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ABSTRACT. Symmetric ideals in increasingly larger polynomial rings that form an as-
cending chain are investigated. We focus on the asymptotic behavior of codimensions and
projective dimensions of ideals in such a chain. If the ideals are graded it is known that the
codimensions grow eventually linearly. Here this result is extended to chains of arbitrary
symmetric ideals. Moreover, the slope of the linear function is explicitly determined.
We conjecture that the projective dimensions also grow eventually linearly. As part of
the evidence we establish two non-trivial lower linear bounds of the projective dimen-
sions for chains of monomial ideals. As an application, this yields Cohen-Macaulayness
obstructions.

1. INTRODUCTION

Ascending chains of ideals that are invariant under actions of symmetric groups have
recently attracted considerable attention. They arise naturally in various areas of math-
ematics, such as algebraic chemistry [1, [10], group theory [8], representation theory
[7, 23] 24} 25, 26], toric algebra and algebraic statistics [2, [11} 12} (13} 116} [17, 18, 271,
which provide frameworks and motivations for further studies. In [21] we investigated
the behavior of the Castelnuovo-Mumford regularity along graded ideals in such a chain.
Here we study the analogous problem for codimension and projective dimension.

Let N denote the set of positive integers. Throughout the paper, fix an integer ¢ € N
and any field K. For each n € N, let

R, =K[xj|1<k<c,1<j<n]
be the polynomial ring in ¢ X n variables over K. These form an ascending chain
RICR,C--CR,C---.

Let Sym(n) denote the symmetric group on {1,...,n}. Considering it as stabilizer of
n+1in Sym(n+ 1), similarly one gets an ascending chain of symmetric groups. Define
an action of Sym(n) on R, induced by

O X=X g(j) foreveryo €Sym(n), 1<k<c,1<j<n.
A sequence of ideals (1,),,>1 with I, C R, is called Sym-invariant if
Sym(n)(I,) €I, forall m<n.
Observe that these ideals form an ascending chain as [, - R+ C I41.
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Even if one is primarily interested in Sym-invariant chains it is more convenient to work
with a larger class of invariant objects, namely Inc'-invariant chains, where Inc’ denotes a
certain monoid of increasing functions on N (see Section [2|for more details).

In [22]], the second and fourth author introduced Hilbert series for Inci-invariant chains
and proved that these series are rational (see also [20, Theorem 4.3] for another approach
and [[15, Theorems 2.4 and 3.3] for some explicit results in a special case). As a conse-
quence, they determined the asymptotic behavior of the Krull dimension and multiplicity
of graded ideals in an Inc’-invariant chain: the Krull dimension grows eventually linearly,
whereas the multiplicity grows eventually exponentially. This result motivates a more
general line of investigations:

Problem 1.1. Study the asymptotic behavior of invariants of ideals in Sym-invariant or,
more generally, Inc'-invariant chains.

In [21], this problem was studied in the case of the Castelnuovo-Mumford regularity.
There we conjectured that this invariant grows eventually linearly and provided some evi-
dence supporting this conjecture. In particular, a linear upper bound for the Castelnuovo-
Mumford regularity of graded ideals was established. As mentioned above, the present
work studies the asymptotic behavior of codimensions (i.e. heights) and projective dimen-
sions of ideals in Inc’-invariant chains.

For an Inc-invariant chain of graded ideals (1,),>1, it follows from [22] Theorem 7.10]
that codim/,, is eventually a linear function. However, not much is known about this func-
tion. Here, we extend this result to Inc'-invariant chains of ideals that are not necessarily
graded. More importantly, our new approach also produces an explicit description for the
leading coefficient of the linear function (see Theorem [3.8)).

To motivate our study on the asymptotic behavior of the projective dimension, let us
consider a simple example.

Example 1.2. Let (I,),>| be an Inc'-invariant chain with

(0) if n=12,3,
I, = <x?72,x%’4x2,1,x272x373> if n=4,
<Inc}17n(l4)> it n>5

(see Example for an explicit description of the ideals in this chain). Computations
with Macaulay? [14] yield the following table:

n 475[6[ 718910
pd(R,/I,) (316810121416

This table suggests that pd(R,/1,) could be a linear function with slope 2 when n > 5.

The previous example and many other computational experiments lead us to the fol-
lowing expectation:

Conjecture 1.3. Let (I,),>1 be a Sym-invariant or, more generally, an Inc'-invariant
chain of ideals. Then pd(R,/1,,) is eventually a linear function, that is,

pd(R,/1,) = an+b for some integer constants a, b whenever n>> 0.
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It should be noted that this conjecture as well as [21, Conjecture 1.1] is seemingly
of parallel nature to the well-known asymptotic linearity of the Castelnuovo-Mumford
regularity of the powers of a graded ideal shown independently by Cutkosky, Herzog, and
Trung [9, Theorem 1.1(ii)] and Kodiyalam [19, Theorem 5].

Since codiml, is eventually a linear function, Conjecture [I.3]is clearly true if I, is
perfect for n > 0 (see Proposition[4.1)). Note that, for example, a graded Cohen-Macaulay
ideal is perfect.

It is not hard to give linear upper and lower bounds for pd(R, /I,) (see Proposition
because

cn > pd(R,/1,) > codim1,.
Our next main results establish improved lower linear bounds for pd(R,/I,,) in the case of
a chain of monomial ideals (see Theorems {.6)and 4.10). These also yield necessary con-
ditions for the Cohen-Macaulayness of R, /I, when n > 0 (see Corollaries [4.7]and [4.12)).
Note that by the Auslander-Buchsbaum formula all statements on projective dimensions
of graded ideals can equivalently be stated as results on depths.

