FORMAL LOCAL HOMOLOGY

TRAN TUAN NAM'4, DO NGOC YEN?3 AND NGUYEN MINH TRI*®

Abstract. We introduce a concept of formal local homology modules
which is in some sense dual to P. Schenzel’s concept of formal local co-
homology modules. The dual theorem and the non-vanishing theorem
of formal local homology modules will be shown. We also give some
conditions for formal local homology modules being finitely generated
or artinian.
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1. INTRODUCTION

Throughout this paper, (R,m) will be a local noetherian (commu-
tative) ring with the m —adic topology. Let I be an ideal of (R, m)
and M an R—module. In [15], P. Schenzel introduced the concept of
formal cohomology and the i — th I—formal cohomology module of M
with respect to m can be defined by

(M) = lim i, (M/I'M).

In the paper, we introduce the concept of formal local homology which is
in some sense dual to P. Schenzel’s concept of formal local cohomology.
The i—th I—formal local homology module S{J(M) of an R—module
M with respect to J is defined by

I : J t
iy (M) = lim H (0 :pr I7).
<

In the case of J = m we set §/ (M) = /(M) and speak simply about
the +—th I—formal local homology module.

We also study some basic properties of formal local homology mod-
ules /(M) when M is a linearly compact R—module, in particular
when M is an artinian R—module. The organization of the paper is as
follows.

This research is funded by Vietnam National Foundation for Science and Tech-
nology Development (NAFOSTED) under Grant No. 101.04-2018.304.
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In Section 2, we give the definition of the formal local homology
modules §; ;(M) of an R—module M with respect to J by the formula:

1 (M) =Tim H/(0 10 1),
t

It is shown that H}(F} ;(M)) = §i (M) and H}(FL ;(M)) = 0 for all
i # 0 (Theorem 2.3). The dual theorem (Theorem 2.15) establishes
the isomorphisms

Fi (M) =5 (M), §1(M7) = F(M)'
provided M is a linearly compact module over the complete ring (R, m).
In Theorem 2.18 the short exact sequence of artinian modules

00— M —M-— M —0

gives rise to a long exact sequence of /—formal local homology modules
e (M) — FI(M) — FHM") — FL (M) — ...

This section is closed by the non-vanishing theorem (Theorem 2.20)
which says that if M is a non zero semi-discrete linearly compact
R—module such that 0 < Ndim(0 :ps 1) # 1, then

Ndim(0 :5; 1) = max{i | F (M) # 0}.

On the other hand if M is a semi-discrete linearly compact R—module
such that Ndim(0 :r,(ar) 1) # 0, then

Ndim(0 :r,(ary 1) = max {i | §; (M) # 0}.

The last section is devoted to study the finiteness of formal local
homology modules. Theorems 3.2 and 3.3 give us the equivalent condi-
tions for the formal local homology modules /(M) being finitely gen-
erated. In Theorem 3.4, if [ is a principal ideal of (R, m) and M is an
artinian R—module, then §/(M)/IF! (M) is a noetherian R—module
for all 4. Theorem 3.5 shows that if M is an artinian R—module and s
a non-negative integer such that §7(M) is a noetherian R—module for
all i < s, then §(M)/IF. (M) is also a noetherian R—module. There
is a question: When are the formal local homology modules /(M)
artinian? Theorem 3.6 answers that if M is an artinian R—module
with Ndim M = d, then §}_,(M) is an artinian R—module. Finally,
Theorem 3.7 provides that if M is an artinian R—module and s a
non-negative integer, then the following statements are equivalent: (i)
§H(M) is artinian for all i > s, (ii) /(M) = 0 for all i > s and
Ass(FH(M)) C {m]} for all i > s.
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2. FORMAL LOCAL HOMOLOGY MODULES

We first recall the concept of linearly compact modules defined by
I. G. Macdonald [6]. A Hausdorff linearly topologized R—module M
is said to be linearly compact if F is a family of closed cosets (i.e.,
cosets of closed submodules) in M which has the finite intersection
property, then the cosets in F have a non-empty intersection. A Haus-
dorff linearly topologized R—module M is called semi-discrete if every
submodule of M is closed. Thus a discrete R—module is semi-discrete.
It is clear that artinian R—modules are linearly compact with the dis-
crete topology. So the class of semi-discrete linearly compact modules
contains all artinian modules. Moreover, if (R, m) is a complete ring,
then the finitely generated R—modules are also linearly compact and
semi-discrete.

Let I be an ideal of (R,m) and M an R—module. It is well-known
that the ¢ — th local cohomology module H4(M) of M with respect to
I can be defined by

Hi(M) = ligExtp(R/I' M).

