the diffusion coefficient is of order |z 27 which is much
greater than |x|, the order of the size of Lipschitz continuous diffusion coefficients (see Assumption A3 bellow).

The rest of this paper is organized as follows. Section 2 presents the new tamed EM scheme together with
its strong convergence, exponential stability, and non-negativity. All proofs are deferred to the Section 3. The
last section provides some numerical experiments which compare our new scheme with some other well-known
ones.

2 Main Results

2.1 Assumptions

Let (Wy)o<t<r be a standard Brownian motion defined on a filtered probability space (Q, F, (F¢)>0, P) satisfying
the usual condition. Let b and o be real valued, B(R)-measurable functions. We consider a stochastic differential
equation given by

t t
X; = xo +/ b(XS)dS +/ U(XS)dWS, xTo € R,t S [0,+OO) (].)
0 0
We consider the following assumptions on the coefficients b and o.
A1. There exists a positive constant Ly such that
(& = y)(b(z) = b(y)) < —Lalz —y[*,
for any z,y € R.
A2. There exists a positive constant Ly such that
b(z) = b(y)| < La|z —yl,
for any z,y € R.

A3. There exist positive constants L3 and « € [O, %] such that

lo(@) — o(y)] < Lola — |72+,
for any z,y € R.
A4. For each R > 0, there exists a positive constant Lg such that
b(x) — b(y)| < Lrlz -yl

and
lo(x) — o(y)| < Lele —y['/*+,

for any z,y € R such that |x| < R and |y| < R.
AS5. There exists a positive constant L such that
[b(@)* V o (2)|* < L1+ ),
for any =z € R.
Under conditions A4 and A5, the equation has a unique solution in the strong sense (see [15], Theorem 3.1).



2.2 Tamed Euler-Maruyama scheme

L
Suppose that assumptions Al and A2 hold. For each h € (0, L;), we denote 1, (t) = kh if t € [kh, (k+ 1)h)
2
for some k£ =0,1,..., and
b(x) o(z)
b = ————, and op(t .
n(z) T and on(t,z) = T A0t ([o ()] 1 1)

A tamed Euler-Maruyama approximation of equation is defined as follows

t t
XM =a —l—/ b;L(Xgh(s))ds—&—/ on(nn(s), X m (5))dWs, t € [0, +00). (2)
0 0
This implies that for any ¢ > 0,

XP = X0y + bn(X 0 () (&= () + o (0 (8), X, ) (We = Wiy, ) 3)

In this paper, we are interested in not only the convergence of the approximation scheme but also its stability.
Therefore, we adjust coefficients b and o in both time and space variables whereas the tamed EM schemes
presented in [6], [19], [20] adJust the coeficients in only space variable. Note that when h — 0, both terms

L ) tend to 1, which ensures the convergence of X} to X; for each ¢ fixed.

—— and
1-L2L;'h 1+h1/2¢ 2L1nh(t>(1+‘g(x o)l

2.3 Strong convergence
The convergence of the tamed EM scheme in LP-norm and LP-sup norm are stated in the following theorem.

Theorem 1. (i) Let assumptions A4 and A5 hold. For any T >0,

lim E { sup |X[— Xt] =0. (4)
h—0 0<t<T

(i) If0 < h < 2L2 AL, and assumptions A2, A3 hold, then there exists a positive constant C = C(xg, Lo, L3, T, )

such that 1
Ch* if0 <« 5
sup E[| X" — X;[] < C , (5)
0<t<T — ifa=0,
log(1/h)
and
2o? _ 1
Ch** if0<a< 3
Bl sw X' -xl<q ¢ (6)
0<t<T ———  ifa=0.
Tog(1/h)

(@) If 0 < h < 2LTlg A1, and assumptions A2,A83 hold. For any p > 2 there exists a constant C =
C(zo, Lo, L3, T, p, ) such that

C
- ; =0
g1/
E| sup |X;— XMP| << ope/2 Z‘fazl
0<t<T 2’ 1
Ch~ fo<a< .