The paper is divided into four sections. Section 2] contains some basic notions and facts
on invariant chains of ideals. The asymptotic behavior of codimensions and projective
dimensions of ideals in such chains are discussed in Sections [3|and ] respectively.

Acknowledgement. We are grateful to the anonymous referees for insightful com-
ments and suggestions that helped a lot to improve the clarity of the paper. The first author
wishes to thank Lorenzo Venturello for his help with computations using Macaulay?2.

2. PRELIMINARIES

We keep the notation and definitions of the introduction. In particular, ¢ is a fixed
positive integer, and for each n > 1, R, denotes the polynomial ring in ¢ X n variables
over a field K. Let

R=|JR =Klx;|1<k<c,j>1]
n>1
be the polynomial ring in “c x N” variables. The action of Sym(n) on R, given by

O X j =X o) forall o €Sym(n), 1 <k<c,1<j<n,

clearly induces an action of
Sym(ee) = | J Sym(n)
n>1
on R. Recall that a chain of ideals (I,),>1 with I, C R, is Sym-invariant (or Sym(eo)-
invariant) if

Sym(n)(I,) ={o(f) | f €Ly, 6 € Sym(n)} C 1, forall m<n.

Often, it is inconvenient to work with Sym-invariant chains. The main reason is that
the group Sym(ee) is not compatible with monomial orders: For any monomial order
< on R and any monomials u,v € R with u < v, there exists some 6 € Sym(e) such
that o(u) > o(v) (see [2, Remark 2.1]). Thus, the initial chain (in<(Z,)),>; of a Sym-
invariant chain (I,),> is typically not Sym-invariant (see Example . Here and in the
sequel, whenever < is a monomial order on R, we will use the same notation to denote its
restrictions to the subrings R, of R.
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To overcome this difficulty, one considers the following monoid of increasing functions
on N:

Inc={n: N—=N|zn(j)<n(j+1) forall j>1},
and more generally, submonoids of Inc that fix initial segments of N:
Inc' = {m €Inc | x(j)=j forall j<i},
where i > 0 is an integer. Observe that one has a descending chain of monoids
Inc=Inc’ DInc' DInc? > --- .

The action of Inc’ on R is defined analogously to that of Sym(eo). We say that a chain
(I)n>1 with I, an ideal in R, is Inc'-invariant if

Incfn,n(lm) C1I, forall m<n,
where
Incfm = {n €lInc'| m(m) <n}.

It is evident that every Inc’-invariant chain is also Inc’*!-invariant. Moreover, for any
fERyand T € Inci,w (m < n), it is easy to find a permutation 6 € Sym(n) such that
nf =o0of (see, e.g., [22, Lemma 7.6]). Hence, Incin’n -f € Sym(n) - f. It follows that
every Sym-invariant chain is also an Inc’-invariant chain.

A fundamental result of Hillar and Sullivant [[17, Theorem 3.1] (see also [22, Corollary
3.6]) implies that every Inci-invariant chain . = (I)n>1 stabilizes, meaning that there
exists an integer r > 1 such that, as ideals in R, one has

I, = <Inci7n(lr)> g, foralln>r,
or equivalently,
I, = (Incim(lm)};gn foralln >m>r

(see [22, Lemma 5.2, Corollary 5.4]). The least integer r with this property is called the
i-stability index of .#, denoted by

ind'(.7).
Example 2.1. Let . = (I,),>; be the Inc!-invariant chain considered in Example

Evidently, ind!(.#) = 4. Since x, 1 is fixed under the action of Inc!, some non-zero ideals
of .7 are

Iy = (x5, X7 4X2,1, X22%33),

Is = Iy + (] 3, X7 5%2,1, X22X34, X23X3.4),

Io =I5+ (x] 4, X7 gX2.1, X20X3,5, X2,3X35, X24%35),

L =1+ (x?,s, X%sz,l» X22X3,65 X2,3%3,65 X2,4%3,6, X2,5X3,6)-

By induction one can show that for all n > 5:

3 p
Ly = Iy 1+ (X7 2, X7 pX2,15 X223 015 X2,3X3 015+« -5 X2n—2X3 n—1)-
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When working with invariant chains of ideals, a key advantage of the monoids Inc’ over
the group Sym(co) is that the monoids Inc’ behave well with certain monomial orders on
R, and the initial chain of any Inc’-invariant chain with respect to such an order is again
Inc-invariant (see Lemma below). We say that a monomial order < respects Inc' if
n(u) < m(v) whenever 7 € Inc’ and u,v are monomials of R with u < v. This condition
implies that

in<(n(f)) = n(in<(f)) forall f € Rand x € Inc'.
Examples of monomial orders respecting Inc’ include the lexicographic order and the
reverse-lexicographic order on R induced by the following ordering of the variables:

X <xpp ifeitherk <k'ork=4k"and j < /.
Example 2.2. Let ¢ = 1 and consider the ideals
I = (x} 4 x0x3, X3 +x1X3, X3 +x1x2),
Iy = Sym(4)(5)
= I3+ (X3 +xox4, X7+ X3X4, X3 +X1X4, X5 + X3X4,
x% +X1X4, x% + X2X4, xﬁ +Xx1X2, xﬁ +Xx1x3, xi +x2x3).