When i = 0, HY(M) = U (020 I') = Ty (M).

In [15], P. Schenzel introduced the concept of formal cohomology and
the i — th I—formal cohomology module of M with respect to m can
be defined by

5, (M) = ling HL(M/1'M).
t
Note that the i — th local homology module H/ (M) of an R—module
M with respect to I can be is defined by
H}(M) = limTor;*(R/I', M) ([3]).
t

When i = 0, Hl (M) = @M//ItM = A;(M) the I—adic completion
¢
of M. This suggests the following definition.

Definition 2.1. Let I, J be ideals of R. The i—th I—formal local ho-
mology module %’{J(M) of an R—module M with respect to J is defined
by
I o Jiy .. 7t
1J(M) - hﬂHi (O S )
t

In the case of J = m we set § (M) = §/(M) and speak simply
about the i—th [—formal local homology module.
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Remark 2.2. (i). It should be mentioned from [, 3.1 (i)] that H; (0 :p,
I') has a natural structure as a module over the ring A;(R), then
! (M) also has a natural structure as a module over the ring A;(R).

In particular, (M) has a natural structure as a module over the ring
R.

(ii). If M is finitely generated, then H (0 :j; I*) = 0 for all i > 0 by
[3, 3.2 (i1)], then §/ ;(M) = 0 for all i > 0.

In the following theorem we compute the local cohomology modules
of an I—formal local homology module §; ;(M).

Theorem 2.3. Let M be an R—module. Then
A 0 1#0
Hi(F! (M) =
(3L,(00) { Lo il
for any integer j.
Proof. We have
Hy(§5,(M)) = Hy(lig 77 (0 2p 1)) 2 Yim Hy(H; (02 1)),
t t

Assume that the ideal I is generated by r element x1,zs, ..., z,. Set
z(s) = (25,25,...,x¢) and H'(z(s), N) is the ith Koszul cohomology

cey r

module of an R—module N with respect to z(s). we have
Hi(§5,,(M)) = lig lim H' (z(s), H;' (0 3 1%)).
t s

Note that z(s)H/ (0 :a; I') = 0 for all s > ¢. Then

. i . t\) ~~ 0 Z#O
I%H (x(s), H (0 :ar 1)) = {HJJ(() I i=0.

By passing to direct limits hg we have the conclusion as required. [
t

Corollary 2.4. Let M be an R—module and i an integer such that
051 ry I =0. Then §i (M) = 0.

Proof. 1t follows from 2.3 that
Lo (M) =Tr(F, (M) = O 50 ) 19)-

t>0

As 051y I =0, we conclude that §i (M) = 0. O

If M is a linearly compact R—module, then M has a natural struc-

ture of linearly compact module over R by [1, 7.1]. We have the fol-
lowing lemma.
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Lemma 2.5. Let M be a linearly compact R—module. Then
(M) = Sf’?g(M)
for all 1 > 0.

Proof. The natural homomorphism R —» R gives by [3, 3.7] isomor-
phisms

HY0 o I') = HIR(0 3y I'R)
for all 7 > 0. By passing to direct limits, we have the isomorphisms
§i (M) = FH(M)
as required. O

It should be noted that the artinian R—modules are linearly compact
and discrete. Therefore we have an immediate consequence.

Corollary 2.6. If M is an artinian R—module, then
§i (M) = §1(M)
for alli > 0.

Lemma 2.7. Let I, J be ideals of R and M a linearly compact R—module.
If M is J—separated (it means that thJtM =0), then

1J<M>%{° i#0

Proof. As M is J—separated, 0 :; I' is also J—separated for all ¢t > 0.
It follows from [/, 3.8] that

H (00 1 2 " 170
0: It i=0.
By passing to direct limits we have the conclusion. U

It should be noted by [3, 3.3 (i)] and [, 3.3] that the local homology
modules HY (M) are linearly compact and J—separated for all 7. Then
we have the immediate consequence.

Corollary 2.8. Let M be a linearly compact R—module. Then

: o i #0
LH] () = {n(Hg(M)) i

for all j.
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In the special case when M is an artinian R—module, we have the
following consequence.

Corollary 2.9. Let I, J be ideals of R and M an artinian R—module.
If M is J—separated (it means that tﬂOJtM =0), then
>

0 i#0
T(M) =
D=0 2o

Proof. Note that artinian modules are linearly compact, then
0 1 #0
I (M) =
8./ (0M) (M) i=0

by 2.7. Moreover, as M is an artinian module over the local ring (R, m),
(14, 1.4] provides that I';(M) = M and we have the conclusion. O

Lemma 2.10. Let I, J be ideals of R and M an artinian R—module.
If M is I—separated (it means that tﬂoltM =0), then
>
iy (M) = H (M)
for all i.