2

The tamed EM scheme converges in L'-norm, L'-sup norm, and LP-sup norm at the same rates as the
plain EM scheme does when applying for SDEs with Holder continuous coefficients (see [2]).



2.4 Exponential stability in L”-norm

In [24], the authors showed the exponential stability of the exact solution X; and its EM approximation in
L?-norm when the diffusion coefficient ¢ is locally Lipschitz continuous. Here, we will show the exponential
stability of X; and X}* when o is Hélder continuous.

Let T denote the set of all finite stopping times. The following theorem states the exponential stability of
the exact solution X;. It seems to be a known result but we could not find it in the literature.

Theorem 2. Let A1-A3 hold and b(0) = o(0) = 0.

(i) (Xi¢)e>0 is exponentially stable in L'-norm in the sense that

sup E [| X, |17 < ||

TET
Moreover, for any q € (0,1),
2 —q)|wo|?
E |sup (| X;|9eFr4 ] < (7 7
s (e | < CZ 28 ™
(i) For any p > 1, it holds that
p(p — 1)(1 — 2a) L3|zo|}
supE [| X, |Pe"T] < |xolP + 8

where A = (p — 1+ 2a) A1 and Kk is any positive constant satisfying k < ALy, and 0 < k < pL; —
Lip(p—1)(p— 1420 — )
2(p = \) '

The next result states that the tamed EM approximated solution X[L is also exponentially stable under the
same assumption as in Theorem [2]

Theorem 3. Let A1-A3 hold, b(0) = 0(0) =0, and 0 < h < QLLB A i Then there exists a positive constant
2
C = C(xo, L1, Lo, L3) such that

E [|X£L|262th] < % (9)
In particular, for any € > 0, it holds that
lim E {|Xth\2€<2L1*f>t} = 0. (10)
t—+oo

2.5 Non-negative approximation

In many practical models, the exact solution X; is almost surely non-negative. For these models, we would like
to construct an approximate solution which is non-negative, stable, and converges to the exact solution at the
same rate as X;'. Indeed, we will show that X}* = |X}| is such an approximation.

Corollary 4. Assume that X; > 0 almost surely for any t > 0.

(i) Let assumptions A1-A3 hold and 0 < h < % A i Then for any € > 0, it holds that
2

limsupE {|Xth|26(2L1_€)t} = 0.

t——+oo

(ii) Let assumptions A4 and A5 hold. For any T > 0, it holds that

lim E [ sup | X — Xt@ =0.

h—0 0<t<T



(i) If 0 < h < 2LT12 A1, and assumptions A2 and A3 hold, then there exists a positive constant C =
2

C(zo, Lo, L3, T) such that

1
. Ch® if0<a< 3
sup E[|X] — X;] < C .
0<t<T ifa=0
log(1/h)
and
202 . 1
A Ch if0<a< 3
E[sup XP = Xi|| < C
0<t<T —  ifa=0.
log(1/h)
Moreover, for any p > 2 there exists a constant C = C(zg, Lo, L, T, p, ) such that
C .
g/ T
E [ sup |X; — Xth|p] < < Ohp/2 if a = 1
0<t<T 2’ 1
Ch~ fo<a< 3

Proof. Part (i) follows directly from Theorem |2| Part (ii) and (iii) follow from Theorem [lf and a remark that

|XE = Xl = |IXP] = 1| < X7 = Xl.

3 Proofs

3.1 Some auxiliary estimates

Lemma 5 ([I8]). Let £ = (&)i>0 be a positive, adapted right continuous process, and A be a continuous

increasing process such that
E[¢, 0] < E[4,[%0] a.s.,

for any bounded stopping time 7. Then for any X € (0,1),

2 [(se) | (13)2 | ()

Lemma 6. Let assumption A5 hold.

