ON TANGENT CONES AT INFINITY OF ALGEBRAIC VARIETIES
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ABSTRACT. In this paper, we establish the following version at infinity of Whitney’s theo-
rem [7, 8]: Geometric and algebraic tangent cones at infinity of complex algebraic varieties
coincide. The proof of this fact is based on a geometric characterization of geometric tan-
gent cones at infinity and using the global Lojasiewicz inequality with explicit exponents
for complex algebraic varieties. We also show that tangent cones at infinity of complex

algebraic varieties can be computed using Grobner bases.

1. INTRODUCTION

Let V' C (€™, 0) be an analytic variety in some neighborhood of the origin 0 in C". In his
seminal papers [7, 8], Whitney showed (among other results) that geometric and algebraic
tangent cones of V' at 0 coincide. The aim of this paper is to give a version at infinity of this
result for complex algebraic varieties.

In order to state our main result, we need some notation. Let V' C C" be an algebraic
variety. The geometric tangent cone Cy (V') of V' at infinity is defined by the set of “tangent”
vectors, in the sense that v € C, (V) if, and only if, there exist a sequence {xj}ren C
V, ||zk]| = oo, and a sequence of numbers {t}ren C C such that tyxp — v. By the algebraic
tangent cone C, (V') of V' at infinity we mean the set

Cone(V) i= {0 € C"| f*(v) = 0 for all f € I(V)},

where I(V') denotes the ideal defining V', and for each polynomial f € I(V'), f* denotes its
homogeneous component of highest degree.

The main result of this paper can be formulated as follows.

Theorem 1.1. Let V C C" be an algebraic variety. Then Cpoo(V) = Cyoo(V).
Example 1.1. Let V := {(z,y) € C*|2? — y*> = 0}. We have
Caoo(V) = Cgo(V) = {y = 0}.

Remark 1.1. The proof for Theorem 1.1 is different from the one given in [8, Theorem 10.6].
In fact, the proof of the inclusion Cy (V) C Cf (V) is rather straightforward (Lemma 2.3),

while the proof of the converse one will follow from a geometric characterization of geometric
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tangent cones at infinity (Lemma 2.4) and the global Lojasiewicz inequality with explicit

exponents for algebraic varieties (Lemma 2.5).

The paper is organized as follows. The proof of Theorem 1.1 will be given in Section 2.
Then in Section 3, using Grobner bases, we compute tangent cones at infinity of algebraic

varieties.

2. PROOF OF THEOREM 1.1

Let V' C C™ be an algebraic variety. By definition, we can verify that the sets Cy o (V)
and C, (V) are closed cones in C" with the vertex at the origin 0 € C", i.e. for every
element v € Co (V) and for every A € C, we have \v € Co(V'), where C (V) denotes for
both Cy (V) and Cyoo(V). Moreover, the following properties of these cones are obtained

easily from their definitions.

Lemma 2.1. For any two algebraic varieties V- and W in C", the following properties hold:
(i) Co(W) C Coe(V) if W C V;
(i) Coo(VUW) = Coo(V) U Coc(W);
(iii) Coo(VNW) C Cu (V) N Cop (W).

“_»

Remark 2.1. In general we cannot replace “C” by in (iii). Indeed, let us consider
the algebraic varieties V' and W in C? defined respectively by z = 0 and y — 2? = 0. Then
Coo(V) = Coo(W) = {x = 0}, while Coo (V N W) = {0}. Hence in this case, C.o(VNW) &

Cou (V) N Cos (W),

The following statement shows that tangent vectors to V' at infinity may be defined by

analytic curves (compare [6, Proposition 2] and [8, Theorem 11.8]).