Proof. As M is an [ —separated artinian R—module, there is a positive
integer n such that I"M = 0. Then 0 :p; I = M. Therefore

8L, (M) = lim H (0 20y 1)  H (M)
t

for all 7. O

In the case J = m, it follows from [3, 4.6] that H*(M) is a noetherian
R—module. From 2.10 we have an immediate consequence.

Corollary 2.11. Let M be an artinian R—module. If M is [—separated
(it means that tﬂoltM =0), then
>

§i (M) = HM(M)
and then §1(M) a noetherian R—module for all i.

In order to state the dual theorem we recall the concepts of Matlis
dual and Macdonald dual. Let M be an R—module and E(R/m) the
injective envelope of R/m. The module D(M) = Hom(M, E(R/m))
is called the Matlis dual of M. If M is a Hausdorff linearly topolo-
gized R—module, then the Macdonald dual of M is defined by M* =
Hom(M, E(R/m)) the set of continuous homomorphisms of R—modules
([6, §9]). The topology on M* is defined as in [, 8.1]. Moreover, if M is
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semi-discrete, then the topology of M™* coincides with that induced on
it as a submodule of F(R/m)M where E(R/m)™ = [] (E(R/m))?,

zeM

(E(R/m))* = E(R/m) for all z € M ([0, 8.6]). A Hausdorff linearly
topologized R—module M is called linearly discrete if every m —primary
quotient of M is discrete. It is clear that M* C D(M) and the equality
holds if and only if M is semi-discrete in the following lemma.

Lemma 2.12. ([0, 5.8]) Let M be a Hausdorff linearly topologized
R—module. Then M is semi-discrete if and only if M* = D(M).

Lemma 2.13. ( [6, 9.3, 9.12, 9.13]) Let (R,m) be a complete local
noetherian ring.

(i) If M is linearly compact, then M* is linearly discrete (hence
semi-discrete). If M is semi-discrete, then M* is linearly com-
pact;

(ii) If M s linearly compact or linearly discrete, then we have a
topological isomorphism w : M — M**.

Lemma 2.14. Let (R,m) be a complete local noetherian ring.
(i) If M is finitely generated, then M* is artinian,
(ii) If M is artinian, then M* is finitely generated.

Proof. (i). AS M is a finitely generated module over the complete
local noetherian ring (R, m), It follows from [0, 7.3] that M is linearly
compact and semi-discrete. Then M* = D(M) by 2.12. Now, the
conclusion follows from [16, 3.4.11].

(i). It should be noted that an artinian R—module is a linearly
compact R—module with the discrete topology. Then M* = D(M) by
2.12. Finally, the conclusion follows from [10, 3.4.12]. O

We have the following dual theorem.

Theorem 2.15. Let (R, m) be a complete ring and M a linearly com-
pact R—module. Then

i (M) = (M),

for for all i.
Proof. 1t should be noted by [/, 6.7] that
MM 2 (0 0 T,
(M/TEM)* =0 e It
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for all ¢ > 0. The we have
i (M*) = lim H(0 :ap 1Y)
= 1%1112“((1\4/17\4)*)
= %(HQ(M/PM))* (cf. [4, 6.4(ii)])
= (I'%HH;(M/FM))* = §7(M)" (cf. [0, 9.14)).
§7(M*) = Lim Hy (M*/1'M”)
= TéﬂH&((O v 1))
~ lén(H;“(O e 1) (cf. [1, 6.4(i)))
= (%H?‘(O v 1)) = §; (M) (cf. [6, 2.6)).

The proof is complete. U

Corollary 2.16. Let (R, m) be a complete ring and M a linearly com-
pact R—module. Then

2

FH(M)
F(M)

Sr(M)",
SHOA

I

for for all i.
Proof. Combining 2.13 (ii) with 2.15 yields
i (M) = (M) = F (M),
§1(M) = Fy (M) = Fi (M)
as required. O

In order to state Theorem 2.18 about the long exact sequence of
formal local homology modules we need the following lemma.

Lemma 2.17. (i) The continuous homomorphism of linearly topol-
ogy R—modules f : M — N induces continuous homomor-

phisms of formal local cohomology modules
i 1 51 (M) — §4(N) for alli.

