SINGULAR DIRECTIONS OF BRODY CURVES

DO DUC THAI AND PHAM NGOC MAI

ABSTRACT. In this paper, we establish the existence of singular directions of Brody
curves into algebraic varieties. Moreover, we also give a version of ”angular domain”
type for the results of B. F. P. Da Costa and J. Duval [2] for Brody curves into a complex

projective variety in PV (C) intersecting hypersurfaces.

1. INTRODUCTION

The problem of singular directions of meromorphic functions on C has a long history,
dating back to G. Julia [6], H. Milloux [7], G. Valiron [10].

In 1919, G. Julia [6] proved the following famous theorem.
Theorem A. Let f(z) be a transcendental entire function on C. Then there exists a ray
J(0) = {z:argz = 0} such that for any € with 0 < € < 7 and for all a with at most one
exception on C,

lim n(r,Q(0,¢), f = a) = oo,

roo
where Q(0,e) = {z: 0 —c < argz < 0 +¢} and n(r,20,¢), f = a) is the number of
solutions of f(z) = a in Q0,¢) N {|z| < r} counting multiplicities.

H. Milloux [7] generalized Theorem A to meromorphic functions on C.
Theorem B. Let f(z) be a transcendental meromorphic function on C with an asymptotic
value in P(C). Then there exists a ray J(0) = {z : argz = 0} such that for any € with

0 < e <7 and for all a with at most two exceptions on P(C),

lim n(r,Q(0,¢), f = a) = o0,

00
where Q(0,e) = {z: 0 —c < argz < 0+ ¢} and n(r,Q20,¢), f = a) is the number of
solutions of f(z) = a in Q0,¢) N{|z| < r} counting multiplicities.

Here o € P!(C) is called an asymptotic value for a meromorphic function f(z) on
C at a point a if there exists a continuous path L : z = 2(¢),0 < t < 1 such that
lim; ¢ 2(t) = a and lim;_,;_o f(2(t)) = a. Since a transcendental entire function always

has the asymptotic value oo in P!(C), it implies that Theorem B is a generalization of
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Theorem A. Without the assumption on the existence of an asymptotic value in P'(C),
A. Ostrowski [8] gave a counterexample to Theorem B.
The ray J(#) in Theorem A or Theorem B is called to be a Julia direction of f.
Theorem A is a refinement of the Picard theorem for transcendental entire functions.
In order to get a similar refinement for the Borel theorem, a more refined notion of Borel
directions was introduced by G. Valiron in 1928. Namely, a ray J(6) = {z : argz = 6} is
called a Borel direction of order p for f if for every € with 0 < e < 7,

sy 200, = )

r—00 1Og r

2 p

— )

for all @ on P!(C) with at most two exceptions. It is well known that f has at least
one Borel direction in the case where the growth p of Nevanlinna characteristic T'(r, f)
satisfying 0 < p < oo (see G. Valiron [10]).

Much attention has been given to the study of singular directions in general context
for non-constant holomorphic curves on C into P*(C), and several remarkable results on
this topic have obtained (see A. Eremenko [3], Zh-H. Tu [9], J. Zheng [11],...).

For instance, in 1996, Zh-H. Tu [9] defined that a ray J(0) = {z : argz = 6} is
called a Julia direction for a holomorphic curve f : C — P™(C) if in any open sector
with vertex z = 0 containing J(6), f misses at most 2n hyperplanes in P"(C) in general
position. He showed that if f(z) is a transcendental entire holomorphic curve with an
asymptotic value in P"(C), then there exists a Julia direction for f(z). Here, we say
that a holomorphic curve f : C — P"(C) has an asymptotic value in P*(C) if there
exist a continuous path z = z(¢) (0 < t < 1) satisfying lim;,; 2(¢) = oo and a reduced
representation f(z) = (fo(2), f1(2),- -+, fu(z)) such that lim;,; f;(2(¢)) = a; (0 < i < n)
with the property that (ag, a1, ,a,) induces a point in P*(C).

We now formulate the recent result of J. Zheng [11] which is the best result available
at present. First of all, recall the following.

Let f : C — PY(C) be a holomorphic curve. Let f = (fo,..-, fv) be a reduced
representation of f, where f, ..., fy are entire functions on C and have no common zeros.
Put

v(z) = max{log|fo(2)],-- - ,log|fn(2)[}, 2 € C.

The Nevanlinna-Cartan characteristic function 7'(r, f) is defined by

2w

T(r, ) = % / V(re®)do — v(0).

