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Abstract

We give some rigidity properties of a p-biharmonic map w : (M, g) — (N, h) between Riemannian
manifolds (M™, g) and (N™, h). We first provide various sufficient conditions for p-biharmonic maps
to be harmonic. Moreover, when the map w is an isometric immersion, by assuming that the L% -norm
of the sectional curvature on M is sufficiently small or if the fundamental tone of the p-biharmonic

submanifold is sufficiently big, it is proved that M is minimal.

1 Introduction and results

Let w: (M™,g) — (N™,h) be a smooth map between Riemannian manifolds (M™,g) and (N™, h).
The differential du can be considered as a section of the vector bundle T*M ® v~ *TN. Given a local

orthonormal frame {e;} on M, |du| can be computed as

n

[duf? =3 _{du(e:), du(e:)),
i=1
where |du|(z) is the Hilbert-Schmidt norm of (du)(x) induced by the metrics g and h at a given point

x € M. If the map w is a critical point of the following energy functional

B = [ Jaup

then we call the map u harmonic. It is well-known that the Euler-Lagrange equation [CL16] of the energy

E is given by

n

7(u) = Z [6eidu(ei) - du(Veiei)] =0,

i=1

where V is the Levi-Civita connection on the pullback bundle «~'TN and 7(u) is called the tension field
of u.
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On the other hand, in the study of higher-order elliptic problems, it is natural to consider the bihar-
monic maps which is the critical point of the bienergy functional

=5 [ P

We note that the Euler-Lagrange equation [CL16] of Es(u) is given by

T2 (u) ZRN ), du(e;)) du(e;) = 0.

In a general way, Hornung-Moser [HM14] (see also [HF14]) considered the p-bienergy (p > 1) functional

0= [ Irwp

() == A (Jr(w)[P 72 ZRN 7 (@)[P7(w), du(e;)) du(e;).

as follows:

The p-bitension field 7,(u) is defined by

The Euler-Lagrange equation for E,(u) is given by 7,(u) = 0 and a map u satisfying that 7,(u) = 0
is called a p-biharmonic map. One of the most interesting problems in the biharmonic theory is the
following problem, which was proposed by Chen in 1988:

Conjecture (Chen’s conjecture). Any biharmonic submanifold in Euclidean space R™ is minimal.

More generally, Caddeo-Montaldo-Oniciuc [CMOO01] proposed the generalized Chen’s conjecture as fol-
lows.

Conjecture (Generalized Chen’s conjecture). Any biharmonic submanifold in a Riemannian manifold

with nonpositive sectional curvature is minimal.

Chen’s and the generalized Chen’s conjectures have been intensively studied. For example, Chen
[Chen91] and Jiang [Jia87] showed that Chen’s conjecture is true for biharmonic surfaces in R3. Hasanis-
Vlachos [HV95] and Fu-Hong-Zhan [FHZ21] gave an affirmative answer to Chen’s conjecture in R* and
R®, respectively. Moreover, Ou-Tang [OT12] showed that the generalized Chen’s conjecture is false. How-
ever it is interesting to find sufficient conditions for biharmonic submanifolds to be minimal. Nakauchi-
Urakawa [NU11, NU13] proved the generalized Chen’s conjecture when the L?-norm of the mean curva-
ture vector is finite. Motivated by this result, Luo [Luol5] extended their result under assumption on
finiteness of the LP-norm of the mean curvature vector for some 0 < p < oco. Furthermore, Nakauchi-
Urakawa-Gudmundsson [NUG14] showed that the map is harmonic if the energy and bienergy of the
domain manifold are finite and if the curvature of the target manifold is nonpositive. Recently, Seo-
Yun [SY22] studied biharmonic maps and biharmonic submanifolds with small curvature integral. By
assuming the domain manifold satisfies a Sobolev inequality, they gave many sufficient conditions for bi-
harmonic maps to be harmonic and for biharmonic submanifolds to be minimal. We refer the readers to
[AM13, BMO10, CMO01, CMOO01b, CMO02, Chen91, Chen96, CM13, Def98, DIM92, Ful4, Jia86, Luol4,
MAE14, NUG14, ONI02, OU10] for further discussion in this field. On the other direction, motivated by

Chen’s conjecture, Han [Han15] proposed the following conjecture for p-biharmonic submanifolds.