(i) If M is a semi-discrete linearly compact R—module, then the
formal local cohomology modules §4(M) are linearly compact

for all 1.
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Proof. (i). The continuous homomorphism f : M — N induces con-
tinuous homomorphisms M/I*M — N/I'N for all ¢ > 0. By an
argument analogous to that used for the proof of [1, 2.5] we get contin-
uous homomorphisms Exty(R/m*; M/I'M) — Ext’(R/m®; N/I'N)
for all s, ¢ > 0 and . By passing into direct limits hg we have contin-

uous homomorphisms of local cohomology modules H*(M/I*M) —
HM™(N/I'N). Now, by passing into inverse limits lim we get continuous
t

homomorphisms of formal local cohomology modules ¢; : §4(M) —
T4(N) for all .
(ii). By [4, 7.9] the local cohomology modules H (M/I'M) are ar-
tinian for all ¢ and 4. Note that (M) = l&nH&(M/ItM) Therefore,
t

the conclusion follows from [0, 3.7, 3.10]. O

Theorem 2.18. Let 0 — M’ — M — M"” — 0 be a short exact
sequence of artinian modules. Then there is a long exact sequence of
I—formal local homology modules

oo FHUM) — F(M) — F (M) — F (M) — ..

Proof. 1t should be noted by [14, 1.11] that an artinian module over a
local noetherian ring (R, m) has a natural structure of artinian module
over R and a subset of M is an R—submodule if and only if it is
an R—submodule. Thus, from 2.9 we may assume that (R, m) is a
complete ring. We now consider the short exact sequence of artinian
R—modules

0— M L M -2 M —s 0.
Note that the artinian R—modules are linearly compact and discrete,
then the homomorphisms f, g are continuous. Combining [/, 6.5] with
2.14 we have the following short exact sequence of finitely generated
R—modules )

0 — M"™ L5 M L5 M — 0
where the induced homomorphisms f*, ¢* are continuous. It gives
rise by [15, 3.11] a long exact sequence of [—formal local cohomology
modules

e M) — F (M) s F(M) LS F M) —
It should be mentioned from 2.17 (ii) that the /—formal local coho-
mology modules §¢(M*), Ft(M"™), FH(M"*) are linearly compact and
the homomorphisms of the long exact sequence are inverse limits of

the homomorphisms of artinian modules. Note that the homomor-
phisms of artinian modules are continuous, because the topologies on
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the artinian modules are discrete. Moreover, the inverse limits of the
continuous homomorphisms are also continuous. Then the homomor-
phisms of the long exact sequence are continuous. Therefore the long
exact sequence induces an exact sequence by [1, 6.5]

(T M) — (Fr (M) — (F7 (M) — (F7H(M™)) ...
The conclusion now follows from 2.16. O

We now recall the concept of Noetherian dimension of an R—module
M denoted by Ndim M. Note that the notion of Noetherian dimension
was introduced first by R. N. Roberts [13] by the name Krull dimension.
Later, D. Kirby [5] changed this terminology of Roberts and refereed to
Noetherian dimension to avoid confusion with well-know Krull dimen-
sion of finitely generated modules. Let M be an R—module. When
M = 0 we put Ndim M = —1. Then by induction, for any ordinal
a, we put NdimM = a when (i) NdimM < « is false, and (ii) for
every ascending chain M, C M; C ... of submodules of M, there
exists a positive integer mg such that Ndim(M,,1/M,,) < « for all
m > mg. Thus M is non-zero and finitely generated if and only if
NdimM =0.If 0 — M” — M — M’ — 0 is a short exact
sequence of R—modules, then Ndim M = max{Ndim M” Ndim M'}.

Proposition 2.19. Let I, J be ideals of R and M an artinian R—module.
If Ndim(0 :p; I) = 0, then

0 i#0
1 ~

L (M

i.s(M) {M 1= 0.

Proof. Since Ndim(0 :p; 1) = 0, 0 :ps I has finite length by [13, p. 269].
and then 0 :p I is J—separated. It follows from [, 3.8] that

0 1 #0
HI (0 1) =
00 1) {O:Mﬁ i=0
for all ¢ > 0. By passing to direct limits we have
0 1#0
1 ~
C (M) =
(M) {FI(M) i=0.
Now the conclusion follows from [14, 1.4], as M is an artinian module

over the local ring (R, m), O

Remember that the (Krull) dimension dimg M of a non-zero R—module
M is the supremum of lengths of chains of primes in the support of M
if this supremum exists, and oo otherwise. For convenience, we set
dim M = —1 if M = 0. Note that if M is non-zero and artinian, then
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dim M = 0. If M is finitely generated, then dim M = max{dim R/p |
p e AssM}.

In [1, 4.10], if M is a non zero semi-discrete linearly compact R—module,
then

Ndim ['w(M) = max {i | H"(M) # 0} if (M) # 0;
Ndim M = max {i | H"(M) # 0} if Ndim M # 1.
We have the non-vanishing theorem of formal local homology mod-

ules.

