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Abstract. The purpose of this article is twofold. The first aim is to prove that if
there exist a sequence tφju � AutpΩq and a P Ω such that limjÑ8 φjpaq � ξ0 and
limjÑ8 σΩpφjpaqq � 1, where ξ0 is a linearly convex boundary point of finite type,
then ξ0 must be strongly pseudoconvex. Then, the second aim is to investigate the
boundary behaviour of the squeezing function of a general ellipsoid.

1. introduction

Let Ω be a domain in Cn and p P Ω. Let us denote by AutpDq the automorphism
group of a domain D. For a holomorphic embedding f : Ω Ñ Bn :� Bp0; 1q with
fppq � 0, we set

σΩ,f ppq :� sup tr ¡ 0: Bp0; rq � fpΩqu ,

where Bnpz; rq � Cn denotes the ball of radius r with center at z. Then the squeezing
function σΩ : ΩÑ R is defined as

σΩppq :� sup
f
tσΩ,f ppqu .

(See Definition in [DGZ12].) Note that the squeezing function is invariant under bi-
holomorphisms and 0   σΩpzq ¤ 1 for any z P Ω. Moreover, by definition one sees that
Ω is biholomorphically equivalent to the unit ball Bn if σΩpzq � 1 for some z P Ω.

It is well-known that if p is a strongly pseudoconvex boundary point, then lim
ΩQzÑpPBΩ

σΩpzq �

1 (cf. [DGZ16, DFW14, KZ16]). Conversely, motivated by Problem 4.1 in [FW18], let
us consider the following problem.

Problem 1. If Ω is a bounded pseudoconvex domain with smooth boundary, and if
lim
jÑ8

σΩpqjq � 1 for some sequence tqju � Ω converging to p P BΩ, then is the boundary

of Ω strongly pseudoconvex at p?

In the case that BΩ is pseudoconvex of D’Angelo finite type near ξ0, the answer to
this problem is affirmative for the following cases:


 tqju � Ω converges to ξ0 along the inner normal line to BΩ at ξ0 (for details, see
[JK18] for n � 2 and [MV19] for general case).


 tqju � Ω converges nontangentially to ξ0 (see [Nik18]).


 tqju � Ω converges
�

1
m1
, . . . , 1

mn�1

	
-nontangentially to an h-extendible boundary

point ξ0 (see [NN20, Definition 3.4]), where p1,m1, . . . ,mn�1q is the multitype
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of BΩ at ξ0 and the h-extendiblility at ξ0 means that the Catlin multitype and
D’Angelo multitype of BΩ at ξ0 coincide (see [Yu95, Definition 3.3]).

Now we consider the case that tqju � Ω is a sequence converging
�

1
m1
, . . . , 1

mn�1

	
-

nontangentially to ξ0. Then, the condition that lim
jÑ8

σΩpqjq � 1 ensures that the unit

ball Bn is biholomorphically equivalent to some model MP given by

MP � tz P Cn : Repznq � P pz1q   1u ,

where P is a
�

1
m1
, . . . , 1

mn�1

	
-homogeneous polynomial on Cn�1 (see [Yu95, Definition

3.1]). Therefore, m1 � m2 � � � � � mn�1 � 1, or ξ0 is strongly pseudoconvex ([NN20]).
Unfortunately, the point ξ0 may not be strongly psudoconvex when tqju � Ω does not

converge
�

1
m1
, . . . , 1

mn�1

	
-nontangentially to ξ0. For instance, the following example

points out that lim
jÑ8

σΩpqjq � 1 for some tqju � Ω converging to a weakly pseudoconvex

boundary point (see also Example 4.1 for general case).

Example 1.1. Let E1,2 :� tpz1, z2q P C2 : |z2|
2 � |z1|

4   1u. Consider the sequence

an �
�

4

c
2

n
�

2

n2
, 1 �

1

n

	
Ñ p0, 1q as n Ñ 8. Denote by ρpzq :� |z2|

2 � 1 � |z1|
4

a defining function for E1,2 and denote by σpz1q � |z1|
4 a p1

4
q-weighted homogeneous

polynomial. Then, a computation shows that

ρpanq �
���1� 1

n

���2 � 1�
��� 4

c
2

n
�

2

n2

���4 � �
2

n
�

1

n2
�

2

n
�

2

n2
� �

1

n2
  0

Therefore, distpan, BE1,2q � |ρpanq| �
1

n2
, |Repan2q � 1| �

��� � 1

n

��� � 1

n
, and σpan1q �

σp
4

c
2

n
�

2

n2
q �

�
4

c
2

n
�

2

n2

�4

�
2

n
�

2

n2
�

2

n
. This implies that tanu does not converge

p1
4
q-nontangentially to the boundary point p � p0, 1q.
Let us consider the automorphism ψn P AutpE1,2q, given by

ψnpzq �

�
p1� |an2|

2q1{4

p1� ān2z2q1{2
z1,

z2 � an2
1� ān2z2



,

and hence ψnpanq � pbn, 0q, where bn �
an1

p1� |an2|2q1{4
�

4

b
2
n
� 2

n2

4

b
2
n
� 1

n2

Ñ 1 as n Ñ 8.