Using the reverse-lexicographic order with x; < x; < x3 < x4 one obtains by computations
with Macaulay? that

in(l3) = (x3, x3x2, X3, X2x3, x3x7, x7),
in(ly) = (xXaX1, X3X1, X4X1, X3, X3X2, X4X2, X3, X4X3, X, X} ).
Since x3 € in(l), we get x7 € Sym(4)(in(Z3)). Thus,
Sym(#)(in(5)) ¢ in(1s).
Note, however, that
Incs 4(in(h3)) = in(l3) + (x4x2, X4%x3, X3, X3%7, X3%3, x4x7, x423) C in(Iy).
The phenomenon in the preceding example holds true more generally:

Lemma 2.3 ([22, Lemma 7.1]). Let . = (I,),>1 be an Inc'-invariant chain of ideals.
Then for any monomial order < respecting Inc', the chain in<(.%) = (in<(I,)),>1 is also
Inc'-invariant and

ind'(.#) < ind'(in< (.#)).

We conclude this section with two auxiliary results that will be used frequently. The
first one slightly generalizes one part of [22, Lemma 6.4].

Lemma 24. Let % = (I,),>1 be an Inci-invariant chain of monomial ideals and v € R; a
monomial. Then the chain .9 :v = (I, : v),>1 is also Inc'-invariant and

ind’ (.7 :v) <ind'(.#).
Proof. Write v = x/ii-,h x,e{z]m with ji,..., jm <i. By induction on m, we may assume

V= x,ii Ix But in this case the result follows by using the same argument as in the proof
of [22, Lemma 6.4]. U
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For the next result we need further notation. The i-shift 6; € Inc' is given by
, J if 1<j<i,
oi(J)=1". L
j+1 if j>i+1.
For a graded ideal J in R, we write 8 (J) for the largest degree of a minimal homogeneous
generator of J. Then the g-invariant of J is defined as

8(J)
q(J) = ZbdimK(Rn /J);.
=

Lemma 2.5. Let .% = (I,),>1 be an Inc'-invariant chain of monomial ideals. For each
e=(e,...,ec) € ZS.g, consider a chain of monomial ideals .Je = (Ie,n)n>1 given by

Ie,n — <<In :x(ﬂl‘-ﬁ-l ""xifi—i-l)’xlvi"'l""’xcﬁi+1> fOl" all n Z 1.

Then the following statements hold:
(i) Se is an Inc' -invariant chain with ind™! (%) <ind'(.#) + 1.
(i) Fix e € Z. Then for every r > ind'(.%) one has

q(les+1) < q(ly),
and equality holds if and only if

le i1 = (0i(In),X1,i41,- -, Xcit1) and Ruy1/lepy1 = Ry/1,  forall n>r.

Proof. See [21, Lemma 4.3] (and also the proofs of [22, Theorem 6.2, Lemma 6.10,
Lemma 6.11]). O

3. CODIMENSION UP TO SYMMETRY

Fix a nonnegative integer i. From [22, Theorem 7.10] it follows that the codimensions
(i.e. heights) of graded ideals in an Inc’-invariant chain grow eventually linearly. In this
section we extend this result to linearity of the codimension of not necessarily graded
ideals in an Inc’-invariant chain. Moreover, the arguments produce an explicit description
for the leading coefficient of the linear function.

We first introduce a function that is used to define that leading coefficient. Write [c¢] =
{1,...,c}. For a monomial 1 # u € R, let min(u) (respectively, max(u)) denote the
smallest (respectively, largest) index j such that x; ; divides u for some k € [c]. When J is
a proper monomial ideal in R,, with minimal set of monomial generators G(J), we set

G/ (J)={u€ G(J) | min(u) > i},
Gi(J)={u e G(J) | min(u) <i< max(u)},
G; (J)={ue G(J) | max(u) <i}.
Definition 3.1. Let C be a subset of [c|, u € R, a monomial, and J C R, a monomial ideal.

We say that

(i) C covers u if there exists k € C such that x;_; divides u for some j > 1,
(ii) C is an i-cover of J if C covers every element of G (/).
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Let
Y;(J) = min{#C | C is an i-cover of J}.
Note that 0 < y;(J) < c. If J = R,,, we adopt the convention that
%i(Ry) = co.
Example 3.2. Assume ¢ > 3 and consider the ideal
J= (x5, x?,lx%,3x174a X301 3%2.4, x373x%74, x%74x‘3‘75> C Re.
Then G, (/) = {x3 1} Ga(J) = {x] 133 5x14, X32x] 3324} Gy (J) = {23 37 4, X342 5}
One sees that J has two minimal 2-covers: C; = {2} and C; = {1,3}. Thus,
rJ)=1.
Let us now discuss some basic properties of the function J. For a monomial ideal
J we first show that 7;(J) can be computed from a primary decomposition of the ideal
(G (J)) (or more efficiently, from the minimal primes of (G;(J))). Consider the map
¢ that assigns the variable x; ; to k for every j > 1. Then ¢ clearly induces a map, still

denoted by @, from the set Min((G; (J))) of minimal primes of (G; (J)) to the set of
i-covers of J. Let %;(J) be the image of this map, i.e.

€i(J) ={e(P)| P € Min((G{ (/)))}.