Conjecture. Every complete p-biharmonic submanifolds in non-positively curved Riemannian manifold

is minimal.



By using the method developed in [Luol5], Han [Hanl5] proved several results on the nonexistence
of p-biharmonic submanifolds. Cao-Luo [CL16] studied the nonexistence result for general p-biharmonic
submanifolds. Moreover, Han-Zhang [HZ15] investigated p-biharmonic maps and obtained the harmonic-
ity of the biharmonic maps. They also obtained that any weakly convex p-biharmonic hypersurfaces in
space form N(c¢) with ¢ < 0 is minimal. Inspired by these investigations, our aim in this paper is to study
p-biharmonic maps and p-biharmonic submanifolds with small curvature integral. Firstly, if L= -norm of

|RN ol - |du|? is sufficiently small, then we obtain the harmonicity of the p-biharmonic map as follows.

THEOREM 1.1. Let w : (M™,g) — (N™,h) be a p-biharmonic map from a complete noncompact
Riemannian manifold (M™,g) into a Riemannian manifold (N™,h) with [, |7(u)|® < oo for some
constant Q > p — 1. Assume that (M"™, g) satisfies the Sobolev inequality (3.1) and

2

n\" 4p—1(Q+1—p)
RN ol 0?1 g0y = [ (RN oul laupy) " < ML)

where Cy denotes the Sobolev constant. Then u is harmonic.

We note that Theorem 1.1 recovers Theorem 2.2 and Theorem 2.3 in [SY22] (see Corollaries 3.1 and
3.3). When the product of L™-norm of |du|? and L™-norm of |RY o u] is sufficiently small, we get the
harmonicity of the p-biharmonic map as follows.

THEOREM 1.2. Let u : (M™,g) — (N™,h) be a p-biharmonic map from a complete noncompact
Riemannian manifold (M™,g) into a Riemannian manifold (N™, h) with [, |7(u)|? < oo for some
constant @ > p — 1. Assume that (M™, g) satisfies the Sobolev inequality (3.1) and

4p-1)(Q+1-p)
Q?C; ’

||RN o u||L"(M)H|du|2HL"(M) <

where C denotes the Sobolev constant. Then u is harmonic.

Let ¥ be a complete noncompact Riemannian manifold. Denote by A;(Q2) the first positive eigenvalue
of the following eigenvalue problem for a bounded domain 2 C ¥

Af+Af=0 in Q,
f=0 on 09,

where A denotes the Laplace-Beltrami operator on . Then the fundamental tone A;(X) is defined by
)\1(2) = Hgl)f )\1(9),

where the infimum is taken over all bounded domains in 3. Replacing the condition on the Sobolev
inequality by the condition on the fundamental tone of the domain manifold, we obtain a similar result
as follows.

THEOREM 1.3. Let u : (M™,g) — (N™,h) be a p-biharmonic map from a complete noncompact
Riemannian manifold (M",g) into a Riemannian manifold (N™, h) with |RN ou| - |du|?> < K for some
constant K > 0 and fM |7(u)|? < oo for some constant Q > p— 1. Assume that the fundamental tone of

M satisfies \i (M) > %. Then u is harmonic.

In particular, if |du| < C, |[RY ou| < D and p = Q = 2, then we are able to obtain Theorem 2.4 in
[SY22] (see Corollary 3.6). On the other hand, when the Weyl curvature tensor of the target manifold
WH =0, we have the following result.