(i) For any p > 0, there exists a positive constant C1 = Cy(p, xg, T, L) such that

E[ sup |Xt|”} < (. (11)

0<t<T

(i) If h < QLTB, then for any p > 2, there exist positive constants Co = Co(p, xo, T, L) and C3 = Cs3(p, xo, T, L)
2

such that
]E{ sup |X[1|P} < Oy, (12)
0<t<T
and
sup E [|Xth - Xf;h(t)ﬂ < Csh?/2, (13)

0<t<T



Proof. Since the estimate is well-known, we can omit its proof. The estimate is also followed from
classical arguments and the fact that

[bn(2)? V |on(t,2)|* < 4L(1 + |zf).

To show , we write

h no|P p—1 h P h p
[t = X <27 ([wC )|+ om0, X5, @) We = W 0)[)
< 2PTILPR (L4 XD ) P)(RP [ We = Wy, 7).

This fact together with implies the desired result. O

3.2 A modification of the Yamada and Watanabe approximation

In order to show the exponential stability of the exact solution, we propose a modification of the well-known
approximation technique of Yamada and Watanabe (see [23], [2]). First, note that for each p > 1,6 > 1 and
e > 0 there exist a positive constant C(p,d) and a continuous function 9s-(p,.) : R — R™ such that

(D) S5 vse(p, 2)dz = per™t,

(i) 0 < se(p,2) < Cp,0)272 for = € (5, wse(p,2) = 0 for = € (0,5); and ¥ise(p,2) = p(p — 1) for
z € (g,400).

We will approximate the function x — |z|? by the function ¢s. defined by

lz|  py
@se(p, ) 1:/0 /0 Vse(p, 2)dzdy, = €R.

It is easy to verify that ¢s. has the following properties: for any x € R

(T1) ¢} (p,2) = . (p, |a]), where ¢/se(p,z) = 2 dse(p, a);

|z|
(T2) p|x|p_1]l(s;+oo)(m) < |¢:§e(p7 LL’)l < pgp_lﬂ[%;g] (&E) +p|x|p_11[(s;+oo)($);
(T3) ¢sc(p,x) — peP < |zfP < P + Pse(p, );

(ray Gela) _po"
ol = e

(T5) 5. (p, |2]) = s (p; [2]) < Clp, )|z 7*T} o ([2]) +p(p=1) [P~ (c; 1 oc) (), where ¢7 (p, z) = 22 05e(p, ).

E.
R

— 2
In the case that p = 1, we can choose C(1,4) = 003 Moreover, we denote ¢se () = ¢sc(1,x) for simplicity.
0og

3.3 Proof of Theorem (1

Note that if b and o satisfy A2 and A3 then they also satisfy A4 and A5. For the moment, we suppose that b
and o satisfy A4 and A5.

In the following, constants are denoted by C' which may change from line to line, and which are independent
of the time step h, Lr and R, but may depend on L,T, « and xg.

Consider h < QLT% Al Set T = inf{t > 0: |X;| > R}, 7k = inf{t > 0: |X}}| > R},7 = 7r A 74 and
A={rr <TYU{rh <T}. By Lemma@, we have

]E(Supogth |Xt‘2) n E(Supogth IX#\Q)

h
P(A) < P(rp < T) +P(rh < T) < i =

C
Sﬁa



which, together with Holder’s inequality and Lemma [6] yields

EJJ\Q

E [ sup |X; — X| |]IA}
0<t<T
Set Y;* = X; — X}*. Since 7 > T on the set A= Q\ A, we have

B | sw [V =B sw [Vh,I1s] +E | sup v/
0<t<T 0<t<T 0<t<T

c
<E| su Yl
< [p | ] =

Similarly, we also have

E V] <E[[YiAl] +

:q\ Q

Using property T3 and It6’s formula, we have
Y/ < e+ dsc (V]

<o/ 071 [(X0) = onn(), X )] W,

[ {6t o) - i )

+%Yh> [7(x,) - oh(nh(s%XZ,‘h(s))]Q} ds,

which implies
Y/ir| S &4 Tit) + Ja(t) + Js(1),

where

0= [ ot o) - an(xf )] s
tAT

B =g [ oo >[a(Xs>—ohmh(s),X#h(s))rda

tAT

()= [ on () [7(X) = onlm(s), X, )] AW

If follows from T2 that |¢} (z)| <1 for all z € R. Therefore, if 0 < s < 7 At, then