Since ψnpanq converges to the strongly pseudoconvex boundary point p1, 0q of BE1,2, by
[KZ16, Theorrem 3.1] it follows that σE1,2panq � σE1,2pψnpanqq Ñ 1 as nÑ 8. However,
the point p0, 1q is weakly pseudoconvex. l

To give a statement of our result, let us recall that BΩ is linearly convex near ξ0 P BΩ
if there exists a neighbourhood U of ξ0 such that, for all z P BΩX U, the intersection

pz � T 10
z BΩq X pΩX Uq � H.

We note that in [Ni09] the first author proved a characterization of linearly convex
domains in Cn by their noncompact automorphism groups.
The first aim of this paper is the following theorem.
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Theorem 1.1. Let Ω be a bounded domain in Cn with smooth pseudoconvex boundary.
Assume that ξ0 is a boundary point of Ω of D’Angelo finite type such that BΩ is linearly
convex at ξ0 and there exists a sequence tφju � AutpΩq such that qj :� φjpaq Ñ ξ0 as
j Ñ 8 for some a P Ω. If lim

jÑ8
σΩpqjq � 1, then BΩ is strongly pseudoconvex at ξ0.

Remark 1.1. Thanks to the linear convexity of BΩ near a boundary orbit accumulation
point ξ0 and the condition that lim

jÑ8
σΩpqjq � 1, the scaling method can be applied

to implies that Bn is biholomorphically equivalent to a model MP , where is a real
nondegenerate plurisubharmonic polynomial of degree less than or equal to the type of
BΩ at ξ0. Moreover, since qj � φjpaq for some tφju � AutpΩq and a P Ω, the scaling
method yields Ω is biholomorphically equivalent to a model MP (see [Ni09, Theorem
1.1]), that is, Ω is biholomorphically equivalent to the unit ball Bn. Consequently, the
point ξ0 is strongly pseudoconvex, as desired.

Now we move to the second part of this paper. First of all, let us fix positive integers
m1, . . . ,mn�1 and let P pz1q be a p1{m1, . . . , 1{mn�1q-homogeneous polynomial given by

P pzq �
¸

wtpKq�wtpLq�1{2

aKLz
1K z̄1L,

where aKL P C with aKL � āLK , satisfying that P pz1q ¡ 0 whenever z1 � 0. Here and

in what follows, z1 :� pz1, . . . , zn�1q and wtpKq :�
°n�1
j�1

kj
2mj

denotes the weight of any

multi-index K � pk1, . . . , kn�1q P Nn�1 with respect to Λ :� p1{m1, . . . , 1{mn�1q. Then
the general ellipsoid DP in Cn pn ¥ 1q, defined in [NNTK19] by

DP :� tpz1, znq P Cn : |zn|
2 � P pz1q   1u.

We note that

(1) P pa1{m1z1, a
1{m2z2, . . . , a

1{mn�1zn�1q � P pz1q, @z1 P Cn�1, @a P Czt0u.

Therefore, AutpDP q contains the automorphisms ϕa P AutpDP q, a P ∆, defined by

(2) pz1, znq ÞÑ

�
p1� |a|2q1{2m1

p1� āznq1{m1
z1, . . . ,

p1� |a|2q1{2mn�1

p1� āznq1{mn�1
zn�1,

zn � a

1� āzn



.

These automorphisms play a crucial role in the proofs of Theorem 1.2 and Theorem 1.4
below.

Throughout this paper, we assume that the domain DP is a WB-domain, i.e., DP

is strongly pseudoconvex at every boundary point outside the set tp01, eiθq : θ P Ru (cf.
[AGK16]).
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For any s, r P p0, 1s and α P r0, 2q, as in [NNN23] we define Ds
P , D

s
P,r, DP,r, and D

s
P pαq

respectively by

Ds
P :� tz P Cn : |zn � b|2 � sP pz1q   s2u;

Ds
P,r :� tz P Cn : |zn � b|2 �

s

r
P pz1q   s2u;

DP,r :� DP {r �
!
z P Cn : |zn|

2 �
1

r
P pz1q   1

)
;

Ds
P pαq �

!
z P Cn :

����zn � p1� sqα

2sp1� αq � α

����2 � sp2� αq

2sp1� αq � α
P pz1q

 
2s� α

2sp1� αq � α
�

���� p1� sqα

2sp1� αq � α

����2 ),
where s � 1 � b. We note that Ds

P,r � Ds
P � DP (cf. [NNN23]), Ds

P p0q � DP , and
Ds
P,1 � Ds

P .
In what follows, let us denote by ∆ the unit disc in C and for a sequence taju � ∆

converging to 1 P B∆ we always denote by xj :� 1�Repajq and yj :� Impajq for j ¥ 1.
Suppose that tqj � pq1j, ajqu � Ds

P for some 0   s   1. Then one sees that

|aj � 1|2 � 2sRepaj � 1q � sP pq1jq   0,

which implies that

|aj � 1|2   �2sRepaj � 1q, for j ¥ 1,

or equivalently x2j � y2j   2sxj, for j ¥ 1. Therefore, passing to a subsequence if
necessary, we can assume that there exists

0 ¤ α :� lim
jÑ8

y2j
xj

¤ 2s   2.