THEOREM 1.4. Let u : (M™,g) — (N™,h) be a p-biharmonic map from a complete noncompact
Riemannian manifold (M", g) into a Riemannian manifold (N™, h) satisfying that W~ =0,SN < 0 and
Sy IT(W)|@ < 0o for some constant Q > p —1. Assume that (M™, g) satisfies the Sobolev inequality (3.1)

. m=2)p-1D@+1-p)
(M) Q2C, )

where Cs denotes the Sobolev constant. Then u is harmonic.

and

12" o ul - |dul®]l,

In the same way as Theorem 1.2, we have the following theorem.

THEOREM 1.5. Let u : (M™,g) — (N™,h) be a p-biharmonic map from a complete noncompact
Riemannian manifold (M", g) into a Riemannian manifold (N™, h) satisfying that WY = 0,8 <0 and
Joy I7(W)|@ < oo for some constant Q > p — 1. Assume that (M™, g) satisfies the Sobolev inequality (3.1)

(m—=2)(p—1)(Q+1-p)
Q?C, ’

and

HZN ° u||L"(M)H|du|2HL"(M) <
where Cy denotes the Sobolev constant. Then u is harmonic.

Replacing the Sobolev inequality condition by a certain condition on the fundamental tone of the

domain manifold M, we obtain a rigidity result for p-biharmonic as follows.

THEOREM 1.6. Let u : (M™,g) — (N™,h) be a p-biharmonic map from a complete noncompact
Riemannian manifold (M™,g) into a Riemannian manifold (N™,h) satisfying that WN = 0,5V <0,
|ZN ou|-|dul* < K for some constant K > 0 and [, |7(u)|? < 0o for some constant Q > p—1. Assume

2 . .
that A\ (M) > (m_2)(}£1§{(@+1_p). Then u is harmonic.

Recall that, if w : (M™,g) — (N™, k) is a p-biharmonic isometric immersion, then the map wu is
called p-biharmonic. Moreover, any 2-biharmonic submanifolds are called biharmonic simply. Using
some condition on small integral of curvature and assuming that the Sobolev inequality (3.1) holds on

M, we are able to prove the following rigidity result.

THEOREM 1.7. Let u : (M™,g) — (N™, h) be a p-biharmonic isometric immersion of a complete
noncompact submanifold M into a Riemannian manifold N satisfying that fM |ﬁ|Q < oo for some
constant Q@ > p — 1, where ﬁ denotes the mean curvature vector field. Assume that (M™,g) satisfies the
Sobolev inequality (3.1) and

4p-1)(Q+1-p)
QC, ’

where C denotes the Sobolev constant. Then u is minimal.

||RN OUHL%(M) <

It should be mentioned that our approach is slight different from [SY22], where Seo-Yun considered
two cases m =n + 1 and m > n + 1 separately. However, our approach here is applicable to both cases.
Instead of using the Sobolev inequality, we obtain a similar result by using the fundamental tone of the

domain manifold as follows.

THEOREM 1.8. Let u : (M",g) — (N™,h) be a p-biharmonic isometric immersion of a complete
noncompact submanifold M into a Riemannian manifold N satisfying that |R™ ou| < K for some constant
K > 0, and fM |ﬁ|Q < oo for some constant Q > p — 1, where denotes the mean curvature vector

field. Assume that the fundamental tone of M satisfies A1 (M) > %. Then u is minimal.

Finally, if the target manifold (N"*1, ) is Einstein, i.e., RicN = Sfl‘ﬁiv h, then we obtain the following

rigidity property.



THEOREM 1.9. Let u : (M™,g) — (N™*1 h) be a p-biharmonic isometric immersion of a complete

noncompact hypersurface M into an Einstein manifold N with nonnegative constant scalar curvature S™ .
N

Assume that [, |ﬁ|Q < oo for some constant Q@ > p —1 and \ (M) > 0 sTQ”

G- D@ Where
denotes the mean curvature vector field. Then u is minimal.