Proposition 3.3. Let J C R, be a monomial ideal. If C is a minimal i-cover of J, then
C € 6;(J). Furthermore,

%(J) = min{#C | C € €;(J)} = min{#o(P) | P € Min((G; ())))}-

Proof. The first assertion implies the claimed formula for (/) because it says that €;(J),
which is a subset of the set of i-covers of J, contains all minimal i-covers. So it suffices to
prove this assertion. Suppose C is a minimal i-cover of J. Then for each u € G;r (J) there
exist k(u) € C and j(u) > 1 such that xi(, j(,) divides u. Set

Q = (X, jw) | 4 € G (J)).

Then Q is evidently a prime ideal containing (G; (J)). It follows that Q D P for some
P € Min((G{"(J))). One has

C2¢(Q) 2 ¢(P).
Due to the minimality of C, this yields C = ¢(P) € 6;(J), because C and ¢(P) are both
i-covers of J. O

Example 3.4. Consider again the ideal J in Example The set of minimal primes of

the ideal (G (J)) = (3 327 4, 3 428 5) is

Min((G5 (J))) = {(x23, X3,5), (x2.3, X2.4), (X1 .4, X2.4), (X1 4, X35) }.
Thus,

ng(']) = {{273}7 {2}7 {1>2}7 {173}}7

Y (J) =min{#C |C € 6 (J)} = 1.

Some further properties of the function ¥; are given in the following lemmas.

and again we find that
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v, and let J CJ' C R, be

Lemma 3.5. Let C C [c], let u,v € R, be monomials with u
monomial ideals. Then the following statements hold:

(i) If C covers u, then C also covers v.
(i) If C is an i-cover of J', then C is also an i-cover of J.

(i) %(J) < %)

(V) %(J) = %(VJ).
Proof. (i) follows immediately from Definition i). Since J C J', every element of
G (J) is divisible by some element of G;(J’). So (ii) is a consequence of (i). From (ii)
we get (iii). For (iv) it suffices to show that any i-cover C of J is also an i-cover of V.
Letv e G;F(\/j ). Then v* is divisible by an element u € G;"(J) for some k > 1. Since C
covers u, it also covers v*. Hence, C covers v, as desired. Note that one can also prove

(iv) by using Proposition [3.3|and the fact that (G, (V7)) = 1/ (G (J)). O
Lemma 3.6. Let . = (I,),>1 be an Inc'-invariant chain of monomial ideals. Then
Yi(L) = Yi(Iiy1) forall n>ind (.#).
Proof. Tt suffices to consider proper ideals. We have ¥;(1,) < ¥;(I,+1) for all n > 1 by
Lemma iii). For n > ind’(.#) one has I, ;| = (Inciw +1(In)), which implies
G/ (1) CInc, 1 (G (I)).

It follows that any i-cover of I, is also an i-cover of I,,, because the action of Inc’
keeps the first index of the variables unchanged. Therefore, ¥;(1,) > ¥(I,+1), and hence

Yi(ln) = Yilnt1)- [
We set '
Y%(SF) =7(l,) forsome n>ind (7).
This is well-defined by Lemma and moreover, according to Proposition Yi(A)
can be determined by the minimal primes of the ideal (G; (1,)) for any n > ind'(.¥).

For convenience in stating and proving the next result we will make use of the following
convention:

Convention 3.7. The codimension of the unit ideal in the ring R, is set to be oo for every
n>1.

The main result of this section is:

Theorem 3.8. Let .¥ = (I,,),>1 be an Inc'-invariant chain of monomial ideals. Then there
exists an integer D(.9) such that

codiml, = %(SF)n+D(F) for n>0.

The argument requires some further preparations. The following observation says that
it suffices to prove the theorem for chains of squarefree monomial ideals.

Lemma 3.9. Let .% = (I,,),>1 be an Inc'-invariant chain of monomial ideals. Then the
chain V.9 = (\/I)n>1 is also Inc'-invariant with

H(VI)=%(7).
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Proof. Again it suffices to consider proper ideals. Letn >m > 1, € Incﬁnyn, and consider
any monomial u € \/I,,,. Let k > 1 be such that uk € I,,. Then

n(u)* = n(uk) € n(l,) C I,
Thus, () € v/T,, and so the chain v/.# is Inc'-invariant. The equality
HVI) = 1(F)
follows from Lemma [3.5{iv). O
Lemma 3.10. Let J C R, be a squarefree monomial ideal and x a variable of R,,. Then
codimJ = min{codim((J : x),x) — 1, codim(J,x) }.
Proof. If J = R, or J : x = R,, then the formula is true according to Convention IfJ
and J : x are both proper ideals of R,,, then it is apparent that
codimJ = min{codim(/J : x), codim(/,x) }.
Since J is squarefree, x is a non-zero-divisor on R,,/(J : x). This gives
codim(J : x) = codim((J : x),x) — 1,
which yields the desired conclusion. U

The next lemma plays a crucial role in the proof of Theorem [3.8]

Lemma 3.11. Let I = (I)n>1 be an Inci-invariant chain of monomial ideals. Fix an
integer r > ind'(.). For each e = (ey,...,e.) € L, define the chain Se = (Ien)n>1 as
in Lemma Then the following statements hold:

() If q(Le,r+1) = q(Iy), then
codim/e 41 = codiml, +c forall n>r.
(11) If I, is a squarefree ideal, then
codim/, = min{codimZe , — |e| | e € {0,1}°},
where |e| =e;+--- +e,.
(iii) For all e € ZS one has V() < Yip1(Se), with equality if g(Ie r+1) = q(Iy)-
(iv) Assume I, # R,. If e € {0,1}° and q(le r+1) = q(I,), then ¥;,(I) < c—|e|.
(v) Assume I, # R,. Set
Er={ee{0,1}| q(lert1) <q(l)} and Er = {e € {0,1}* | q(Le,r+1) = q(I})}.
Then
(D %(#) = min{min{y, (%) | e € E1}, min{c—|e| | e € Ex}}.
Proof. (i) From Lemma [2.5[ii) one gets the isomorphisms
Roti/lept1 = Ry/I, foralln>r,

which yield the assertion.
(i1) Using Lemma [3.10] the assertion follows by induction on c.