In addition, to each sequence taju � ∆ we associate a sequence ψj :� ϕaj P AutpDP q,
i.e,

(3) ψjpz, wq �

�
p1� |aj|

2q1{2m1

p1� ājznq1{m1
z1, . . . ,

p1� |aj|
2q1{2mn�1

p1� ājznq1{mn�1
zn�1,

zn � aj
1� ājzn



, j ¥ 1.

To state our second result, we need the following definition.

Definition 1.1. We say that tqju � DP XU converges Λα-nontangentially to p � p01, 1q
if there exists 0   r   1 such that qj P DP,r for all j ¥ 1, lim

jÑ8
qj � p01, 1q, and

lim
jÑ8

y2j
xj

� α P r0, 2q, where qjn � 1� xj � iyj, j ¥ 1.

Indeed, we prove the following theorem.

Theorem 1.2. Let Ω be a subdomain of DP such that Ds
P � Ω � DP for some s P p0, 1s.

Let tqju � Ds
P,r be a sequence that converges Λα-nontangentially to p01, 1q in DP for some

0   r   1. Then, there exists γ1 ¡ 0 depending on s, α, P, r such that

lim inf
jÑ8

σΩpqjq ¥ γ1.
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Remark 1.2. Let tqj � pq1j, qnjqu � Ds
P,r be as in the statement of Theorem 1.2. Then

Lemma 2.1 in Section 2 ensures that lim
jÑ8

ψ�1
j pDs

P,rq � Ds
P,rpαq and lim

jÑ8
ψ�1
j pDs

P q �

Ds
P pαq. Therefore, the proof of Theorem 1.2 follows from the invariance of the squeezing

function under biholomorphisms.

Now let us denote the cone with vertex at p � p01, 1q by

Γc :� tpz1, znq P Cn : |Impznq| ¤ c|1� Repznq|u ,

for some c ¡ 0. Then for any sequence tqju � Ds
P,r XΓc converging to p01, 1q, we always

have α � lim
jÑ8

y2j
xj

� 0. Therefore, again by Lemma 2.1, lim
jÑ8

ψ�1
j pDs

P,rq � DP,r for any

0   r ¤ 1. Moreover, we obtain the following corollary, which is a generalization of
[NNC21, Theorem 1.3].

Corollary 1.3. Let Ω be a subdomain of DP such that Ds
P � Ω � DP for some s P p0, 1s.

Then, for any r P p0, 1q, c ¡ 0 there exist ϵ0, γ2 ¡ 0 depending on r and c such that

σΩpqq ¥ γ2, @ q P D
s
P,r X Γc XBpp, ϵ0q.

In contrast to the Λα-nontangential convergence (0 ¤ α   2), we have the following
definition.

Definition 1.2. We say that tqju � DP X U converges Λ-tangentially to p � p01, 1q if
lim
jÑ8

qj � p01, 1q and for any 0   r   1 there exists jr P N such that qj R DP,r for all

j ¥ 1.

With the notion of Λ-tangential convergence, we have the following theorem.

Theorem 1.4. Let tΩju be a sequence of subdomains of DP such that ΩjXU � DPXU ,
j ¥ 1, for a fixed neighborhood U of the origin in Cn. Let tqju � DP XU be a sequence
that converges Λ-tangentially to p01, 1q in DP . Then, limjÑ8 σΩj

pqjq � 1.

We note that DP is holomorphically homogeneous regular (cf. [NNC21, Theorem
1.1]). In addition, Proposition 4.1 in Section 4 gives the uniform lower bound for the
squeezing function near p01, 1q P BDP .

The organization of this paper is as follows: In Sections 2, we introduce several
technical lemmas needed later. Next, in Section 3 we give a proof of Theorem 1.1.
Finally, the proofs of Theorem 1.2 and Theorem 1.4 are given in Section 4.

2. Several technical lemmas

In this section, we prove the following lemma.

Lemma 2.1. Let taj � 1�xj� iyju � ∆ be a given sequence satisfying that lim
jÑ8

aj � 1

and lim
jÑ8

y2j
xj

� α P r0, 2q. Then, for any s P p0, 1q we have that ψ�1
j pDs

P q converges to

Ds
P pαq, where the sequence tψju is given in (3).

Remark 2.1. In the case that α � 0, one sees that Ds
P p0q � DP and therefore ψ�1

j pDs
P q

converges to DP .

To give a proof of Lemma 2.1, we need the following lemma.
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Lemma 2.2. Let taju be a sequence in ∆ such that lim
jÑ8

pImpajqq
2

1� Repajq
� α P r0, 2q and

lim
jÑ8

aj � 1. Then we have

(i) lim
jÑ8

1� Repajq

1� |aj|2
�

1

2� α
;

(iii) lim
jÑ8

p1� ājq
2

1� |aj|2
�

�α

2� α
.

(iii) lim
jÑ8

|1� aj|
2

1� |aj|2
�

α

2� α
.