Theorem 2.20. Let M be a non zero semi-discrete linearly compact
R—module. Then

(i) Ndim(0 :p; I) = max{i | FF(M) # 0} if 0 < Ndim(0 :p; ) # 1;
(i) Ndim(0 :p(ar) I) = max {i | F1(M) # 0}
Proof. (i). We begin by proving that
Ndim(0 :p I*) = Ndim(0 :ps 1)
for all £ > 0. As M is a semi-discrete linearly compact R—module, it

should be noted by [1, 7.1,7.2] that M has a natural structure of semi-

discrete linearly compact module over the ring R and Ndimp M =
Ndimp M. Thus, we may assume that (R, m) is a complete ring. At
first, we prove in the special case when M is artinian. Then D(M) is
a finitely generated R—module by Matlis dual. We have

dim D(M)/I'D(M) = dim D(M)/ID(M).
Combining 2.12 with [1, 7.4] yields
Ndim(0 :p; I*) = dim D(0 :p; I*)
— dim D(M)/I'D(M)
— dim D(M)/ID(M)
= dim D(0 :ps 1) = Ndim(0 :ps 1).

We now assume that M is a semi-discrete linearly compact R—module.
By [19, Theorem] there is a short exact sequence

0—N—M-—>A—0,

where NN is finitely generated and A is artinian. It induces an exact
sequence

0— 0w It 5500 It 2504 I' -2 BxtL(R/I' N).
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Then we have two short exact sequence
0—>0:N]ti>O:MIt—>Img—>O,

0 —Img—0:4I" — Imd§ — 0.

Since 0 :x I' and Im§ are finitely generated R—modules, we get
Ndim(0 :x I*) = Ndim Im ¢ = 0. It follows that

Ndim(0 :j; I') = Ndim Im g
= Ndim(0 :4 I*)
— Ndim(0 :4 I) = Ndim(0 -5y 1).
Now, it follows from [1, 4.10 (ii)] that
d = Ndim(0 :ps I) = Ndim(0 :ps I*) = max {i | H(0 :p I*) # 0}

for all ¢ > 0. Then HJ'(0 :ps I') # 0 and H™(0 :py I') =0 for all ¢ > d
and t > 0. The short exact sequences for all ¢ > 0

0—0y I" — 0 I'"™ — 0 '™ /0 0 I" — 0
induce exact sequences
HE (000 IOy I — HP(0 0y IY) — HP(0 0 1.

by [4, 3.7). As Ndim(0 :p; I"™1/0 :py I') < d, [4, 4.8] shows that
HY (0 :p I /0 :pp I') = 0. Then the homomorphisms

HT(0 :pp 1) — HF(0 i3 1Y)
are injective for all ¢ > 0. Therefore lim H(0 :ps I') # 0 and limp H™(0 @5/
K Ey

Iy =0 for all i > d. Hence (i) is proved.
(ii). It is clear that O :r ) £ = I'n(0 :as I). Set d = Ndim(O :p, (an)
I) = Ndim(0 :r,(ary I*). From [1, 4.10(i)] we have

d = Ndim(0 :r,(ar) I*) = Ndim T (0 13y I*) = max {i | H(0 10y I*) # 0}
The rest of the proof is analogous to that in the proof of (i). U

Corollary 2.21. Let M be an artinian R—module such that 0 :p; I # 0.
Then

Ndim(0 :5; 1) = max{i | F (M) # 0}.

Proof. Tt should be noted that an artinian R—module is semi-discrete
linearly compact. Moreover, I'y(M) = M. Therefore the conclusion
follows from 2.20 (ii). O
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3. THE FINITENESS OF FORMAL LOCAL HOMOLOGY MODULES

We begin by recalling the concept of co-support of an module. The
co-support Cosuppy (M) of an R—module M is the set of primes p such
that there exists a cocyclic homomorphic image L of M with Ann(L) C
p ([18, 2.1]). Note that a module is cocyclic if it is a submodule of
E(R/m) for some maximal ideal m C R.

If0— N — M — K — 0 is an exact sequence of R—modules, then

Cosuppg(M) = Cosuppg(N) U Cosuppg(K) ([18, 2.7]).

Lemma 3.1. Let M be an artinian R—module. Then
Cosupp(F(M)) (VV(IR) C V(mR).
Proof. By 2.5 we may assume that (R, m) is a complete ring. It should

be noted that M* is a finitely generated R—module. Combining 2.16
with [18, 2.9] yields

Cosuppy(§y(M)) = Cosuppp(§7(M*)*)
C Cosuppr D((F7(M™))
= Suppp(§7(M7)).
By the proof of [15, 4.3] we have
Cosuppg(F6(M)) [ V(1) C SuppR(F2(M*) (V1)
C V(m).
The proof is complete. O

We have the following equivalent properties for formal local homol-
ogy modules §! (M) being finitely generated for all i < s.