(ii1) Let o; be the i-shift defined preceding Lemma Since o; € Incﬁw 1> one has

Te 1 2 (Lo 1,X1,i415 -5 Xeyit1) 2 (Oi(In), X1,ix 15+ - Xeip1) forall n> 1.
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By Lemma [3.5(iii), this gives
Vi1 Uept1) = Vi1 ((Gilln) X1 i1, - Xeiv1)) = Va1 ((OilIn))) = ¥i(In)-

The last equality follows from the definition of 0;. The only inequality in the above
equation becomes an equality if n > r and g(le.-+1) = q(I+), by Lemma [2.5((ii).

(iv) Set C = {k € [c] | ex = 0}. By (iii), it suffices to show that C is an (i 4 1)-cover of
le 41 for n > r. Assume the contrary. Then there exists a monomial u € GiH (Ie,nt1) of
lowest degree which is not divisible by x; ; for any k € C and j > 1. If there is more than
one such monomial we choose # with min(u) as small as possible. Note that min(u) >
i+2sinceu € G:Ll (Iei+1). By Lemma ii),

Te 1 = (Oi(In) X1 i 15 - -1 Xe it 1)
It follows that u € o;(1,;). So u = o;(v) for some v € I,. By definition of ¢; one has
min(v) =min(u) — 1 > i+ 1.

By the choice of u, the monomial v is a minimal generator of /e 1. If min(v) > i+2,
then v € G/ (len41). Since min(v) < min(u), this is a contradiction to min(x) being
least possible among all the monomials in G} | (e,n+1) of lowest degree which are not
divisible by x; ; for any k € C and j > 1. Hence, min(v) = i+ 1, and we may write
V=X i+1° X, +1V, where v € R, with min(v') > i+ 1. Since u = 6;(v) is not divisible
by any x; ; with k € C, we must have [y,...,[; ¢ C. Thus, ¢, =--- =¢; =1, and so

Vel ixy i1 %401 C len
Since .% is Inc'!-invariant (see Lemma ) and 0,4 € Incijnlﬂ, we obtain 0;,.1(V) €
Iept1. As min(v') > i+ 1, one has o;(v') = 0,41(V') . Thus, 6;(V') € I n41. But this
contradicts our assumption that u = 6;(v) = x;, ;42 - - X, i+20i(V') is a minimal generator
Of Ie7n+l .
(v) Let y denote the right-hand side of Equation . From (iii) and (iv) it follows that
Y:(#) < 7. For the reverse inequality it suffices to find a tuple e € {0, 1}¢ with

Yir1(Fe) S U(SF) = c—le].
Let n > r+ 1 and C an i-cover of I, with ¥(I,,) = |C|. Consider e = (ey,...,e.) with

_fo ifkec,
“T1 ifkéec

Then it is clear that ¥;(I,) = |C| = ¢ — |e|. To complete the proof we will show that C is an

(i+ 1)-cover of I ,. For any u € G} | (I,,) one has

% :xiiﬂ = -xf,fiﬂu = H.Xk’i+1u cl,.
k¢

This implies that v has a divisor v/ € G (I,). Since C covers v/, it covers v as well. It then
follows that C must cover u. Therefore, C is an (i + 1)-cover of I ,, as desired. U

We are now ready to prove Theorem
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Proof of Theorem Using Lemma[3.9] we may assume that .# is a chain of squarefree
monomial ideals. Let .% denote the family of all (i,r,.#), where i,r > 0 are integers and
% = (I,)p>1 is an Inc'-invariant chain of squarefree monomial ideals with ind'(.#) < r.

Following the idea of the proofs of [22, Theorem 6.2] and [21, Theorem 6.2], we argue
by induction on ¢ = ¢(I,) that for any (i,r,.¥) € .% one has that

codiml,; = codiml, + %(.#) whenever n>> 0.
If ¢ =0, then I, = R, and so I,, = R, for every n > r. By Convention this means

that codim 7, = oo for n > r, and the desired conclusion holds according to our convention
in Definition

Now assume ¢ > 1. For each e € {0,1}¢, we consider the chain % = (le),>1 as in
Lemma By this lemma, .7 is an Inc’*!-invariant chain with ind*!(.%) < r+ 1.
Write {0, l}c = E; UE; with

Er={ec{0,1}|q(les+1) <q} and Er={e€{0,1}|q(ler+1)=q}.
If e € Ey, then Lemma [3.T1{i) gives
codim/e , = codim/,_; +c¢ forall n>r+1.

Hence, for all n > r+ 1 it follows from Lemma ii) that

codim/, = min { min{codim/e, — |e| | e € E; }, min{codimIe , — |e| | e € E»} }
(2) = min { min{codim/, — |e| | e € E1}, codim/,_; +min{c —|e| |e € E»} }.