Proof. We have xj Ñ 0�, yj Ñ 0, and y2j {xj Ñ α as j Ñ 8, where xj :� 1�Repajq, yj :�
Impajq. Moreover, a direct calculation yields that

1� Repajq

1� |aj|2
�

xj
1� p1� xjq2 � y2j

�
xj

2xj � x2j � y2j
�

1

2� xj � y2j {xj
;

p1� ājq
2

1� |aj|2
�

pxj � iyjq
2

1� p1� xjq2 � y2j
�
x2j � y2j � 2ixjyj

2xj � x2j � y2j
�
xj � y2j {xj � 2iyj

2� xj � y2j {xj
;

|1� aj|
2

1� |aj|2
�

x2j � y2j
1� p1� xjq2 � y2j

�
x2j � y2j

2xj � x2j � y2j
�

xj � y2j {xj

2� xj � y2j {xj
, @j ¥ 1.

Therefore, the assertions follow since xj Ñ 0� and y2j {xj Ñ α as j Ñ 8. □

Proof of Lemma 2.1. The proof of this lemma is given in [NNN23]. However, for the
convenience of the reader we give a detailed proof. Indeed, recall that b � 1 � s or
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s � 1� b P p0, 1q. Then, by the property (1) a straightforward calculation shows that

���� zn � aj
1� ājzn

� b

����2 � sP

�
p1� |aj|

2q1{2m1

p1� ājznq1{m1
z1, . . . ,

p1� |aj|
2q1{2mn�1

p1� ājznq1{mn�1
zn�1



  s2

ô

���� zn � aj
1� ājzn

� b

����2 � s
1� |aj|

2

|1� ājzn|2
P pz1q   s2

ô

����zn � aj � bp1� ājznq

1� ājzn

����2 � s
1� |aj|

2

|1� ājzn|2
P pz1q   s2

ô |zn � aj � bp1� ājznq|
2 � sp1� |aj|

2qP pz1q   s2|1� ājzn|
2

ô |znp1� ājbq � aj � b|2 � sp1� |aj|
2qP pz1q   s2|1� ājzn|

2

ô |zn|
2|1� ājb|

2 � 2Re rpāj � bqp1� ājbqzns � |aj � b|2 � p1� bqp1� |aj|
2qP pz1q

  s2
�
|aj|

2|zn|
2 � 2Rerājzns � 1

�
ô |zn|

2
�
|1� ājb|

2 � p1� bq2|aj|
2
�
� 2Re

��
pāj � bqp1� ājbq � p1� bq2āj

�
zn
�

� p1� bqp1� |aj|
2qP pz1q   p1� bq2 � |aj � b|2

ô |zn|
2 � 2Re

�
pāj � bqp1� ājbq � p1� bq2āj
|1� ājb|2 � p1� bq2|aj|2

zn

�
�

p1� bqp1� |aj|
2q

|1� ājb|2 � p1� bq2|aj|2
P pz1q  

p1� bq2 � |aj � b|2

|1� ājb|2 � p1� bq2|aj|2

ô

����zn � pāj � bqp1� ājbq � p1� bq2āj
|1� ājb|2 � p1� bq2|aj|2

����2 � p1� bqp1� |aj|
2q

|1� ājb|2 � p1� bq2|aj|2
P pz1q

 
p1� bq2 � |aj � b|2

|1� ājb|2 � p1� bq2|aj|2
�

����pāj � bqp1� ājbq � p1� bq2āj
|1� ājb|2 � p1� bq2|aj|2

����2 .
Moreover, by a computation one obtains the following

pāj � bqp1� ājbq � p1� bq2āj � āj � b� ā2jb� ājb
2 � āj � 2ājb� ājb

2 � �bp1� ājq
2;

p1� bq2 � |aj � b|2 � 1� 2b� b2 � |aj|
2 � 2bRepajq � b2

� 1� |aj|
2 � 2bp1� Repajqq;

|1� ājb|
2 � p1� bq2|aj|

2 � 1� 2Repajbq � |aj|
2b2 � |aj|

2 � 2b|aj|
2 � b2|aj|

2

� 1� |aj|
2 � 2b

�
Repajq � |aj|

2
�

� 1� |aj|
2 � 2b

�
Repajq � 1� 1� |aj|

2
�

� p1� |aj|
2q

�
1� 2b

�
1�

1� Repajq

1� |aj|2

	�
.

Hence, by Lemma 2.2 yields that
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lim
jÑ8

pāj � bqp1� ājbq � p1� bq2āj
|1� ājb|2 � p1� bq2|aj|2

�
bα

p1� bqp2� αq � bα
�

p1� sqα

2sp1� αq � α
;

lim
jÑ8

p1� bqp1� |aj|
2q

|1� ājb|2 � p1� bq2|aj|2
�

p1� bqp2� αq

p1� bqp2� αq � bα
�

sp2� αq

2sp1� αq � α
;

lim
jÑ8

p1� bq2 � |aj � b|2

|1� ājb|2 � p1� bq2|aj|2
�

2� α � 2b

p1� bqp2� αq � bα
�

2s� α

2sp1� αq � α
.