The rest of this paper is organized as follows: In Section 2, we recall some preliminary background
of p-biharmonic maps. In Section 3, we prove many results for p-biharmonic maps with small curvature
integral. Finally, the rigidity results of p-biharmonic submanifolds are proved in Section 4.

2 Preliminaries

Let w : (M™,g) — (N™,h) be a p-biharmonic map between Riemannian manifolds (M",g) and
(N™,h). Then the Bochner-Weitzenbock formula for 7(u) is given by

%NT(U)\Q = [V7(u)|* + (A7(u), T(u)).
Therefore
%NT(UHZ(”_I) =V ([r@)[P~27(w)) [* + (A (|7 (w)[P~>7(w)) , |7 (w) P27 (w)).
Since 7,(u) = 0, we have
SA D <[V (7wl 2r(w) P
(2.1) + <Z RN (|T(u)|p_27'(u), du(ei)) du(e;), |T(u) P27 (u)).

By the fact that A(fg) = fAg+ gAf +2(Vf, Vg) and the Kato inequality, the above inequality yields

()P Al ()P > <Z RY (|r()[P=27(u), du(e;)) du(e), [ (u) [P~ (u))

v

—\RN ou||du|2|7'(u)\2(p_1).
Therefore we have

()| Al ()P~ > = |RY o ul|dul*|7(u)]P.

Fix a point 29 € M. Denote r(z) by the geodesic distance on M from z to . Choose ¢ € C§°(M)
satisfying for r > 0,
1, if r(z) <r
(2.2) o(r) = ¢ €[0,1] and |Vy|(z) <
0, if r(z) > 2r.

ifr <r(z)<2r

<IN

The above inequality yields

/M ()T Al ()P > /N RIRY ouldufr ()P

Applying integration by parts for the term in the left hand side gives

/ G2 () [T A ()P = — / (VG2 ()] H), V]r(w)P ).
M M



Therefore the above inequality yields
/M @?|RY o ul|dul*|r(u) T >2(p — 1) /M el (W) PTH (Y, VT (u)])

HO- D+ 1) [ PP )P,
M
Since
pTq— pTq— 1 pTaq
2 [ el Ve i) = =5 [ Gt i@l - 5 [ vs?
for all 6 > 0, we have
(0= Dla+1)=3p=1] [ r@P 9wl <25 [l ve?

(2.3) +/ O*|RN o ul|dul?|T(u)[PT.
M

3 Rigidity results for p-biharmonic maps

In this section, we study p-biharmonic maps under the condition that the domain manifold (M", g)
satisfies the following Sobolev inequality:

(3.1) (/ gan%?) ' < CS/ |V|? for all p € C§(M).
M M

PROOF OF THEOREM 1.1. By the Holder inequality and (3.1), we have

/ GIRN o ul|dul?|7 () [P+
M

< | [, (R oul-a?] % [ (@t -

p+a
< CIRN o ul - ldul?| 5 ) /M 1 (elr(w) 5 ) 2

p+9)? _
= CulIRY oul a1y [ P52 [ PPl + [ e

+ ClllRN o ul - [dul|l 5 (P + a) /M plr ()P VT (u)], Vi)

p+a)?  alptg -
< CLIRY oul- Py (P52 + 225D [ rpr 29wl

p+q
#CIRY ol duPl oy (14 252 ) [ v

for all @ > 0. Here we used the Cauchy-Schwarz inequality in the last inequality. Combining the above
inequality and (2.3), we obtain

(3.2) A /M Slr(w)|? 2| V]r(w)? < B /M 7 (w)|2 |V ol?,

where the constants A, B, and @ are defined by

2
A=@p-D)@Q+1-p) —dp—1) = C|IRY ou| - ‘du|2||L%(M) (Cfl + Of) 5



_p—1 N 2 Q
5= CIRY oul-lduPll 4 <1+ QQ) ,

Q=p+aq
Moreover, since |||RN o u| - \du\2||L%(M) < % by our assumption, we have

2

(P—1(@Q+1—p)—Cs[|RY ou > 0.