(V) [0(X,) = (XD )|
syb(xs)—b(xg)y+’b(Xg)—b(Xh ‘ ‘b X! o) = (X0 )

2v/LL3h

< Lp|X, — X! + Lp|XP = XD |+ =52 I 1+1X oD

(14)

(15)

(16)

where we use the estimate that |b(z) — by, (z)] < 2L2 \Fh(l + |z|) for the last term. Therefore, it follows from



Lemma [f] that

tAT tAT
E[ sup |Ji(s)|] < LrE U |Ysh|ds} + LgE U |Xh— X;‘h(s)|ds}
0 0

0<s<t

r ptAT
+ ChE / (1+[XE  ds }
LSO

AT t
< LgE |:/ | /\.,_|d5:| + LgE |:/ |X? - Xr];h(s)|d5:|
0 0

+ ChE /0(1+\Xm(6)\) }

t
< LgE U |Y;j\T|ds} +C(Lg + 1)Vh. (17)
0
With 0 < s <t A7, it follows from A4 that
h 2
[o(X.) = onlm (), X2, )]
2 2
<3[0(X,) — o (XD +3[o(X]) — o(x], )]

+3 [ (th (s)) h(nh(s)’ X:;h(s)):| ’

< BLAYP[M2 4313 X" — X! [ 4 3Ch {| ol 1} (18)

where we use the inequality (a+b+c)? < 3(a?+b2+c?) for the first estimate and the inequality |o(z)—op (¢, )|* <
Ch(lz|* + 1) if t € [0,T7] for the last one. Following T5 and Lemma[6] we have

2 AT
Bl sup 12(6)] < oy tgetor+ B0 [ 7 et x| + 201
€ 0 €

3 L%5 K | Chs
< L2 2aT R E / Xh _ 1+2(xd
=1 5 { RE + c |: 0 | s nh s) | c

C (.9 9o LEAY2T5  ho
< e L S
< Togs {LRE - . + = (19)

Combining this fact and the estimates , implies that
t
BYA e+ La [ B[V ds+C(La+ DVA
0

_A'_i

log 0

2 11/2+4a
3C {L%EQQJFLRh 6+h€6}.

The application of Gronwall’s inequality yields

L2 h1/2+a6 hé
E [V, ] < <€ +C(Lg +1)Vh+ % {Léeza + % + E}) eknt, (20)



On the other hand, using Burkholder-Davis-Gundy’s inequality, we get

TAT
IE[ sup Jd(t)H <3E {/
0<t<T 0

1/2
<V2TLgE { / | W|1+2ads}

Ty ho |12 1z
+V2TL {E /0 XE - Xh | ds

T 1/2
+C\/E{IE/ (|th(s)|4+1)ds} ,
0

where we use for the last estimate. It follows from Lemma |§| that

“|

If @ = 0, by choosing ¢ = h'/* and 6§ = h~'/* in we have

1/2
2
o(X,) = on(imn(s), Xy )| ds}

0<t<T

LRT + L2
sup E[vh, [ < ¢ Eh),
0<t<T log -

Combining this fact and , , , and implies

B | s ¥4I| <
0<t<

elrT (1 + L%)
,/log%

This fact together with yields,
+ .
\/1og £ B

Let h | 0 and then let R 1 co we obtain (). Similary, it follows from and that

LrT(14L%)  C
E[ sup |yth|} < Cw
0<t<T

elrT(1+1L%) C
sup E[¥/) <o UFtLR) O
0<t<T log + R

If a € (0, 3], it follows from that
?|

Combining this fact and estimates (16]), (L7), yields

sup )] <32 [ swp il + Sk [ (eI ) as

0<t<T 0<t<T
+ C(1 4 Lg)h(1+2/4,

LEnt/2tes

6C
E{ sup |YZRT] §2€—|—2LR/ E| S,\T|ds+{[,%52a_~_ -
0

0<t<T log §

+27L2/ B[V )" ds +2C(1 + Lg)h(1+20/4,

1/2
sup Jg(t)H < V27TLRE {/ % ,\T|1+2°‘ds} + C(1+ Lg)h(t+2/4, (21)