Theorem 3.2. Let M be an R—artinian module and s a positive inte-
ger. Then the following statements are equivalent:
(i) (M) is a finitely generated R—module for all i < s;

(i) I C\/0:gr FH(M) for alli < s.

Proof. (i) = (ii). Fori < s, as §(M) is a finitely generated R—module,
the increasing chain of submodules of F! (M)

is stationary. Thus, there is a positive integer r such that 0 ;515 1 t =
0 :5rary I" for all € > r. Tt follows from 2.3 that

F(M) = JO 5000 1) =0 5100 I

t>0
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Therefore I"§ (M) = 0 and then I C /0 : FH(M).
(73) = (i). We use induction on s. When s = 1, we have

Fo(M) = lim A (0 :a 1) = lim Lim(0 157 1%)/m™(0 :ar I°).
t t" Tk
As 0 :p; I is artinian, there is k; such that m*(0 :p; It) = m* (0 :j, 1Y)
for all kK > k;. Then
(0 :ar 1) /m*(0 :ag 1) = (0 2ag 11)/m™ (0 2 1*) and
k

o (M) lim (0 <5 IM) /w0 1 T')

t

= li?m(o M It)/li?mm’“ (00 I') = M/li%m’“‘(o v 1Y),

Thus, F4(M) is artinian and then Cosupp(F5(M)) = V(0 :5 Fo(M))
by [18, 2.3]. Moreover, from the hypothesis we have V(0 :g SO(M)) -

V(I), 50 V(0:5 §E(M)) C V(IR). Tt follows from 3.1 that

Cosupp(F5(M)) = V(05 F5(M)) € V(m R)

and then the R—module §}(M) has finite length.

Let s > 1. As M is artinian, there is a positive integer m such that
I'M = I™M for all t > m. Set K = I™M, then the short exact
sequence of artinian R—modules

0—K—M-—M/K—0

gives rise to a long exact sequence of formal local homology modules
by 2.18

— Fa(M/K) — FH(K) — §(M) — §(M/K) —

It is clear that M/K is I—separated, then §/(M/K) is a finitely gen-
erated R—module for all i by 2.11. Thus, the proof will be complete
if we show that §7(K) is a finitely generated R—module for all i < s.
We know that I C /0 : F(M/K), as FH(M/K) is a finitely generated
R—module for all i. By the hypothesis, we have I C /0 : §(K) for all
1 < s. Since [ K = K, there is an element x € I such that xtK = K by
7, 2.8]. Then there is a positive integer 7 such that 2"F! (K) = 0 for all

1 < s. Now the short exact sequence 0 — 0 : g 2" — K Ny N
induces a short exact sequence of formal local homology modules

0 —F(K)—F (0x2") —F (K)—0
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for all i < s. It follows I C \/o . ,(0:x a7) for all i < s. By the

inductive hypothesis §7 (0 :x ") is a finitely generated R—module

for all i < s. Therefore ! (K) is a finitely generated R—module for all
1 < s and the proof is complete. O

The following theorem gives us the equivalent properties for formal
local homology modules /(M) being finitely generated for all i > s.

Theorem 3.3. Let M be an artinian R—module and s a non-negative
integer. Then the following statements are equivalent:

(i) FH(M) is a finitely generated R—module for all i > s;

(i) I C\/0:FHM) for alli > s.

Proof. (i) = (ii). The argument is similar to that used in the proof of
3.2.

(11) = (7). We now proceed by induction on d = Ndim M. When
d =0, we have Ndim(0 :ps /) = 0 and then ! (M) =0 for all 7 > 0.

Let d > 0. As M is artinian, there is a positive integer m such that
I'M = I™M for all t > m. Set K = I"™M, by an argument similar
to that in the proof of 3.2 we only need to prove that §/(K) is a
finitely generated R—module for all i > s. From the hypothesis, we
have I C /0 : §/(K) for all i > s. Since I K = K, there is an element
x € I such that K = K by [7, 2.8]. Then there is a positive integer
r such that 2"F/(K) = 0 for all i > s. Set y = ", the short exact
sequence

0—0xy—K-LK-—0

induces a short exact sequence of formal local homology modules

0—F(K) — 3 _10:xy) — F_(K)—0

for all « > s. It follows I C \/O : 5L (0: y) for all i > s. It should
be noted by [, 3.7] that Ndim(0 :x y) < d — 1. From the inductive
hypothesis §_, (0 :x y) is a finitely generated R—module for all i > s.