Lemma 2.2. Let V. C C" be an algebraic variety. Then, for each nonzero vector v €
Cyoo(V), there exists an analytic curve p: (0,e) — C" (e > 0) with p(s) € V for all
s € (0,€), such that

/
OISO I
50+ [l (s)] s>t [l ()| vl

Proof. Indeed, let v be a nonzero vector in C, (V). By definition, there exist a sequence

lim [|¢(s)|| = +o0  and
s—0+

{Zrren C V,||zk]| — oo, and a sequence of numbers {¢;}reny € C such that ¢z, — wv.
In view of the Curve Selection Lemma at infinity (see [2, 5]), there exist analytic curves
Y= (Y1,...,1¥,): (0,e) = C" and ¢t: (0,¢) — C, for some € > 0, such that

(a) 1(s) € V for all s € (0,¢);
(b) Lm0+ [[¢(s)[| = +o0;
(c) limg o+ t(s)Y(s) = v.



Since v # 0, we have that ¢(s) #Z 0, and so we can write
t(s) = as”+ higher terms in s,

for some a € C, with a # 0, and p € Z. Let J := {j | ¢;(t) # 0} # (). For each j € J we can

write
Yi(s) = b;s% + higher terms in s,
for some b; € C, with b; # 0, and ¢; € Z. It follows from conditions (b) and (c) that
p = - gleip q >0
and
ab; if j € J and ¢; = —p,

0 otherwise.

Let A € C be such that A™ = a and we may regard v as an analytic curve from the disc
{s € C||s| < €} to C". Define the curve ¢: (0,¢/|A]) — C" by ¢(s) := ¥ (As). Then, by
condition (a), p(s) € V for all s € (0, ¢/|A]). Furthermore, we have

llo(s)]] = es™P + higher terms in s

for some real number ¢ > 0. Finally, a direct computation shows that

©;(s) — _ lim 309(5) _ % if j € J and ¢; = —p,
s—0t |lo(s)]| s—0t || ()| 0 otherwise.
This completes the proof. U

Remark 2.2. By Lemma 2.2, it will not alter the definition of the cone C, (V) if we require
that the 5, be real and positive. In particular, v € Cy (V) \ {0} if, and only if, there exists

a sequence {xy}reny C V such that
Tk (%

lim ||zk|| = +o0 and = .

Lemma 2.3. Let V. C C" be an algebraic variety. Then Cyoo(V) C Cyoo(V).

Proof. We first consider the case where V is a hypersurface defined by a polynomial f €
Clxy, ..., z,). We can write

f=Jfi+ far+ -+ fo,
where d := deg f and each f; is homogeneous polynomial of degree 7.

Take any non-zero vector v € Cy (V). By Lemma 2.2, there exists a sequence {z }ren C

V such that
T (%

lim ||x|| = +o0 and  lim = :
k—ro0 k—o0 ||£L‘k|| ||’U||



For k sufficiently large we have ||zx|| > 0 and hence

0 = e = 5 (g
] x 1 x 1 x
= ent” 12 (o) + e (er) - T ()

which implies that

T 1 T 1 x
Ozfd( ’“>+ fd1<—k)+~~~+ dfo( ’“)
|| [ k]| ||| [l

Letting k — oo yields fy(v) =0, ie. v € Cypoo(V).

Now let V' be any algebraic variety in C" and v € C, (V). Take any f € I(V). We
have V C V(f) := {z € C"| f(x) = 0}, and so, by Lemma 2.1(i), C; (V) C Cy(V(f)).
It follows from the hypersurface case considered above that v € C,(V(f)). Note that
Caoo(V(f)) ={w € C"| fg(w) = 0}. Therefore, fs(v) = 0. Since f is arbitrary, v € C, (V).
The proof is complete. O

In order to show the reverse inclusion Cy (V') D Cpo0(V'), we need the following geometric

characterization of the cone Cy (V).

Lemma 2.4. Let V C C" be an algebraic variety and let v be a non-zero vector in C". Then

v € Cyoo(V) if and only if there exists a sequence {ty}ren of positive real numbers such that

dist(tpv, V
lim ¢, = +00 and lim M

k—o00 k—00 tk

= ()7
where dist(x, V') denotes the usual Fuclidean distance from a point x € C" to the variety V.