(22)

h5}
+ —
&

(25)



By choosing § = 2,¢ = VA in , we get
E[IY2,]] < C(1+ LR)ebntne. (26)

This fact together with yields
. { sup IYW] < C(1+ LEH)elaT p2e",
0<t<T

Then it follows from that

C
E { sup |Yth|] < C(1 + LA lnTp2e® L 2 (27)
0<t<T R
Similary, it follows from (26]) and (15]) that
sup E[|Y/"]] < C(1+ LE)el ' h> + ¢ (28)
0<t<T R

Again, first let h | 0 and then let R 1 oo in (27), we obtain (). The proof of Part (i) is completed.

Next, we prove Part (ii). Suppose that assumptions A2 and A3 hold, then Lg does not depend on R. If
a=0,let R7Tooin and we obtain and @, respectively. If a € (0, %], let R 1 oo in and
we also obtain and (|6, respectively.

The proof of Part (iii) goes along similar lines as the one for Part (i), so we only sketch it. Suppose b and o
satisfy A2 and A3. We denote by C,, a quantity which is independent of h, but may depend on L, Lo, L3, T, o, zg
and p. The value C, may also change from line to line. For any p > 2, we have

t
E [ sup |Yﬁ|ﬁ] <Cpr+Cy [ B[YVIP)ds+ Chr?
0<t<T 0

., 200 hp(14+2a)/2 5p N hPSP
(log 0)P ep ep

t
+ CpE [/ |Y’Sh|p(1+2a)/2d$:| + Cphp(1+2a)/4.
0

. - . 2041
Using Young’s inequality p(;ptl)) P + 5o 1)( —2a)z > 2PCt)/2 e get

E { sup |Yth|1’} < Cpe? +C, / [IYP]+ (- Qa)EHY;hH)ds + C,hr/?
0<t<T

{ 2pac | hP(14+2a)/2 5p hp5p

ep ep

p p(14+2a)/4
oot } b . (29)

By choosing ¢ = h'/4,§ = h™1/4 when a = 0; ¢ = h'/2,§ = 2 when a € (0, 1] in (29), using the esimate (5)) and
applying Gronwall inequality, we get @

3.4 Proof of Theorem [2
Applying 1t6’s formula for e ¢se(p, z) for some xk > 0 and p > 1, and the property T3, we obtain

| X¢|Pet < ePe™ + e (p, Xt) €

t
< ePet + peP + |zo|? +/ e @ (p, Xs)o(Xs)dWs
0

e [%gm DX+ 30, X ) (X) + KX, P+ rpe? | . (30)
0

10



Thanks to A1, A2, T1, T2,

/ X,
(bgs(pv Xs)b(Xs) = (,25:55 (p7 Xs) b(Xs)H{\XS\SE} + W

< peP 7 b(X) | T x <y — PL1 X [PIg x> e)
< pLaePlfix,1<ey — PLa| X [P (1 — I x, <e})
< p(Ly + Lo)e? — pLq| X[ (31)

Xb( X)) x,|>¢)

It follows from condition A3 and the property T5 that

¢ga(pv XS)U2(XS) = ga(pv ‘XS|)U2(XS)
< 6(}% 6>L§|Xs|p_1+2aﬂ[§;s](|XS|) + Lgp(p - 1)|Xs‘p_1+2a]1(s;+oo)(|XS|)
< C(p,6)L3eP~ 12 4 Lip(p — 1)| X, [P~ 122 (32)
Combining , , and , we have
t
| X [Pert < ePet + peP + |ao|P +/ e ¢l (Xs)o(Xs)dWs
0
t 1
+/ e"s {p(Ll + Lo)eP — pLy| Xs|P + §C’(p7 6)L§5p_1+20‘} ds
0
t -1 L2
0