Therefore, this implies that ψ�1
j pDs

P q Ñ Ds
P pαq as j Ñ 8, as desired. □

3. Squeezing function for linearly convex domains

Throughout this section, the domain Ω � Cn and the boundary point ξ0 P BΩ are
assumed to satisfy the hypothesis of Theorem 1.1, namely BΩ is linearly convex, of
finite type 2m near a point ξ0 of BΩ. We may also assume that ξ0 � 0. There exists a
neighbourhood U of ξ0 � 0 in Cn such that Ω X U is linearly convex and is defined by
a smooth function

ρpz1, znq � Repznq � h
�
Impznq, z

1
�
,

where h is a function of class C8. We may also assume that there exists a real positive
number ϵ0 such that for every �ϵ0   ϵ   ϵ0, the level sets tρpzq � ϵu are linearly convex.
For each ϵ P p0, ϵ0{2q, η P ΩX U with |ρpηq|   ϵ0{2 and each unit vector v P Sn�1 :�

tv P Cn : |v| � 1u, we set

τpη, v, ϵq :� suptr ¡ 0 : ρpη � λvq � ρpηq   ϵ for all λ P C with |λ|   ru.

Then, it is easy to see that τpη, v, ϵq is the distance from η to Sη,ϵ :� tρpzq � ρpηq � ϵu
along the complex line tη � λv : λ P Cu.

To every point η P ΩXU and every sufficiently small positive constant ϵ we associate

(1) A holomorphic coordinate system pz1, z2, . . . , znq centered at η and preserving
orthogonality,

(2) Points p1, p2, . . . , pn on the hypersurface Sη,ϵ and,
(2) Positive real numbers τ1pη, ϵq, τ2pη, ϵq, . . . , τnpη, ϵq.

The construction proceeds as follows. We first set

en :�
∇ρpηq
|∇ρpηq|

and τnpη, ϵq :� τpη, en, ϵq.

Working with sufficiently small ϵ, there exists a unique point pn in Sη,ϵ where this
distance is achieved. Choose a parameterization of the complex line from η to pn such
that znp0q � η and pn lies on the positive Repznq axis. By the choice of real axis for zn,
we have Br

Bxn
pηq � 1 and thus, if U is small enough,

Br

Bxn
pzq � 1 for all z P U.

We also have

(4) τnpη, ϵq � ϵ,

where the constant is independent of η and ϵ. Now consider the orthogonal complement
Hn of the span of the coordinate zn in Cn. For any γ P Hn X Sn�1, compute τpη, γ, ϵq.
Because of the assumption of finite type, the largest such distance is finite and is achieved



THE BOUNDARY BEHAVIOUR OF THE SQUEEZING FUNCTION 9

at a vector en�1 P Hn X Sn�1. Set τn�1pη, ϵq :� τpη, en�1, ϵq. Let pn�1 P Sη,ϵ be a point
such that pn�1 � η � τn�1pη, ϵqen�1. The coordinate zn�1 is defined by parameterizing
the complex line from η to pn�1 in such a way that zn�1p0q � η and pn�1 lies on the
positive Repzn�1q axis. For the next step, define Hn�1 as the orthogonal complement of
the span of zn�1 and zn and repeat the above construction. Continuing this process, we
obtain n coordinate functions zk, vectors ek, the numbers τkpη, ϵq and the distinguished
points pk p1 ¤ k ¤ nq. Let zk � xk � iyk p1 ¤ k ¤ nq denote the underlying real
coordinates.

We assume that ξ0 is an accumulating point for a sequence of automorphisms of Ω.
Let tqju � Ω be a sequence converging to ξ0. Moreover, we may assume that qj P ΩXU
for all j. Let us set ϵj :� �ρpqjq for all j. Then, by argument as above, we construct the

new coordinates pzj1, . . . , z
j
nq, the positive numbers τj,1, . . . , τj,n, and the points pj1, . . . , p

j
n

associated with qj and ϵj.

The change of coordinates from the canonical system to the system pzj1, . . . , z
j
nq is the

composition of a translation Tj and of a unitary transform Aj. In addition, we may
assume that pAj � Tjq

�1 is defined in a fixed neighborhood of the origin and thus the
corresponding defining function ρj is defined by

ρj :� ρ � pAj � Tjq
�1,

which is given in a fixed neighborhood of 0 by

ρjpzq � �ϵj � Rep
ņ

k�1

ajkzkq �
¸

2¤|α|�|β|¤2m

Cj
αβz

1αz1
β
�Op|z|2m�1q,

where α � pα1, . . . , αn�1q, |α| � α1 � � � � � αn�1 and z1α � zα1
1 . . . . .z

αn�1

n�1 . We note that
Op|z|2m�1q is independent of j.
Let ρ � A be the limit of ρj when j goes to infinity, where A is a unitary transform

and this convergence is C8 on a fixed compact neighborhood of ξ0. Then, for every j
less than or equal to n and for every multi-index α and β satisfying 2 ¤ |α| � |β| ¤ 2m,
there exist two complex numbers aj and Cαβ such that

lim
jÑ8

ajk � ak and lim
jÑ8

Cj
αβ � Cαβ.

Now let us consider the dilation

Λjpzq :� pτj,1z1, . . . , τj,nznq

and the function

ρ̃j �
1

ϵj
ρj � Λj.