2

Thus, for § and « small enough, we see that A > 0. Therefore (3.2) yields
Al F@REVIr@IE £ 4 [ Pl
Bz, (r) M

<B [ 1relve?
4B

< |7 ()|
=5 Bay (2r)

Letting r tend to oo, we see that |7(u)|9~2||V|7(u)||> = 0 on M, which implies that |7(u)| = constant.
Since the volume of M is infinite, we conclude that 7(u) = 0. O

By the proof of Theorem 1.1, when L?%-norm of the sectional curvature of the image u(M) C N is

sufficiently small or L™-norm of |du| is sufficiently small, we can obtain two consequences as follows.

COROLLARY 3.1. Let u : (M™,g) — (N™,h) be a p-biharmonic map from a complete noncompact
Riemannian manifold (M™, g) into a Riemannian manifold (N™,h) with |du] < C for some constant
C >0 and [, |r(u )2 < oo for some constant Q > p — 1. Assume that (M",g) satisfies the Sobolev
inequality (3.1) and

A= 1(@+1-p)
) Q?C2C; ’

where C denotes the Sobolev constant. Then u is harmonic.

1R

COROLLARY 3.2. Let u : (M™,g) — (N™,h) be a p-biharmonic map from a complete noncompact
Riemannian manifold (M™, g) into a Riemannian manifold (N™, h), with |R™ ou| < D for some constant
D >0 and fM |7(u)|? < 0o for @ > p—1. Assume that (M",g) satisfies the Sobolev inequality (3.1) and

4p-1)(@Q+1-p)
||du||2L"(M) < 02DC., )

where Cy denotes the Sobolev constant. Then u is harmonic.
Now we prove Theorem 1.2.

PROOF OF THEOREM 1.2. By the Holder inequality and (3.1), we have

[ AR s uljduplrwpte
M

<[ o] [ gay] [ @rwpen==]

< CIRY o ullman iy [ 19 (lrta) 5 P

Ptyq
= CIRY o ullnllanliman [ L5 [ Pl 9@l + [ rwpve?



+%%HRNOUMwm@mdwﬂthy[;whﬁﬁwm’WVVOOLV¢>

(p+q)?  alp+g _
< CUIRY 0 ulman lldu?eman (L5 + S0 [ 2o o219l

_l’_
mma<1+pq>/ih )P Vpl?
for all @ > 0. Therefore (2.3) yields

A/gﬂdmﬁﬂvmeSB/Wﬂwaw%
M M

where the constants A, B, and @) are defined by

+ Cs||RN o u|

L (M) | |du|2|

A=@—U@+1—m—ﬂp—w—awﬂowmwy|WmeoCi+:f)

p—1 N 2 Q
Q=p+q

In the same manner as in the proof of Theorem 1.1, we get the conclusion. O

In particular, when p = @ = 2, we obtain the following harmonicity of the biharmonic.

COROLLARY 3.3. Let u : (M™,g) — (N™,h) be a biharmonic map from a complete noncompact
Riemannian manifold (M™, g) into a Riemannian manifold (N™, h) with [,, |7(u)|* < co. Assume that
(M™, g) satisfies the Sobolev inequality (3.1) and

1
IRY o ull g any | dul? || L (ar) < o
where Cy denotes the Sobolev constant. Then u is harmonic.
Now we give a proof of Theorem 1.3.