For e € E|, the induction hypothesis applied to (i + 1,r+1,.%) € ¥ yields the exis-
tence of an integer N(.%) > r+ 1 such that

3) codim/e 41 = codim/le , + Yiy1(£e) Whenever n > N(.Z).
Set

N =max{N(.%) |e € E }.
We will show
) codimly,; =codim/l, + %(.#) whenever n > N.
Indeed, by Lemma[3.11|(v)
(5) %() = min{min{%, (%) | e € E1 }, min{c — |e| [ e € Ex}}.

Ifn>Nandec E;, then

codim/e 41 — |€| = codimZe ,, + ¥i41(-Ze) — e

> codimZ, + ¥iy1(Z) by Equation
> codiml, + % (&) by Equation (3).
Combined with Equations (2)) and (5)), this implies

(6)

codim/, 1 = min { min{codim/e ,+1 —|e| | € € E; }, codim], + min{c — |e| | e € E»} }
> min { min{codim1, + %(.#) | e € E\ }, codimI, + min{c —|e| | e € E»} }
>codiml, +%(.#) ifn>N.
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Moreover, Equation (2)) gives
codim/,+ < codim/, + min{c— |e| |e € E;} ifn>N.

This together with Inequality (€)) yields Equation () if %;(.#) = min{c — |e| | e € E»}.

Thus, it remains to consider the case %(.#) < min{c — |e| | e € E»}. Suppose Equa-
tion () is not true. Taking into account Inequality (6)), this means that, for any ny > N,
there is some n > ng with

codim/,;1 > codimZ, + %(.¥).

We use this to define an increasing sequence (n;) ey of integers: set ng = N and, for
J > 1, let nj be the least integer n > n;_; with codimI,4; > codim1, + %(.#). Thus, we
obtain for every j > 1,

(7) codimly; 1 > codimly + (nj+1—=N)¥%(F) + j.

Our assumption %(.#) < min{c — |e| | e € E»} allows us to fix some ey € E; such that
Yi(F) = Yit1(He, ). Let j be an integer with j > codiml, y — codimly — |eg|, i.e.,

codimly + (nj+1—N)¥% (&) +j > codimlgy v+ (nj+1—N)%(F) — |eg].
Combining this with Inequality (/) one gets
codimly; 1 > codim/ley v + (nj+1—N)¥%(F) — |eo]

= codimley v+ (nj + 1 —N)Yir1(He,) — |€0|
= codim/le, »;+1 —|€o| by Equation (3).

However, this contradicts Equation (2). The proof is complete. 0

As a consequence, we obtain an explicit and more general version of the first part of
[22, Theorem 7.10]. We use the convention that the dimension of a zero module is —oo.

Corollary 3.12. Let & = (Iy)y>1 be an Inc'-invariant chain of ideals, and let < be any
monomial order respecting Inc'. Then one has

dimR, /I, =A(Z)n+B(.#) for n>0,

where A(Y) = ¢ — Yi(in<(F)) and B(.#) = —D(in<(.#)). In particular, the integers
Yi(F) = 1(in<(F)) and D(.¥) = D(in<(.¥)) are independent of the choice of <.

Proof. Since codiml, = codim(in<(Z,)) for all n > 1 (see, e.g., [3} Proposition 3.1(a)]),
the result follows from Lemma 2.3 and Theorem [3.8] O

Remark 3.13. Let . = (I,),>1 be a chain of ideals. If this chain is Inc’-invariant for
some i > 0, then by definition, it is also Inc/-invariant for all Jj > i. So Corollary
implies that 3;(.#) = y;(.#) for all j > i. Hence, %(.#) is independent of the choice of i
such that .# is an Inc'-invariant chain.
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4. PROJECTIVE DIMENSION UP TO SYMMETRY

In this section we provide evidence for Conjecture[I.3] First, recall that an ideal J C R,
is perfect if codimJ = pd(R,/J). Theorem 3.8]thus implies:

Proposition 4.1. If . = (I,,),;>1 is an Inc'-invariant chain of ideals such that I, is perfect
for all n > 0, then Conjecturell.3]is true for 7.

Example 4.2. Chains that satisfy the assumption of Proposition4.1|include the following
interesting ones:

(i) .# is generated by one monomial orbit; see [[15, Corollary 2.2].
(ii) I, is an Artinian ideal in R, for some r > ind’(.%).
(ii1) 1, is generated by the #-minors of the ¢ X n matrix with entries being the variables
of R, for all n > 1, where t < c is a fixed integer; see, e.g., [4, Theorem 7.3.1].
(iv) More generally, . is a chain of graded ideals such that R, /I,, is Cohen-Macaulay
for n > 0; see, e.g., [4, Corollary 2.2.15].

Using the notation of Corollary (3.12] it is not hard to give linear bounds for pd(R,/1,):

Proposition 4.3. Let .7 = (I,),>1 be an Inc'-invariant chain of proper ideals. Then one
has

cn > pd(R, /1) > vi(F)n+D(F)  for n>> 0.