0

For 0 < 6 < 2w, by (0, ¢) we denote by the angular domain

QO,e) ={z:0—e<argz <0+¢}



and by Q(0, €) its closure. Sometimes, without occurrence of any confusion in the context,
we write simply  instead of (0, €).
Let H be a hyperplane in PV (C) given by

H:={[z:21:-:25] € PY(C) :apzo + ayz1 + - - - + ayzy = 0}.

Put
H(f)(2) = aofo(z) +arfi(z) + - +anfn(2).

Denote by ng,e (r, H, f) the number of zeros of H(f) in the domain {|z| < r} NQ(0,¢),
counting multiplicity. We also define the counting function

T

NQ(0,€)<T7 H7 f) = /

0

1Q(0,¢) (ta H7 f) — N (b,e) (Oa Ha f)
t

dt + noe,e(0, H, f)logr.

Definition 1.1. (see [11]) A ray J(0) = {z : argz = 0} is a T-direction for a holomorphic
curve f : C — PY(C) if for any € (0 < € < ), we have

lim sup NQ(Q,G) (7"7 Hu f)
T—>00 T<T7 f)

for at most 2N hyperplanes H in general position in PV (C).

=0,

Theorem C. (see [11]) Let f: C — PN(C) be a holomorphic curve such that
T(r,f)

hrrri soljp W = 400
Then the holomorphic curve f has at least one T'-direction.

Our main aim in this paper is to study singular directions for Brody holomorphic curves
into a complex projective variety V in PV (C) sharing hypersurfaces in general position
in V. To state our results, we recall the following.

Let f : C — PN(C) be a holomorphic curve. Let f = (fo,..., fy) be a reduced

representation of f, where fy, ..., fy are entire functions on C and have no common zeros.

Put
N

AP =11

=0
The Fubini-Study derivative || f’|| measures the length distortion from the Euclidean

metric in C to the Fubini-Study metric in PY(C). The explicit expression is
112 = A1 D1 = F Al
i<j

A holomorphic curve is called a Brody curve if its Fubini-Study derivative is bounded.
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It is well-known that the Nevanlinna-Cartan characteristic function T'(r, f) is also given
by

T

1= [T |5 [ IPEne |
0 |2|<t
where dm is the area element in C .

Let D be a hypersurface in PY(C) of degree d. Let Q be the homogeneous polynomial
(form) of degree d defining D. Denote by ng.e(r, D, f) the number of zeros of @ o fin
the domain {|z| < r} N Q(0, €), counting multiplicity, where 0 < 6 < 27 and Q(0,¢) =
{z:0 —e<argz <60+ e}. We also define the counting function

Noo,e)(r, D, f) :/

0

nQ(h,e) (ta D7 f) — N (b,e) (07 Da f)
t

dt 4+ 1, (0, D, f)logr.

Now we give the following definition of 7;,-direction for a holomorphic curve.

Definition 1.2. Let m be a natural number. A ray J(6) is said to be a T,,-direction for

a holomorphic curve f: C — PY(C) if for any (0 < € < 7), we have

lim sup NQ(@,E)(T7 D, f)
T—>00 T(T; f)

for at most m hypersurfaces D in general position in PV (C).

=0,

It is clear that J(6) is a T-direction if J() is a Tyy-direction; and if J(6) is a T,,-
direction, then J(6) is also a Tj-direction for all & > m. Moreover, a T-direction must

be a Julia direction.

Definition 1.3. (see [2]) Let f : C — PY(C) be a Brody curve. We say that f has a
positive energy if

T(r,f)

r2

lim sup > 0.

=00

Definition 1.4. Let V be a complex projective variety in PY(C) of dimension n > 1.
(i) Let Dy, ..., D, be hypersurfaces in P (C), where ¢ > n. The hypersurfaces Dy, ..., D,

are said to be in general position in V' if for every subset {i,...,7,} C {1,...,q}, we have
V NsuppD;, N ... suppD;, = O,

where suppD means the support of the hypersurface D.
(ii) Let Dy, ..., Dx(k < n) be hypersurfaces in PY(C). The hypersurfaces Dy, ..., Dy are
said to be in general position in V' if dim{V NsuppD; N ... N suppDy} =n — k.



Definition 1.5. Let V be a complex projective variety in PV (C) of dimension n > 1.
Let f : C — V be a Brody curve. A ray .J(6) is called a T-direction for f if for any
€ (0 < e <), we have

lim sup NQ(@,E)(T7 D, f)
=00 T(T, f)
for at most n — 1 hypersurfaces D located in general position in V.

=0,

It is clear that if J(#) is a T-direction, then J(6) is also a Ti_;-direction.