Therefore, the defining function ρ̃j has the following form

ρ̃jpzq � �1�
1

ϵj
Re
� ņ

j�1

ajjτj,jzj
�
�

1

ϵj

¸
2¤|α|�|β|¤2m

Cj
αβτ

α�β
j z1

α
z1
β
�Oppϵjq

1{2m|z|2m�1q,

where τα�βj � τα1�β1
j,1 . . . . .τ

αn�1�βn�1

j,n�1 . Furthermore, it follows from [Ni09, Prop.3.1] that
the functions ρ̃j are smooth and plurisubharmonic, and after taking a subsequence,
we may assume that tρ̃ju that converges uniformly on compacta of Cn to a smooth



10 NINH VAN THU, NGUYEN THI LAN HUONG AND NGUYEN QUANG DIEU1,2

plurisubharmonic function ρ̃ of the form

ρ̃pzq � �1� Re
� ņ

k�1

bkzk
�
� P pz1q,

where P is a plurisubharmonic polynomial of degree less than or equal to 2m.
In what follows, let us denote by Γj :� Λ�1

j �Aj � Tj for all j. Then, one can deduce
that tΓjpΩX Uqu converges to the following model

�MP :�

#
z P Cn : ρ̃pzq � �1� Re

� ņ

k�1

bkzk
�
� P pz1q   0

+
,

which is clearly biholomorphically equivalent to

MP :� tz P Cn : ρ̂pzq :� Repznq � P pz1q   0u .

Let us consider a sequence of the biholomorphisms Fj : fjpΩ X Uq Ñ ΓjpΩ X Uq

defined by Fj � Γj � f
�1
j . Since Fjp0q � 0 P �MP , it follows that our sequence tFju is

not compactly divergence. Moreover, the normality of tFju is ensured by [Ni09, Lemma
4.1].

Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. Let tqju � Ω be a sequence given in Theorem 1.1, that is,
lim
jÑ8

qj � ξ0 and lim
jÑ8

σΩpqjq � 1. Firstly, let us set δj � 2p1 � σΩpqjqq for all j. Then

by our assumption, for each j, there exists an injective holomorphic map fj : Ω Ñ Bn
such that fjpqjq � p01, 0q and Bp0; 1 � δjq � fjpΩq. Then by [DN09, Proposition 2.2]
and the hypothesis of Theorem 1.1, without loss of generality we may assume that for
each compact subset K � Bn and each neighborhood U of ξ0, there exists an integer j0
such that f�1

j pKq � ΩX U for all j ¥ j0, i.e. fjpΩX Uq converges to Bn.
Next, it follows from [Ni09, Lemma 4.1] that the sequence Γj � f

�1
j : fjpΩ X Uq Ñ

ΓjpΩXUq is normal and its limit is a holomorphic mapping from Bn to �MP . Moreover,
by Montel’s theorem the sequence fj �Γ

�1
j : ΓjpΩXUq Ñ fjpΩXUq � Bn is also normal.

In addition, our the sequence tΓj �f
�1
j u is not compactly divergent since Γj �f

�1
j p0, 01q �

p0, 01q. Then by [DN09, Proposition 2.1], after taking some subsequence of tΓj � f
�1
j u,

we may assume that such a subsequence converges uniformly on every compact subset

of Bn to a biholomorphism F from Bn onto �MP , which is clearly equivalent to MP .
On the other hand, by [Ni09, Theorem 1.1] Ω is also biholomorphically equivalent

to MP , and hence Ω is biholomorphically equivalent to Bn. Therefore, BΩ is strongly
pseudoconvex at ξ0 (ξ0 is of the D’Angelo type 2), which ends our proof. □

4. Proofs of Theorem 1.2 and Theorem 1.4

This section is devoted to proofs of Theorem 1.2 and Theorem 1.4.

Proof of Theorem 1.2. Let tqju � Ds
P,r be a sequence converging to p01, 1q for some

fixed r P p0, 1q. For simplicity, let us denote by aj � qjn for j ¥ 1. Let us denote by
xj :� 1 � Repajq, yj :� Impajq for convenience. Then we have xj Ñ 0�, yj Ñ 0, and
y2j {xj Ñ α as j Ñ 8.
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We now consider the sequence of automorphisms tψju � AutpDP q given in (3). Then,
Lemma 2.1 yields

lim
jÑ8

ψ�1
j pDs

P,rq � Ds
P,rpαq; lim

jÑ8
ψ�1
j pDs

P q � Ds
P pαq.(5)

Moreover, we have that ψ�1
j pqjq �

� qj1

λ
1{2m1

j

, . . . ,
qjn�1

λ
1{2mn�1

j

, 0
	
P Ds

P,rpαqXtzn � 0u, where

λj � 1 � |aj|
2 and Ds

P,rpαq X tzn � 0u � Ds
P pαq. Therefore, by (5) and by Lemma 2.1

in [NNC21] there exists j0 P N� such that

σΩpqjq � σψ�1
j pΩqpψ

�1
j pqjqq ¡ δ{d ¡ 0, @j ¥ j0,

where d denotes the diameter of DP and δ :� distpZr,αpP q, Z1,αpP qq{2 with Zρ,αpP q �!
z1 P Cn�1 : P pz1q � ρ

2s� α

sp2� αq

)
for 0   ρ ¤ 1. This finishes the proof with γ1 �

δ{d. □

Proof of Corollary 1.3. We first consider an arbitrary sequence tqju � Ds
P,r X Γc con-

verging to p � p01, 1q. Let us write aj � qjn � 1� xj � iyj. Then we have

y2j
xj

�
|yj|

|xj|
� |yj| ¤ c � |yj|, j ¥ 1.