Proof. The upper bound is Hilbert’s Syzygy theorem. For the lower bound, note that
I, # R, for all n > 1 by assumption. By using Corollary and the estimate

pd(R,/1I,) > codim/, forall n>1
(see, e.g., [5, Corollary 16.12]), the desired conclusion follows. 0

In the remaining part of this section we focus on chains of proper monomial ideals.
Our main results are lower linear bounds for pd, = pd(R, /1I,) — 1 that improve the bound
given in Proposition 4.3}

Let .% = (I,),>1 be an Inc-invariant chain of proper monomial ideals. Fix an integer
r > ind’ («#). For each e € Z< , consider the chain .%, = (I n)n>1 as in Lemma We

know that .7 is an Inc'*!-invariant chain with ¥%(.#) < %, 1(%). Let

() E(J)={ecZ | leyr1# Rri1}
Define
A1 () = max{yi1(Se) [ e € E(S)}
Similarly, for each e € E(.#) and € = (¢}, ..., e..) € Z, one can build an Inc"*-invariant

chain je7e’ = (Ie,e’,n)HZI with

/ /

Leen = ((en :X‘EHZ .. -xi_fi+2),x1’j+2, oy Xeip2) forall n> 1.
Then define
E(ﬂe) - {e, € ZCzO | Ie,e’,r—i—Z 7£ Rr+2}
and
1z (F) = max{¥i2(See) [ € € E(S), € € E(S)}
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Repeating this construction we obtain a non-decreasing sequence of integers
W) < () <R () < <e
Let I';(.#) denote the limit of this sequence:
[/(.) = max {2 (.7) |k > 1}.
It is obvious that
() > 35(.7).
This inequality is strict in general, as illustrated below.

Example 4.4. Let r > i+ 2 and consider the chain . = (I,),>1 with

(0) if n<r,
Ly = (X1t 1X1,i425 X1,ig1X2,i425 - -5 X1it1Xe,ip2) if n=r,
(Inc;., (1)) if n>r

Then ind’(.#) = r. One has %(.#) = 1, since C = {1} is an i-cover of I,. Now for
e=(1,0,...,0) it is easily seen that
To 1 = (X1,it3s vy Xeid3y X1ig2s -5 Xeit2s XLi 1y Xeyit1)-
This gives Y+1(-%) = ¢, which implies T';(.#) = ¢, because Y11(F) < Ti(4) < c.
Hence, if ¢ > 1 then
c=T(7) >n) =1,

and the difference is as large as possible.

Proposition 3.3| provides an efficient way to compute %(.#). It would be interesting to
know a similar result for I';(.#).

Question 4.5. How to compute T';(.¥)? In particular, with notation of Proposition is
it true that .
I[i(#) e min{#C | C € ¢;(I,)} for somen>ind (¥)?

Let us now improve the lower bound in Proposition [4.3]for chains of monomial ideals.

Theorem 4.6. Let .% = (I,),> be an Inc'-invariant chain of proper monomial ideals.
Then there exists an integer D(.%) such that

pdl, > Ty(S)n+D(F) for n>> 0.

This result gives the following necessary condition for eventual Cohen-Macaulayness
of Inc'-invariant chains of monomial ideals:

Corollary 4.7. Let .9 = (I,),>1 be an Inc'-invariant chain of proper ideals. If there is
a monomial order < respecting Inc' and such that R, /in<(I,) is Cohen-Macaulay for
n> 0, then

%(Y) =Ti(in<(5)).

Proof. Since R,/ in<(1,) is Cohen-Macaulay if and only if codimin< () = pd R,/ in<(1,),
the result follows by combining Theorems [3.8] and [4.6] O

To prove Theorem 4.6l we need some auxiliary results.
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Lemma 4.8. Let J C R,, be a monomial ideal and x a variable of R,,. Then
max{pd(J : x), pd(J,x) — 1} <pdJ € {pd(J : x), pd(J,x) }.
Moreover, if d > 1 is an integer such that J : x? = J : x**1 then
max{pd((J: x*),x) [0 <k <d}—1<pdJ € {pd((J:x?),x)— 1, pd((J : x*),x) |0 <k < d}.

Proof. The containment in the first assertion follows from [6, Corollary 3.3(i)] and the
Auslander-Buchsbaum formula, whereas the lower bound follows from the containment
and the exact sequence

0— (R,/{J:x))(—=1) =R, /J — R,/{J,x) — 0.
Now applying the first assertion to the ideals J : x for k > 0 we get
(9) max{pd(J : 1), pd((J : x*),x) = 1} < pd(J : x*) € {pd(J : XY, pd((J : x*),x)}.
Since J : x = J : x4*1, x is a non-zero-divisor on R,/ (J : x?), which gives
pd(J : x¥Y = pd(J : x¥) = pd((J : x9),x) — 1.
Combining this with (9] for k =0, ...,d yields the second assertion. O

Lemma 4.9. Let . = (I,),>1 be an Inc'-invariant chain of proper monomial ideals. For
each e € 7S consider the chain e = (len)n>1 as in Lemma Let E(.#) be defined
as in Equation (8). Then

max{pdle,|e € E(.¥)} —c <pdl, <max{pdle,|ec E(.¥)} forall n>r+]1.

Proof. By induction on c it suffices to consider the case ¢ = 1. Let n > r+ 1 and choose
an integer d > 1 such that [, :x‘ll iv1 =1In :xﬁiﬂl. Then Lemma gives
(10)

max{pdle, |0 <e<d}—1=max{pd((f,: x];1),x1,i11)|0<e<d}—1

< pdl, <max{pd((L, : x{ ;;),%1,i+1) |0 < e < d} =max{pdle, | 0 < e <d}.
So to complete the proof we need to show that
max{pd/le, |0 <e<d} =max{pdl,|ecE(S)}.
Note that I , = 1, , for all € > d since I, : xiiH =1, :xﬁl;ﬂl. One the other hand, I , = R,
has projective dimension O for all e € Z>¢ \ E(.¥). Therefore,
max{pdle, |0 <e<d} =max{pdl.,|e € Z>o} =max{pdl,|ec E(¥)}.