We now prove the main result of this paper.

Theorem 1.6. Let V be a complex projective variety in PN (C) of dimension n > 1.
Let f : C — V be a Brody curve. If f has a positive energy, then f has at least one
T-direction. In particular, if f : C — PN(C) is a Brody curve having a positive energy,

then f has at least one Ty _1-direction.

In the second part of this paper, we give a version of "angular domain” type for the
results of B. F. P. Da Costa and J. Duval [2] for Brody curves into a complex projective

variety in P (C) intersecting hypersurfaces. Recall now the following.
Let f : C — PY(C) be a holomorphic curve. Let f = (fo,..., fn) be a reduced

representation of f. Consider the subharmonic function

v(z) = max{log|fo(2)],-- - ,log|fn(2)]}, 2z € C.

1

Denote by Av the Riesz measure of v, i.e. Av := —Duv, where D is the Laplacian.
T

Denote D = {z: |2| <1} and D = {z : |z| < r}. It is well-known that

T(r, f) = /Au(rﬂ))dr +Oo(1).
1
We also define
T(r.9(6.¢).1) = [ u(@(6.€) N D)dr +O(1)
1
for an angular domain Q(6,¢) C C. It is well-known that

dat [ 1
t
0 {l21<t}nQ(0,¢)

T(r,$20,¢€), ) = 1£1I*(=)dm(2)

We will prove the following.

Theorem 1.7. Let V be a complex projective variety in PN (C) of dimension n > 1. Let
f:C =V be a Brody curve. Let Dn,...,D, be q hypersurfaces of degree dy,...,d, in
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PY(C) located in general position in V. Let (0, ¢€) be any angular domain in C. Then
we have

(q—n+DT(r,Q0,e),f) < Y %Ng(e,e)(ﬂ Dy, f) + o(r?).

1<i<q "

2. SOME LEMMAS

First of all, we recall some definitions concerning subharmonic functions.

Let u be a subharmonic function in a domain €2 C C. Let Au be the Riesz measure
of u. The term ” quasi-everywhere” means ”everywhere except for a set of capacity 07. A
function v defined quasi-everywhere in €2 is called d-subharmonic if v can be represented
as the difference of two functions that are subharmonic in 2. The Riesz charge of v is
the difference of the Riesz measures.

We need some following lemmas

Lemma 2.1. (Grishin [4]). If v > 0 is 0-subharmonic in Q2 and v(z) = 0 on some Borel

set X, then the restriction to X of the Riesz charge of v is a nonnegative measure.

Lemma 2.2. (Da Costa-Duval [2]). If v > 0 is §-subharmonic in Q0 such that Av is L™
onv =0, then Av =0 on {v =0}.

Lemma 2.3. Let q,n be positive integers. Let v; and v be q subharmonic functions in €.
Assume that Av is L on Q and v = maxyy; for any subset I C {1,...,q},|I| =n. Then
S v; — (¢ — n+ 1)v is subharmonic in Q.

Proof. Without loss of generality we can assume that ¢ > n. Put w; = v — v;. Then w;
is nonnegative d-subharmonic in 2. By Lemma 2.1, we have Aw; = Av — Av; > 0 on
{w; = 0}. Since Av is L* on , it follows that Ay, is L™ on {v = v;}.

Since v = max;v; for any subset I C {1,...,¢},|I| = n, it implies that, for each z € Q,
there exist at most n — 1 indeces i such that v;(z) < v(z). In the other words, there are
at least ¢ —n + 1 indeces j such that v;(z) = v(z). For each subset J C {1,...,q},|J| =
g—n+1,put Q; = {z € Q:v;(2) =v(2),Vj € J}. Then Q; is a Borel subset of €.
Repeating the above argument, we have 2 = U2 ;.

By using Lemma 2.2, we obtain
JAN [Zui— (q—n+1)u} = ZA(VZ' —v) +ZAI/¢
ieJ i¢J

is a nonnegative measure in ;. Therefore Y v; — (¢ —n+ 1)v is subharmonic in 2. This

completes the proof of Lemma 2.3. O



Let V C PY(C) be a complex projective variety of dimension n > 1. Let f: C — V
be a holomorphic curve. Let fv = (fo, .-, fn) be a reduced representation of f, where
fo, ..., fv are entire functions on C and have no common zeros. Put u = log || f]|.