This implies that α :� lim
jÑ8

y2j
xj

� 0, and hence by Remark 2.1, we obtain limjÑ8 ψ
�1
j pDs

P,rq �

DP,r and limjÑ8 ψ
�1
j pDs

P q � DP , where ψj P AutpDP q given in (3).
Next, the above argument shows that

lim
Ds

PXΓcQqÑp01,1q
ψ�1
a pDs

P q � DP ; lim
Ds

PXΓcQqÑp01,1q
ψ�1
a pDs

P,rq � DP,r,(6)

where ψa P AutpDP q given by

ψapzq �

�
p1� |a|2q1{2m1

p1� āznq1{m1
z1, . . . ,

p1� |a|2q1{2mn�1

p1� āznq1{mn�1
zn�1,

zn � a

1� āzn



, j ¥ 1,

where a :� qn. In addition, for q P Ds
P,r X Γc one has

ψ�1
a pqq �

� q1
λ1{2m1

, . . . ,
qn�1

λ1{2mn�1
, 0
	
P DP,r X tzn � 0u � DP X tzn � 0u,

where λ � 1�|a|2. Therefore, by (6) and by Lemma 2.1 in [NNC21] we finally conclude
that there exists ϵ0 ¡ 0 such that

σΩpqq � σψ�1
a pΩqpψ

�1
a pqqq ¡ δr{d ¡ 0, @q P DP,r0 X Γc XBpp, ϵ0q,

where d denotes the diameter of DP and δr :� distpZrpP q, Z1pP qq{2 with ZrpP q �
!
z1 P

Cn�1 : P pz1q � r
)
. Hence, the proof is complete with γ2 � δr{d. □

Proof of Theorem 1.4. Suppose that tqju converges Λ-tangentially to p01, 1q in DP . For
simplicity, let us denote by aj � ηjn. Then we consider the sequence of automorphisms
tψju � AutpDP q given in (3).
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Let us set bj � pb1j, 0q :� ψ�1
j pqjq for all j ¥ 1. Then, a straightforward computation

shows that

bj � ψ�1
j pqjq �

� ηj1

λ
1{2m1

j

, . . . ,
ηjpn�1q

λ
1{2mn�1

j

, 0
	
P DP X tzn � 0u,

where λj � 1� |aj|
2 for all j ¥ 1.

Since tqju converges Λ-tangentially to p01, 1q in DP , it follows that there exists a
sequence trju � p0, 1q with rj Ñ 1 as j Ñ 8 such that

|aj|
2 �

1

rj
P pq1jq � |ηjn|

2 �
1

rj
P pq1jq ¥ 1, @j ¥ 1,

which implies that

1 ¡ P pb1jq �
1

λj
P pq1jq �

1

1� |aj|2
P pq1jq ¥ rj

for all j ¥ 1. Therefore, we obtain that P pb1jq Ñ 1 as j Ñ 8, and hence by passing

to a subsequence if necessary, we may assume that ψ�1
j pqjq converges to some strongly

pseudoconvex boundary point p P BDP X tzn � 0u.
Since ψjp0

1, 0q � p01, ajq Ñ p01, 1q as j Ñ 8 and the boundary point p01, 1q is of
D’Angelo finite type, by [Ber94, Proposition 2.1] it follows that

lim
jÑ8

ψ�1
j pΩjq � lim

jÑ8
ψ�1
j pΩj X Uq � lim

jÑ8
ψ�1
j pDP X Uq � DP .

In addition, for any ϵ ¡ 0 sufficiently small there exists j0 ¥ 1 such that

ψ�1
j pΩjqzBpp0

1,�1q, ϵq � DP zBpp0
1,�1q, ϵq

for any j ¥ j0. Hence, since σDP
pbjq Ñ 1 as j Ñ 8 and by Theorem 3.1 in [KZ16], one

concludes that σΩj
pqjq � σψ�1

j pΩjq
pbjq Ñ 1 as j Ñ 8. □

The following proposition provides a uniform lower bound for the squeezing function
near p01, 1q P BDP .

Proposition 4.1. Let Ω be a subdomain of DP and Ω X U � DP X U for a fixed
neighborhood U of p � p01, 1q in Cn. Then, there exist ϵ0, γ0 ¡ 0 depending only on DP

such that
σΩpzq ¡ γ0, @z P DP XBpp; ϵ0q.

Proof. By Theorem 3.1 in [KZ16], for any p P tpz1, 0q P DP : P pz
1q � 1u we have

limzÑp σDP
pzq � 1. Then, there exists r0 P p0, 1q such that

(7) σDP
pz1, 0q ¡ 3{4, @z1 P Cn�1 with P pz1q ¥ r0.