PROOF OF THEOREM 1.3. By the assumption |RY o ul - |du|? < K, we have
/ P?|RY o ul - |dul*|r(u)[P*
M
<K [ Plrwp
M

<5715 L IV (dr@i )

K (p+Q) 2 PHa=2 7 | (1) 2 () [P+ )
A (M) { 1 /MSD ()T (u)| +/M| (u)|P* |w|}

+1§ﬂ@+q/qm(W”*thwvﬁ
K p+q)?  alp+aq) pha—
<wa< SO [ P29l

p+q / + 2
+ 1+ 7(u)[PrV
A(M )< ) Il Vel

for all & > 0. Hence (2.3) yields

IN

A/w%@W””WW@WSB/hMW”WM?
M M



where the constants A and B are given by

A= p=1)a+ 1) - d(p— 1) - o (LR 2t

A1 (M) 4 2
p—1 K Ptq
B= 1 .
5 +)\1(M)( T oa )
By repeating the arguments in Theorem 1.1, we get the conclusion. O

Using Theorem 1.3, we have the following.

COROLLARY 3.4. Let u : (M™,g) — (N™,h) be a p-biharmonic map from a complete noncompact
Riemannian manifold (M™,g) into a Riemannian manifold (N™, h) with |du| < C, |RN ou| < D for
some constants C > 0,D >0 and [,, |7(w)|? < oo for @ > p—1. Assume that the fundamental tone of

M satisfies \y (M) > %. Then u is harmonic.

On the other hand, if the Weyl curvature tensor WV vanishes, then we have the following decompo-
sition
SN

N _
R - 2m(m —1)

1
h®h+§ZN@h,

where SV denotes the scalar curvature and ZV = Ric"¥ — %h denotes the traceless Ricci tensor of
(N™ h). Thus we have

n

> (RN (du(es), 7(u)du(e;), 7(w))
=1
SN -
= (IduIQIT(u)2 - Z<du(ei)m(u)>h>

m(m —1) P

+ ﬁ <Z ZN (du(es), dules) | (w)? + ZN(T(u),T<u)du|2>

-2 (Z ZN(du(a-),T<u>><du<ez—,7<u>>h)
<i |dul?|7( )\Q—Zn:<d (i, T(u)) +L|ZNO ||| (w)[?
_m(m—l) u T(U £ U\E;, T (U))h m_2 u U T(U .

Hence, if we assume that N has nonpositive scalar curvature, i.e., SV < 0, then we have

n

D (BN (duleq), 7(w))dule;), 7(u)) <

i=1

|12 o ulldul?|7(u)]*.

m—2

This implies

n

> BV (duleq), [7(w)[P~?r(w)du(es), |r(u)P~>7(u)) <

=1

4
m— 2

127 o ul|dul?|r (u) PPV

Combining the above inequality and (2.1), we have

1 _ _ 4 _
SAIP )PP > | (| ()P r(w) 2 = — 12" o ulldul?|r(u) P

Applying the Kato inequality, the above inequality yields

_ 4
r@Alr @) 2 =27 o ul|dul?|r(u)]"
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For the function ¢ in (2.2), we have
4
/ (@Al ()P > _7/ 9?12 o ul|dul? |7 (u) [PF1.
M m—2 [y

Using the divergence theorem and Young’s inequality, we get

(0= Da+1)=d=1)) [ PP Vi

p— 1 p+q 2 4 27N 2 pt+q
(3.3) <—— [ IT@)PTIVel"+ —— [ 7|27 oulldul”|7(u)]
5 M m— 2 M

for any 6 > 0. Using (3.3), we are able to prove Theorem 1.4.

PROOF OF THEOREM 1.4. By the Holder inequality and (3.1), we have
| #12Y oullduflrwprte
M
ptq
<CIZY ol -l [ 19 (im0 5 P

p+a?  alptg -
< Iz o ul- Pl oy, (L5254 C2ED) [ ity 9in P

p+gq
HCUIZY ol duPly gy (14552 [ prl v
2 M
for all & > 0. Combining the above inequality and (3.3), we obtain
A [ PVl < B [ @/ vaP
M M
where the constants A, B, and @ are defined by

4 2
A=@p-1)@Q@+1-p) —dp—1)— mCS|||ZNOU| ) |du|2||L%(M) (Q n aQ) ’

42
_p—1 4 N 2 Q
B = 5 + mCsH\Z owul - |dul ||L%(M) 1+ 20
Q=p+q
Using the same argument in the proof of Theorem 1.1, we get the conclusion. O

On the other hand, it is known that the Weyl curvature tensor W = 0 when m = 3 or m > 4 and
(N™,h) is locally conformally flat. Thus Theorem 1.4 implies the following.