Now we prove Theorem [.6]

Proof of Theorem[#.6] Let k > 1 be such that I(.#) = y"5(.#). Applying Lemma
iteratively we obtain

pdl, > max{pdle,  en|€ €EE(I),....ex EE(Ie, e ,)} —kc
for all n>> 0. By Theorem 3.8}
pdle,  eon>codimle,  en—1="%ir( e, e)n+D(F e)—1 forn>0.
So if we set
D(F)=min{D(Se,  e)—1]€1 EE(I),...,ex EE(Ie, e ,)} — ke,
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then it follows that
pdl, > max{¥ k(L . e) | €1 EE(I),....e, EE(Ie, e ) n+D(I)
=y (s )n+D(ﬂ) [i(S)n+D(.7)
for all n > 0. 0

Next, we discuss another improvement of the lower bound given in Proposition {.3]
Assume r > ind’(.#) and let G(I,) be the minimal set of monomial generators of I,. Evi-
dently, every monomial u € G;(I) can be uniquely written as u = ujup with max(u;) <1,
min(up) > i. Set

Gii(l,) = {w |ueGil,)} and Gia(l,) = {us |ueGi(l,)}.

Observe that the sets G; (I,) and G; 1 (I,) are fixed under the action of Inc’, whereas G (I,)
and G; () usually change So 1ntu1t1ve1y, one would expect that the growth of pdZ,
depends on G; (1) and G, »(I,). This will be clarified now.
For a subset M of G;(1,), set
VM = H Uy € R;
ueM
and consider the chain
B VM = (In . VM)nZL
According to Lemman 2.4, .7 : vy is an Inc'-invariant chain with ind’(.# : vy;) <ind’(.%).
Assume that the monomial vy is not divisible by any element of G; (I,,). Then I, : viy # R,
and G; (I, : vyr) consists of minimal elements (under divisibility) of G (I)U{uz|ueM}.
It follows that

%) = %G (1) < %G (1) U{uz [ u € M})) = %((G/ (I - vm))) = %i(SI < vm).

Thus, the following lower bound also improves the one in Proposition

Theorem 4.10. Let .% = (I,),>1 be an Inc'-invariant chain of monomial ideals. Let
r > ind (.#) and denote by .# the set of all subsets M of Gi(I,) such that vy is not
divisible by any element of G; (I,). Then there exists an integer D(.%) such that

pdl, > max{y (% :vy) |M € #}n+D(F) for n>0.
Proof. Using the lower bound in Lemmarepeatedly, one gets pd1l, > pd(l, :vy). O

Let us briefly compare the bounds in Theorems m and[.10| Observe that I';(.#) only
depends on G (I,), while the bound in Theorem 0 depends on G (1) and G;a (1)
(and also on G; (1) and G; 1 (I)). So for instance, the bound in Theoremls potentially
better if G;(/ ) 0, while the one in Theorem @I is potentially better if G, (1,) = 0.

As an immediate consequence of Theorem4.10, we obtain the following bound, which
depends only on G; (1) and G;(1,).

Corollary 4.11. Let .% = (I,),>1 be an Inc'-invariant chain of monomial ideals with
ind'(.#) < r. Assume that
[l w

uEGi(Ir)
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is not divisible by any element of G; (I,). Then there exists a constant D(.9) such that
pdl, > (G (I,) UGia(I)))n+D(F)  for n>> 0.

Note that the assumption of Corollary is satisfied if G; (1) = 0.

Similarly to Corollary one gets from Theorem {.10] another necessary condition
for eventual Cohen-Macaulayness of Inc-invariant chains. We only state a version for
monomial ideals and leave the more general statement to the interested reader.

Corollary 4.12. With assumption as in Theorem if R,/1, is Cohen-Macaulay for
n> 0, then
Y(F) =max{y (S :vy) | M e .A}.

To conclude this section, we consider the case ¢ = 1, i.e., there is only one row of
variables. The next result shows that Conjecture [I.3]is “nearly true” in this case.

Proposition 4.13. Assume ¢ = 1. Let .% = (I,),>1 be an Inc-invariant chain of proper
monomial ideals. Then either pd(Ry,/1,) is eventually a constant or there exists a nonneg-
ative integer D such that

n—D <pd(R,/I,) <n forall n>0.

Proof. Let r > ind'(.#). We distinguish three cases:
Case I: G (I,) = Gi(I,) = 0. In this case, G(I,) = G; (I,) is fixed under the action of
Inc’. It follows that

I, = (Inci}n(lr))Rn = (L,)g, forall n>r.

Hence, pd(R,/I,) = pd(R,/I,) for all n > r.

Case 2: G (I;) # 0. Then %(.#) > 1. Since %(-#) < ¢ = 1, we must have ¥%(.¥) = 1.
Applying Proposition [4.3]the result follows.

Case 3: Gi(I,) # 0. Let u € G;(I,) and write u = ujuy with max(u;) < i, min(up) > i.
Since u is a minimal generator of /,, u is not divisible by any element of G; (I,). Consider
the chain .# : u;. One has (. :u;) > 1 since up € G;r (I : uy). So using Proposition
and Theorem concludes the proof. O
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