Proof. = Assume that v € C, (V). By Lemma 2.2, there exists a sequence {xj}reny C V
such that

lim [|zg]| = +00 and  lim — Tk v
Then we may assume that ¢, := H”I’“”” > (0 for all &k € N. We have limj,_, t, = +00 and
dist(tgv, V) < ltkv — x| _ H B ||UH . ”’
Therefore,
dist(t
iy st0. V)

k—o0 tk

< Conversely, assume there exists a sequence {t }ren of positive real numbers such that

dist(tzv, V
lim t, = +o0 and lim M
k—o0 k—o0 tr

=0.



For each k € N, let 25 be a point in V' such that dist(¢yv, V') = [|txv — z|| (such a point

does always exist because V' is a closed set in the usual topology on C™). Then

tev — dist(tv, V
lim |[v — 2*|| = lim [tev = il = lim SR 7 (ty, V) = 0.
k—o00 tk k—o00 tk k—o00 tk
Hence limy_, f—: = v and so limg_, ||zk|| = +00 because limy_, t, = +00. Furthermore
we have
tim 12—y
k—o0 tk
Therefore
. Tk . Ty, ty, . Tk . ty, v
lim = lm|({—X——| = lim — x lim —— = —.
k—00 ||:L‘k|| k—oo \ Ty ||J}kH k—oo 1y, k—oc0 ||Z[7k|| ||U||
The proof is complete. 0

Let V C C" be an algebraic variety of dimension k. It is well-known that, for any generic
(n—k)-dimensional linear subspace P in C", the set VNP is finite, and its cardinality is called
the degree of V' and denoted by deg(V'). In particular, if V = V(f) := {x € C"| f(x) = 0}
is a hypersurface defined by a complex polynomial f of degree d, then deg(V) = d. The

following lemma will be useful in the sequel.

Lemma 2.5 ([4, Lemma 8]). Let V' C C" be an irreducible algebraic variety of degree d.
Then there are finitely many polynomials g;,@ = 1,...,s, of degree at most d vanishing on V
and a constant ¢ > 0 such that

dist(z, V)? < ¢ max {lgi(z)|}  for all x € C".

-----

We are now ready to complete the proof of Theorem 1.1.

Proof of Theorem 1.1. By Lemma 2.3, we have C, (V) C C,o0(V). Hence, it remains to
show the reverse inclusion.

We first remark that it suffices to prove the inclusion C, (V) € Cy (V) for the case
where the variety V' is irreducible. Indeed, if Vi, ..., V, are irreducible components of V', and
assume that we have proved that Cj o (V;) = Coo0(V;) for every ¢, then by Lemma 2.1(ii) we

have
Cooe(V) = Cpe(Vi) = | Caroe (Vi) = Cae(V).
i=1 i=1

Therefore, we may now assume that V' is irreducible of degree d. By Lemma 2.5, there
exist finitely many polynomials g;,7 = 1,...,s, of degree at most d vanishing on V and a
constant ¢ > 0 such that for all z € C* we have

dist(e, V) < e max {lgi(x)]}

=1,...,



Let v be a non-zero vector in C, (V). Since V. C V(g;) for every i = 1,...,s, by
Lemma 2.1(i) we have Cy o(V) C Coo(V(gi)), and so v € C, oo(V(g:)). Hence

(9:)a;(v) = 0, forall i=1,... s, (1)

where (g;)q, denotes the homogeneous component of g; of degree d; := deg g;.
Now let {t;}ren be a sequence of positive real numbers such that limg_,o & = +00. It
follows from (1) that for every i = 1,..., s, there exists a positive constant ¢; such that for

all k sufficiently large,
lgitro)] < ety
Since d; :=degg; < d fori=1,...,s, we obtain for all k sufficiently large,

=1,...,

where ¢ := max;—;

.....

. 1
dist(t, V) (emms slla) D _ ot 5 b
tk bk
By letting & — oo, we get
dist(¢

lim B0 V)
k—o0 tk

Hence v € C (V) by Lemma 2.4. The proof of the theorem is complete. O

3. COMPUTATIONS

In this section, given an algebraic variety V' C C", we shall compute the tangent cone at
infinity Coo (V) 1= Co00(V) = Cy00(V) of V by using Grébner bases.
If I(V) = (f) C Clxy,...,x,], then it is easy to see that

Coo(V) = V(7)) :={v e C"| f*(v) = O}.