¢
< ePe™ 4 pel + |zofP +/ e Pl (Xs)o(Xs)dWs
0

et —1

1
+ [p(Ll + Lo)e? + iC(p, §)Lagp~ 12 4 ﬁpsp]

t —1)L2
+ / e {(n — pLy)|X,)P + p(p2)3|xs|p—1+2a] ds. (33)
0

— 2
Part (i): Consider p = 1. We choose C(1,0) = Tond’ and k = L, then for any N > 0,e > 0, and finite stopping
og
time 7, it holds that
EHXT/\N‘eLl(T/\N)] <R |:eL1(T/\N):| +e+ ‘Jfo|

A P
log & Ly

+ |:(2L1 + LQ)E +

<e ("N +1) + |zo| + |(2L1 + L )s+L§EQa ol
= 0 e log 6 L '

First let § T oo, and then let € | 0, we have
B[ X, an P TN < ).
Because |XT/\N|6L1(T’\N) 2% X,el7 as N — oo, by Fatou’s lemma, we obtain
E (1, 7] < [zo). (34)

This fact together with Lemma |5 implies @
Part (ii): Consider p > 1. Since 0 < A < 1 A (p — 1 + 2«), using Young’s inequality, we get

1 -2«

|Xs|p—1+2a < 7|Xs|/\ + ]L%\OZ_MXSV’.
P _

- A

11



From ,

t
| X¢|Pe < ePet  peP + |z |P +/O e 5. (Xs)o(Xs)dWs

et —1
K

t —1)(p— —\)L2
+/ o (K_leer(p )(p— 1+ 2« )\)L3> X, |Pds
0 2(p— )

t 2
plp—1)1A —20)L3 o
+ e™? X|"ds
/0 2(p— ) Xl

1—
+ |:p(L1 + Lo + KJ)Ep + 50(])7 6)L§Ep_1+2a:|

t
< ePet + peP + |zo|P + / e (Xs)o(Xs)dW,
0
et — 1
K

! nsp(p B 1)(1 — QQ)Lg A
+/0 ¢ Sy X (35)

1—
+ |:p(L1 + Lz + w)e? + 5C(p, 5)L§sp1+2“}

(p—14+2a—-X)

L3p(p—1)
2(p—A)

where we use the fact that k < pL; — . For any N > 0, € > 0, and finite stopping

time T,

E |XTANIP€”(TAN)} < ePe™ + peP + |wol?

1— N _q
+ {p(Ll + Lo + K)eP + §C(p, §)Liep—1H2e

N p(p — 1)(1 — 205)[’% KS A
+/O o EleIXP ds.

K

Let € | 0, we have

N 2
—1)(1 —-2a)L
E |:|XT/\N|I)€P€(T/\N)i| < Jzol? _,_/0 p(p 2(); % ) 3k [e“3|XS\’\] ds.

From (34) and Holder’s inequality, we get E [6“5|X5\)‘] < |zo|rel® A1) Since k < ALy, we get

N 2
—1)(1 - 2«a)L
E [‘XT/\N|p€H(T/\N):| < |zol? +/ =X )l o[ A s < g P
0 2(p—A)

p(p = 1)(1 — 20) L3|a |}
2(p = )ALy — k)

Let N 1 co and apply Fatou’s lemma, we obtain .