Let Dy, ..., D, be q hypersurfaces in PY(C) of degree d;, located in general position
in V. Let @; (1 < j < q) be the homogeneous polynomials in [Xo, ..., Xy] of degree
d; defining D;. Replacing @); by Q%% if necessary, where d is the l.c.m of djs, we can
assume that @)1, ..., @, have the same degree d. For every 1 <i < g, define

élog 1Qi(fo, -, IN)]-

Lemma 2.4. Let u;,u be g+ 1 subharmonic functions defined as above. Then max;cu; =
u+ O(1) for all subset I C {1,....q},|I| =n+1.

1 ~
Ui2310g|Qz‘0f|:

Proof. Let m: CN*1\ {0} — PY(C) be the standard projection. Let I C {1,...,q},|I| =
n+1. Theset K = {z € 7=1(V) : ||z|| = 1} is a compact subset of C¥*1. Since Dy, ..., D,
are hypersurfaces located in general position in V' and K is compact, it follows that there

exist two positive constants C; and Cy such that
C1 < maxer|Qi(2)[V < Cs.
Moreover, since (); are homogeneous polynomials with the same degree d, we obtain
CiIIf(2)]| < maxier|Qi o f(2)|* < G| f(2)], V2 € C.

It implies that max;c;u; = u + O(1). This completes the proof of Lemma 2.4. O

3. PROOF OF THEOREM 1.6

Since the Brody curve f has a positive energy, there exists a sequence r, — co such

that
T'(re, f)

. k>
lim sup 5
k—o00 T

> 0. (1)

We now prove that there exists a ray J(#) such that

. T(Tk,Q(e, 6)7f)
lim su
k%oop T(rkvf)
where Q(0,¢) ={z:0 —e <argz < 0+ €}.

>0,Ve >0, (2)

Indeed, suppose that this fact does not hold. This means that for each ray J(6), there
exists €(f) such that

lim sup T(rku 9(07 6(0»7 f)
k—o0 T(re, f)
By the compactness of [0,27], it follows that there exists a finite family of angles

4, ...,0,, such that

=0.

C C Ui<i<m2(0;,€(8;)).
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Therefore

: ZT(r’mQ(elae(el))af) : ZTO'/HQ(QH‘E(QZ))?]C)
1 <limsu < lim su
= e T(re, f) - Z N T(r, f)

This is a contradiction. Hence (2) is proved. Consequently, by combining (1) and (2),

there exists a ray J(6) such that

=0.

T Q0
lim sup (Tka (2 ) 6)7 f)
k—o0 T

> 0. (3)

Since 6 is constant, we set 2. = Q(0, ¢).

Let Dy, ..., D,—1 be any n hypersurfaces in PY(C) of degree d;, located in general
position in V. Let D, be a hypersurface in P¥(C) of degree d, such that Dy, ..., D,
located in general position in V. Let @; (0 < j < n) be the homogeneous polynomials in
[Xo, .., Xn] of degree d; defining D;.

The following lemma is an immediate corollary of Theorem 1.7

Lemma 3.1. Let V be a complex projective variety in PN (C) of dimension n > 1. Let
f:C —V be a Brody curve. Let Dy, ..., D,_y be any n hypersurfaces in PN (C) of degree
d;, located in general position in V. Then, for each € > 0, we have

T(rQ )< Y %Nge(r,Di, £) + o(r?).

0<i<n—1 "

From (3) and Lemma 3.1, it implies that

. NQ (Tka -Di7 f)
0 < lim sup —_—
k—o0 0<i<n—1 diT(Tk:a Qev f)
So J(6) is a T-direction.
This completes the proof of Theorem 1.6.

4. PROOF OF THEOREM 1.7

Let f = (fo, ..., fy) be a reduced representation of the Brody curve f. Put u = log || f||.
Let 7 : CN*1\ {0} — PY(C) and 7, : C**1\ {0} — P"(C) be the standard projections.
Without loss of generality, we also assume that d; =d, 1 < j <gq.

Lemma 4.1. Let Dy, ..., D, be any n hypersurfaces in PN (C) of degree d, located in
general position in V. Let D,, be a hypersurface in PN(C) of degree d such that Dy, ..., D,,
located in general position in V. Let @j (0 < 5 < n) be homogeneous polynomials in
C[Xo, .., Xn] of degree d defining D;. For every 0 < i < n, define

1

p log |@7,(f07 7fN)|

1 -
7 = < log[Q; 0 f] =



Let 1, be a sequence of positive real numbers which converges to +o0o. Let hy be the
smallest harmonic majorant of w in the disk 2D,, and A\, : C — C be the map given by
A(2) = 2rpz,Vz € C. Then, there exist subsequences of the sequences %(m — hg) o Ak
and %(u — hg) o Ay which converge to subharmonic functions U; and v respectively, and

maxogign,lﬁi = V.
Note that the functions v and v depend only on f.