Therefore §/(K) is a finitely generated R—module for all i > s and the
proof is complete. O

There is an question: What is the module §(M)/IF!(M)? When [
is a principal ideal we have an answer in the following theorem.

Theorem 3.4. Let I be a principal ideal of (R, m) and M an artinian
R—module. Then FH(M)/IFH(M) is a noetherian R—module for all i.
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Proof. Assume that I is generated by the element x. As M is artinian,
there is a positive integer m such that z'M = 2™ M for all t > m. Set
K = 2™M, the short exact sequence of artinian R—modules

0— K -5 M % M/K —0

gives rise to a long exact sequence of formal local homology modules

> Bl (M/K) =5 () L F0M) 5§ (M/K) —
Then we have short exact sequences

0— Im f; — §/(M) — Img; — 0,

0 — Imdy — FHK) — Im f; — 0.
These short exact sequences induce the following exact sequences

Im f;/IIm f; — (M) /IFI (M) — Im g;/IIm g; — 0,

Im ;1 /I Tm ;1 — SHK)/IF(K) — Im f;/IIm f; — 0.

It should be mentioned that M /K is [—separated. By 2.11, SI(M/K)

is a noetherian R—module and then Im g:/IIm g; is a noetherian R—module
for all 4. Thus, the proof is complete by showing that §!(K)/IF!(K)

is a noetherian R—module for all i. As 2K = K , there is a short exact
sequence

0—0:ixx—K-5K—0.

It gives rise to a long exact sequence
= S0k ) — FUK) S FHK) — FL 0k ) — ...

Note that 0 :x x is I—separated, then §/(0 :x x) is a noetherian
R—module for all ¢ by 2.11. It follows from the long exact sequence
that §/(K)/zF (K) is a noetherian R—module for all i. Therefore

F/(K)/IFI(K) is a noetherian R—module for all i and the proof is
complete. 0

The following theorem shows other conditions for the R—module
SH(M)/IF! (M) being noetherian.

Theorem 3.5. Let M be an artinian R—module and s a non-negative
integer. If §1(M) is a noetherian R—module for all i < s, then
SUM)/IFE(M) is a noetherian R—module.
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Proof. We use induction on s. When s = 0, it follows from the proof
of 3.2 that FL(M) is a quotient module of M, so it is artinian. By [15,
2.3],

V(0 RSO( )/I85(M))

(IR + (05 Fo(M))

(LR) (Y0 < §5(M)

(IR) () Cosupp (35 (M)).

It follows from 3.1 that Cosupp 4(F4(M)/IFE(M)) C V(m R) and then
the R—module FL(M)/IFL(M) has finite length.

Let s > 0. As M is artinian, there is a positive integer m such that
I'M = I™M for all t > m. Set K = I"M, the short exact sequence of
artinian R—modules

Cosuppp, (o (M) /I3,(M))

V
v
V

0— K -1 M -2 M/K —0

gives rise to a long exact sequence of formal local homology modules

s FL(MK) 25§ L §H(M) s §HMK) —

By an argument similar to that in the proof of 3.4 we only need to
prove that §2(K)/IFL(K) is a noetherian R—module. Since IK = K,
there is an element = € I such that K = K by [7, 2.8]. Now the short
exact sequence

0—0:xgr—K-"5K—0

gives rise to a long exact sequence
~FiHK) == F(K) — Fi1(0 ik ) — F(K) = Fiy (K)....

It should be noted by 2.11 that §!(M/K) is a noetherian R—module
for all 7. From the first long exact sequence, we deduce that F/(K) is a

noetherian R—module for all i < s by the hypothesis. Then /(0 :x z)

is a noetherian R—module for all i < s— 1. It follows from the inductive
hypothesis that §£ (0 :x 2)/IF._,(0 :x ) is a noetherian R—module.
From the last exact sequence we have the following short exact sequence

0 — FL(K)/23U(K) — F 0k @) — 051 gy — 0.
It induces an exact sequence

Torf'(R/T;0 3 (K) ) — FL)IFHK) — i1 (0 :x ) /T34 (0 ik ).
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Since 0 i3 (g @ is a noetherian R—module, Tor’*(R/I:0 5 (K) ©)

is also a noetherian R—module. It follows that §(K)/IFL(K) is a
noetherian R—module and the proof is complete. U

Let M be an artinian R—module. There is an other question: When
are the formal local homology modules F! (M) noetherian? The follow-
ing theorem gives us an answer when ¢ = Ndim M.

Theorem 3.6. Let M be an_artinian R—module with Ndim M = d.
Then F4(M) is a noetherian R—module.