For q P DP , we consider the automorphism ψa P AutpDP q, given by

ψapzq �

�
p1� |a|2q1{2m1

p1� āznq1{m1
z1, . . . ,

p1� |a|2q1{2mn�1

p1� āznq1{mn�1
zn�1,

zn � a

1� āzn



,

where a :� qn. In addition, let us set b :� ψ�1
a pqq. Then, a straightforward computation

shows that

b � pb1, 0q � ψ�1
a pqq �

� q1
λ1{2m1

, . . . ,
qn�1

λ1{2mn�1
, 0
	
P DP X tzn � 0u,

where λ � 1� |a|2.
Now we consider the following three cases:
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Case 1. q P DP,r0 . In this case, we have

|a|2 �
1

r0
P pq1q � |qn|

2 �
1

r0
P pq1q   1,

which implies that

P pb1q �
1

λ
P pq1q �

1

1� |a|2
P pq1q   r0.

Since ψap0
1, 0q � p01, aq Ñ p01, 1q as aÑ 1 and the boundary point p01, 1q is of D’Angelo

finite type, again by [Ber94, Proposition 2.1] it follows that

lim
aÑ1

ψ�1
a pΩq � lim

aÑ1
ψ�1
a pΩX Uq � lim

aÑ1
ψ�1
a pDP X Uq � DP .

Therefore, by Lemma 2.1 in [NNC21] there exists ϵ0 ¡ 0 such that

σΩpqq � σψ�1
a pΩqpψ

�1
a pqqq ¡

δr0
d
¡ 0, @q P DP,r0 XBpp, ϵ0q,

where d denotes the diameter of DP and δr0 :� distpZr0pP q, Z1pP qq{2 with Zr0pP q �!
z1 P Cn�1 : P pz1q � r0

)
.

Case 2. q P DP zDP,r0 . Then we have

|a|2 �
1

r0
P pq1q � |qn|

2 �
1

r0
P pq1q ¥ 1,

which implies that

P pb1q �
1

λ
P pq1q �

1

1� |a|2
P pq1q ¥ r0.

As in Case 1 and by (7), there exists ϵ0 ¡ 0 such that

σΩpqq � σψ�1
a pΩqpψ

�1
a pqqq ¡

1

2
, @q P pDP zDP,r0q XBpp, ϵ0q,

Hence, altogether, the proof is complete with γ0 � mint
δr0
d
,
1

2
u.

□

We close this section with an example, which is a generalization of Example 1.1.

Example 4.1. Fix positive integersm1, . . . ,mn�1 and denote by Λ :� p1{m1, . . . , 1{mn�1q.
Let us consider a general ellipsoid DP in Cn pn ¥ 2q, defined by

DP :� tpz1, znq P Cn : |zn|
2 � P pz1q   1u,

where P pz1q is a p1{m1, . . . , 1{mn�1q-homogeneous polynomial given by

P pz1q �
¸

wtpKq�wtpLq�1{2

aKLz
1K z̄1

L
,

where aKL P C with aKL � āLK , satisfying that P pz1q ¡ 0 whenever z1 � 0. Suppose
that the domain DP is a WB-domain, i.e., BDP is strongly pseudoconvex at every
boundary point outside the set tp01, eiθq : θ P Ru (cf. [AGK16]).

Now let us denote by ρpzq :� |zn|
2 � 1 � P pz1q a local defining function for DP and

consider a sequence taj � pa1j, ajnqu � DP which converges Λ-tangentially to p :� p01, 1q.

Since DP is invariant under the map z1 ÞÑ z1; zn ÞÑ eiθzn and σDP
is invariant under

biholomorphisms, we may assume that Impajnq � 0 for all j. Since distpaj, BDP q �
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�ρpajq � 1 � |ajn|
2 � P pa1jq and taju converges Λ-tangentially to p, it follows that

P pa1jq ¥ cj distpaj, BDP q for some sequence tcju � R with 0   cj Ñ �8. This implies

that P pa1jq ¥ c1jp1� |ajn|
2 � P pa1jqq for some sequence tc1ju � R with 0   c1j Ñ �8 and

hence

P pa1jq ¥
c1j

1� c1j
p1� |ajn|

2q, @j ¥ 1.

Let us denote by ψ̃j the automorphism of DP , given by

ψ̃jpzq �

�
p1� |ajn|

2q1{2m1

p1� ājnznq1{m1
z1, . . . ,

p1� |ajn|
2q1{2mn�1

p1� ājnznq1{mn�1
zn�1,

zn � ajn
1� ājnzn



,

and hence ψ̃jpajq � pb1j, 0q, where

b1j �

�
aj1

p1� |ajn|2q1{2m1
, . . . ,

ajpn�1q

p1� |ajn|2q1{2mn�1



.

Thanks to the boundedness of tb1ju, without loss of generality we may assume that b1j Ñ

b1 P Cn�1 as j Ñ 8. In addition, we have that P pb1jq �
1

1� |ajn|2
P pa1jq ¥

c1j
1� c1j

, @j ¥ 1.

Therefore, we arrive at the situation b1j Ñ b1 with P pb1q � 1 and thus ψ̃jpajq converges
to the strongly pseudoconvex boundary point pb1, 0q of BDP , which implies by [KZ16,

Theorrem 3.1] that σDP
pajq � σDP

pψ̃jpajqq Ñ 1 as j Ñ 8 even the boundary point p is
weakly pseudoconvex.
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