COROLLARY 3.5. Let u : (M™,g) — (N™, h) be a p-biharmonic map from a complete noncompact
Riemannian manifold (M™, g) into a Riemannian manifold (N™, k) with SN < 0 and [, |7(u)|¢ < oo
for some constant Q@ > p— 1. Assume that (M™,g) satisfies the Sobolev inequality (3.1) and assume that
either

(i) m=3 or
(ii) m >4 and N s locally conformally flat.

If

N 2 (m—2)(p—1)(Q+1—p)
1127 eul - |dul™ll 3 4y < o2C. ,

where C denotes the Sobolev constant. Then u is harmonic.
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By the proof of Theorem 1.4, it is easy to prove two following corollaries.

COROLLARY 3.6. Let u : (M™,g) — (N™,h) be a p-biharmonic map from a complete noncompact
Riemannian manifold (M™,g) into a Riemannian manifold (N™, h) with WN = 0,8V <0, |du| < C
for some constant C > 0 and [, |7(u)|? < oo for Q@ > p—1. Assume that (M",g) satisfies the Sobolev
inequality (3.1) and

(m—-2)(p-1)(Q+1-p)
L3 (M) < Q2C2C, )

where Cy denotes the Sobolev constant. Then u is harmonic.

||ZN o u|

COROLLARY 3.7. Let u : (M™,g) — (N™,h) be a p-biharmonic map from a complete noncompact
Riemannian manifold (M™, g) into a Riemannian manifold (N™, h) with WY = 0,8 <0, |[ZNou| < D
for some constant D > 0 and [, |7(u)|? < oo for @ > p— 1. Assume that (M",g) satisfies the Sobolev
inequality (3.1) and
(m=2)(p-1)(@+1-p)

Q%DC, ’

where C denotes the Sobolev constant. Then u is harmonic.

|2 ary <

Using the general Holder inequality for three functions in the terms of curvature of (3.3) as in the proof

of Theorem 1.2, we have the following result.

THEOREM 3.8. Let u: (M™,g) — (N™,h) be a p-biharmonic map from a complete noncompact Rie-
mannian manifold (M™, g) into a Riemannian manifold (N™, h) with W~ = 0,5V <0 and [, |7(u)|? <
oo for Q@ >p—1. Assume that (M™,g) satisfies the Sobolev inequality (3.1) and

cm=2)p-)(@Q+1-p)
L™ (M) Q20 )

HZN o u||L"(M)H|du|2|

where Cy denotes the Sobolev constant. Then u is harmonic.
In particular, if p = @Q = 2, then we immediately obtain the following.

COROLLARY 3.9. Letu: (M™,g) — (N™,h) be a biharmonic map from a complete noncompact Rie-
mannian manifold (M™, g) into a Riemannian manifold (N™, h), with W~ =0,SN <0 and [, |7(u)]* <
oo. Assume that (M™, g) satisfies the Sobolev inequality (3.1) and

m— 2

4C5

1ZN 0wl poan llldwl® || 2oy <

where C denotes the Sobolev constant. Then u is harmonic.