Proof. We prove by induction on d = Ndim M. When d = 0, M has
finite length. It follows from 2.19 that F(M) = M. Then Fi(M) is a

noetherian R—module.

Let d > 0. As M is artinian, there is a positive integer m such that
I'M = I"™M for all t > m. Set K = I"™M, the short exact sequence of
artinian R—modules

0—K—M—M/K—0

gives rise to a long exact sequence of formal local homology modules
by 2.18

e — FLa(M/K) — §HK) — FHM) — FH(M/K) — ...

Since K = K, there is an element x € I such that xK = K by [7,
2.8]. It should be noted by [, 3.7] that Ndim(0 :x I) < Ndim(0 :x
r) < d— 1. Hence F4(K) = 0 by 2.21. Thus, the long exact sequence
follows the following exact sequence

0 — Fa(M) — Fg(M/K).
It is clear that M /K is I—separated, then §/(M/K) is a finitely gen-

crated R—module for all i by 2.11. Therefore, §L(M) is a noetherian
R—module. The proof is complete. O

The following theorem gives us the equivalent properties for formal
local homology modules §/ (M) being finitely artinian for all i > s.

Theorem 3.7. Let M be an artinian R—module and s a non-negative
integer. Then the following statements are equivalent:
(i) (M) is artinian for all i > s;
(i) FHM) =0 for all i > s;
(iii) Ass(F/(M)) C {m} for alli > s.

Proof. (i) = (ii). We use induction on d = Ndim M. If d = 0, then
Ndim(0 :pr 1) = 0. By 2.21, F (M) =0 for all i > 0.
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Let d > 0. As M is artinian, there is a positive integer m such that
m!M = m™M for all t > m. Set K = m™M, the short exact sequence
of artinian R—modules

0—K—M-—M/K—0

gives rise to a long exact sequence of formal local homology modules
by 2.18
o T (MK) — B — §1(M) — §H(M/K) — ...

It is clear that M /K is [—separated, then §/(M/K) = H™(M/K) by
2.11. Moreover, M/K is also m —separated, so H*(M/K) = 0 for all
i > 0 by [/, 3.8]. Hence

§i (K) = §i(M)
for all i > 0. Thus, the proof will be complete if we show that F/(K) = 0
for all i > s. By the hypothesis, §!(K) is artinian for all i > s. As
m K = K, there is an element © € m such that K = K by [7, 2.8].
Now the short exact sequence 0 — 0 :x v — K — K — 0 gives
rise to an exact sequence of formal local homology modules
e — T (K) — F(0:x 2) — F1H(K) =5 §1(K) — ...

By [1, 4.7] Ndim(0 :x ) < d — 1. Then the inductive hypothesis gives
10 :x ) = 0 for all i > s and we have an exact sequence
0 — §(K) = Fi(K)

for all i > s. It follows that 0 :3r(gy @ = 0 for all i > s. Since §](K) is
artinian for all i > s, we conclude that §/(K) =0 for all i > s.

(i1) = (i) is trivial,

(791) = (i). We use induction on d = Ndim M. If d = 0, then
Ndim(0 :ps 1) = 0. By 2.21, F(M) =0 for all i > 0.

Let d > 0. As M is artinian, there is a positive integer m such that

m!M = m™M for all t > m. Set K = m™M, the short exact sequence
of artinian R—modules

0—K—M-—M/K—0

gives rise to a long exact sequence of formal local homology modules
by 2.18
o = T (M/K) — §(K) — §(M) — §{(M/E) — ....

It is clear that M /K is [—separated, then §/(M/K) = H™(M/K) by
2.11. Moreover, M/K is also m —separated, so H*(M/K) = 0 for all
i > 0 by [/, 3.8]. Hence
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for all i > 0. Thus, the proof will be complete if we show that §!(K)
is artinian for all 7 > s. As m K = K, there is an element x € m such
that K = K by [7, 2.8]. Now, the short exact sequence

0—0:ixzr—K-S5K—0
gives rise to a long exact sequence of formal local homology modules
e — T (K) — 510 g 2) — FH(K) =5 §HEK) — ...

It should be noted by [1, 4.7] that Ndim(0 :x =) < d — 1. On the
other hand, Ass(F/(K)) C {m} for all i > s by the hypothesis. From
the exact sequence we have Ass(F/(0 :x z)) C {m} for all i > s.
Then F/(0 :x x) is artinian for all i > s by the inductive hypothesis.
Therefore 0 :51 (g @ is artinian for all i > s. Moreover, as Ass(FH(K)) C
{m}, we get [',(§H(K)) = SH(K) for all i > s. From [l0, 1.3] we
conclude that §/(K) is artinian for all i > s and this finishes the
proof. O
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