Proof. Denote Q = (Qy, ..., Q,,) : CN1 — C"*1. Let Q : PY(C) — P"(C) be a morphism
defined by Wgo@ = @Qom;. Note that () is a meromorphic mapping, but () is a holomorphic
mapping on V. Denote g = Qo f: C — P*(C) and § = Q o f:C = Cr. Tt is clear
that ¢ = Q o f = my 0 ¢ is a holomorphic curve and § = (g, g1,..-,9n) : C = C" is a
reduced representation of the holomorphic curve g. Since f is a Brody curve and @ is
a holomorphic mapping on the compact complex projective variety V and g = Q o f, it
follows that g : C — P"(C) is also a Brody curve.

By Lemma 2.4, we have u = %log [|g]| + O(1) and u; = % log |g.

Consider the sequence of subharmonic functions < 0 on 2D defined by -z (u — hy,) 0 A
Note that f,(0) = ¢, u = O(r{) because f is a Brody curve. Hence %(ul(c()) — h(0)) >
—00. So the sequence %(u — hg) o A\ does not converge locally uniformly to —oco. By

using a result of Hormander [5, Theorem 4.1.9], it follows that there exists a subsequence

of the sequence %(u — hy) o A which converges to a subharmonic function v. By the same

k

argument, there exists a subsequences of the sequence T%(m — hy) o Ay which converges
k

to a subharmonic functions 7;. By applying a result of Da Costa [1, Lemma 22] to the

Brody curve g, we have maxo<;<,—17; = V. O
Lemma 4.2. The Riesz measure Av is L™ on 2D.

Proof. Take any D(z,0) C 2D . Then we have

< limian—O(l) = 0(1)6%,

2

AU(D(2,6)) < limint 24P IZ79))

r—00 p27”2 7—00 T

where O(1) depends only on the absolute value of the Fubini-Study derivative || f'||. Hence
Av is L on 2D. This completes the proof of Lemma 4.2. U

We now come back to the proof of Theorem 1.7.
Without loss of generality, we also assume that d; =d, 1 < j <gq.
For every 1 <1 < ¢, define
1

p log |Qz(f0: 7fN)|

1 ~
ui:EIOg|Qiof|:
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It is easy to see that the conclusion of Theorem 1.7 can be written in the following

(q—n+D)T(r,Q0,¢),f) < Y NQ(QE(T Di, f) + o(r?). (4)

1<z<q

By the argument as in Lemma 4.1, for each 1 <1 < ¢, we also define v; corresponding
to u; and D;, i.e. there exists a subsequence of the sequence %(uZ — hy) o Ax which
converges to a subharmonic function v;. Also by Lemma 4.1, we obtain max;c;v; = v for
all subset I C {1,...,q},|I| = n.

We now prove that
1

lim sup — [(q —n+1)Au(D) g Ay ( ]D)e)} <0, where Df = Q.N{|z| <r}. (5)
r

Indeed, assume that r, — +o0 such that % [(¢ —n + 1) Au(DE, ) — > Au; (D, )] con-
k

verges. Combining Lemmas 2.2, 2.3, 4.1 and 4.2, we obtain that Y v; —(¢q—n+ 1)v
1<i<q

is subharmonic in 2D. So > v; — (¢ —n+ 1)v is also subharmonic in 2D¢(= 2D N Q).
1<i<q

Fix §,¢ > 0 with 0 < § < €% and a nonnegative smooth function y in D¢ such that
x=1inD§ = (1 -5)DND?N{|z] >} and suppx is a compact subset in D¢. Since

> v; — (¢ — n+ 1)v is subharmonic, it implies that for k large enough, we get
1<i<q

(g—n+1) /X A (uodg) < Z / X A (u; 0 A\p) + ery, where integration is taken on D¢,

Hence (¢ —n+ 1) A v(rD§) < %3 nype(re, Dy, f) + erg, where 1D = r,D N Q. and
Ny (T, Diy f) is the number of zeros of Qz(f) in the domain 7D, counting multiplic-
ity. Moreover, since the holomorphic curve f is Brody, we deduce that Av(r,D) <
Av(rD5) + 60(r?). Thus, we have

lim i (q—n+1)Au(Dy) ZAUZ } 0.

k—+o0 T‘k

This yields that the assertion (5) holds. Therefore, we get

(g—n+1)Av(rD) < ankme Ty Dy, f) + o(r7).

Taking integration of two hand sides, we deduce that (4) holds. This completes the proof
of Theorem 1.7.
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