3.5 Proof of Theorem [3|
It follows from (3) that we can write E {|X(h,’€+1)h|2} as

E [|X5n ] + 2hE [X3,0n(X3)] + B2E [[bn (X3) 1] + BE [lon (kh, X3,)%] -
Thanks to A1 and A2, and the fact that o (kh, X},)| < h™1/2e72l1k0  we get

2Lk 13R?
1= L3L7'h (1 - 130, 'h)°

E [|X(hk+1)h‘2} < ll ] E [|X7[?] + ek, (36)
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Because 1 —

2L L2h? L 1
;h_l 2h 5 <1—2L1h when h < —12 A ——, it follows from that
1—-LsLi h (1- L%Lflh) 2L5 2L,

k—1
E [ X5 [°] < (1= 2L1h)F|ag* + e P Em1=0h(1 — 2L, b,

i=0
Using the simple estimate e” > x + 1, we get

k—1
E [|Xllclh|2] < 6_2L1kh|$0|2 + Z e—4L1(k—1—i)h—2Llih.
=0

After some elementary estimates, we get

0|2 + €2 e—2Lakh
2L, h

E[|X/[?] <
Moreover, it follows from that
E[1x!2] < 3{E [|xD 2] + BE [l (XB, ) 12| + BE [lon(kh, X112}
Using again the estimates |by, ()| < 2Lo|x| and |ox (¢, )| < h=Y2e 21t we get

E[|XPP] < 31+ L3RR [| XD, (2] + 340,

This fact together with implies @[) The relation is a direct consequence of @[) The proof is complete.

4 Numerical experiments

We consider the following SDE
t t
X, =0.1 —/ Xsds—l—/ | X5 W, (38)
0 0

It is well-known that such equation has a unique strong non-negative solution (see [§] , [15]). Moreover, it follows
from Theorem [2| that (X;)¢>0 is exponentially stable in L'-norm. We consider three numerical schemes for this
equation: the plain EM, the backward EM and the non-negative tamed EM X introduced in Section Recall
that the plain EM (PEM) for equation is given by

PEM,h
XO = 2o,
PEM,h PEM,h PEM,h PEM,hjgtl
{X(k+1)h = Xy = Xp, A X (W yn — W), k>0,

and the backward EM (BEM) for it is given by

BEM
XO o = Zo,
BEM,h BEM,h BEM,h BEM,h
XBEMI _ yBEMA _ x BEMhy | x BEM,

(k+1)h kh 3 (Wi — Win)s k> 0.

(k4+1)h

The convergence of the plain EM scheme was considered in [2], where the authors showed that it converges at
the same rate as the tamed EM X". The backward EM has been also studied in [3], [14], [13].
In our numerical experiment, we consider the L'-norm of the approximation error

enr = E[|X; — X2|].

In particular, we focus on the errors at two points T = 1 (short time) and 7" = 5 (long time). Since we also
concern with the convergence rate with respect to the value of «, we consider a = 0.05 and a = 0.45. Although
we do not know the explicit form of the solution to , Corollary guarantees that the non-negative tamed EM

13
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Figure 1: Strong error plots in log, — log, scale of plain EM scheme (PEM), backwark EM scheme (BEM) and
non-negative tamed EM scheme (TEM)

approximation Xth strongly converges to the true solution. Therefore, it is reasonable to take the non-negative
tamed EM approximation Xf with a very small time step h = 27!° as a reference solution. We then simulate
the sample paths of X; by using the three numerical approximation schemes with timesteps 23h,2%h, 27k, and
2%h. The values of ej, 1 corresponding to each approximation scheme are computed via the Monte-Carlo method
based on N = 5000 such sample paths.

In Figure we plot e, r against h on a log, —log, scale. We see that the plain EM scheme and the
backward EM scheme converge at almost the same rate. Compare with the non-negative tamed EM scheme,
their approximation errors are smaller in the regular case, i.e., when 7T is small and « is large. However, in
irregular case when T is large or « is small, the approximation error of the non-negative tamed EM scheme is
much smaller than that of plain and backward EM ones.

Next, we consider the stability of each numerical schemes. In Figure |2} we plot sample paths of Xh
and XBEM on the interval [0, 5] based on a common sample path of the Brownian motion W. We choose the
stepsize h = 0.01. We can see that the sample path of the non-negative tamed EM scheme is stable at 0 while
the ones of plain and backward EM schemes seem unstable. Moreover, the non-negative tamed EM scheme
preserves the non-negativity of the solution while the other schemes do not.

PEM,h
, X
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