(Recall that f* stands for the homogeneous component of highest degree of f.) However, if
I(V) = (f1,..., fr) has more generators, then it need not follow that

Coo(V) =V, f7) = {v e C"[ fi(v) = --- = fi(v) = 0}.
For example, let V' C C? be defined by the ideal generated by polynomials
fii=xy and  fo = z(x® -y + 2.
We have f; = xy, f5 = 232, and

V(i f3) ={r =0} U{y =2 =0}.



Consider the polynomial f € Clz,y, z] defined by

fla,y,2) = yz(y® = 2°) = 22 f1 — yo.

We see that f* = f vanishes on C(V'), however f* does not vanish on V(ff, f5). It follows
that Coo(V) £ V(f1, £2).
We can overcome this difficulty by using an appropriate Grobner basis for the ideal defining
V. In order to compute the ideal defining the cone C,, (V') we need the following notation.
For a polynomial f € C[zy,...,,] of degree d, its homogenization f" is a polynomial in
Clxo, 1, ..., x,] defined by

T X
fh(ﬂfo,ilﬁl,...,xn) = .Clﬁgf (— ,—n) s

o’ To
where ¢ is a new variable. For an ideal I in the ring Clz1, ..., x,], its homogenization is the
ideal

" = <fh]f € I> C Clzg, x1, ..., x4
For any g € Clxg, 1, ..., z,], let
Glog=0 := g(0, 21, ..., 2,) € Clay, ..., z,)]
Following [3] we define
I = <g|x0:0|g € [h> C Clzy, ...,z

Lemma 3.1. Let V C C" be an algebraic variety and let I := I(V'). Then

Proof. Let us take any © = (21,...,2,) € Cx(V) and f € I. Then there exists g € I such

that f = ¢"|,,—0. Decomposing g into homogeneous components as

g=49go+ g1+ -+ ga,
where d is the degree of g, we have
h_ o .d d—1
9" = goxy + g125" + -+ ga17o + ga € Clro, 71, ..., 7).
It follows that
f=9">w=0=094=9"
By definition of Co (V') = Cfo0(V'), we have f(z) = g*(z) = 0, and so x € V(I). Therefore,
Coo(V) C V(Iy).
Conversely, let us take any x € V(1) and f € I. Assume we decompose f into homoge-

neous components as

f=lot+ it +fe



where e is the degree of f. Then
= fox§+ fix§ 4+ feorao + fo €I

It follows that

fe = fh|:£0:0 € I
By definition of V(I.,), therefore f*(x) = fe(x) = 0. It follows that z € C, (V) = Coo (V).
The proof is complete. l

By [3, Lemma A.4.15], the variety V(I,) C C" equals to the so-called part at infinity of
V. Hence, it follows from Lemma 3.1 and the remark after [3, Lemma A.4.15] the following
computation for Coo (V) = V(Iy).

Corollary 3.1. Let V. C C" be an algebraic variety and let {g1,...,gx} be a Grobner basis
for I(V') with respect to a degree ordering. Then

Coo(V) = V(1 l20=0: - -+ Gt lwo=0)-

Example 3.1. Let us compute the tangent cone at infinity of the algebraic variety V c C?
defined by the ideal I C Clz,y, z| generated by polynomials f; := zy and fy := z(23 —y*+2?)
as considered at the beginning of this section.

It is easy to compute a Grobner basis for I with respect to a degree ordering is

{nn=2y, g=1"2-y"2+2" gs=y2(y’ - 2"}
The homogenization of these polynomials by a new variable ¢ in the polynomial ring C[t, x, y, z]:

gt =y, gy ="z — P2t 4+ 2%, gy =ya(y’ - 2.

Substituting t = 0, using Corollary 3.1, we have
OOO(V) = V(I’y, I3Z’ yZ(y2 - Z2>)a
which is a union of 5 lines through the origin in C3.
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