PROOF OF THEOREM 1.6. By using (3.3) and repeating the arguments in Theorem 1.3, we complete
the proof of Theorem 1.6. O

COROLLARY 3.10. Let u : (M™,g) — (N™, h) be a p-biharmonic map from a complete noncompact
Riemannian manifold (M™,g) into a Riemannian manifold (N™, h) with WN = 0,8N <0, |du| < C,
|ZN ou| < D for some constants C > 0,D > 0 and [, |7(w)|]? < oo for @ > p—1. Assume that

2 2 . .
A (M) > (m72)(<;7[1))6‘(262+17p)' Then u is harmonic.
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4 Rigidity results for p-biharmonic submanifolds

We recall that if w: (M™,g) — (N™, h) is an isometric immersion, then w is called a p-biharmonic
submanifold. In particular, a 2-biharmonic submanifold is called a biharmonic submanifold. The second
fundamental form B : TM x TM — T+ M is defined by:

VxY =VxY + B(X,Y)

for X,Y € I(TM), where V is the Levi-Civita connection on N and V is the Levi-Civita connection on
M. The Weingarten formula is given by

Vxé=—AcX + Ve

for X € T(TM), where Ag¢ is called the Weingarten map with respect to £ € T+ M and V+ denotes the
normal connection on the normal bundle of M in N. For any x € M, the mean curvature vector field H
of M at x is

ﬁ:

S|

zn: B(ei, ei).
i=1

Now suppose u : (M™, g) — (N™, h) is a p-biharmonic isometric immersion of a Riemannian manifold M

with mean curvature vector ﬁ into a Riemannian manifold N. Then we have
T(u) = nH.

Moreover, the p-biharmonic submanifold u satisfies the following equation:
mo(w) = A(HP2H) = Y RN(HP 2 H, es)es = 0.
i=1

Now we are ready to prove Theorem 1.7.

PROOF OF THEOREM 1.7. Let B be the second fundamental form of M and A be the Weingarten
map. Then, by the Bochner-Weitzenbock formula, we have (see [CL16, Hanl5] for example)

AJH P2 = o V(| HP2H)P + 2(A(H [P 2H), [H "> H)
—ov(HP2H)E+2> B(A -2 g6, €0), HI'H)
=1

(4.1) +2)° (RY (e, \HP2H)e,, |ﬁ|p*2ﬁ>.

On the other hand, we have (see [Han15] for instance)

(4.2) <ZB(Aﬁ|pzﬁei,ei)7ﬁ|”2ﬁ> Zn\ﬁpp,
and

(4.3) S (B (s, [HP > H)ei, |HP2H ) > —[H 2R o).

i=1

Combining (4.1)-(4.3), we obtain

A[H? > 2]V HP2H)P + 20/ H* — 2/HP2|RY oul.
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By the Kato inequality, we have
(HIAH P~ > n[H P+ — [HP[RY o ul.
For the function ¢ in (2.2), we have

/ SIHIHAHP > 0 / S Hprar? - / G| HPHRN o).
M M M

Using integration by parts, the above inequality implies
[ PHP IR oul 2 (o= 1)(a+ 1) - 5o - 1] [ GHHPVH]P
M M
-1
(14) wn [ pEpre -2 [ Hprvep
M M

for all § > 0. Here we used the Cauchy-Schwarz inequality in (4.4). By the Holder inequality and the
Sobolev inequality (3.1), we get

pta
| FEPHIRY 0wl < CUIRY oull 3y, [ V(AT

p+4q)?  alp+q
< CSHRN OUHL%(M) ( ) + ( ) / ()02‘ﬁ‘p+q+2
4 2 "

p+q
OIRN ol (14 550) [ [HprweP

Therefore (4.4) implies
¢ [ GIHEVHE [ PH@ <D [ HEvE
M M M

where the constants C'; D, and @ are defined by

Q*  aQ
C=(p-1D@Q+1-) =8~ 1) = CIR" o ul ) (G + 52 ).
_p—1 N Q
Q=p+q
As before, we can conclude that |ﬁ| =0. =

PROOF OF THEOREM 1.8. By using (4.4) and applying the same argument as in the proof of Theorem
1.3, we are able to prove Theorem 1.8. O

Finally we prove Theorem 1.9.

PROOF OF THEOREM 1.9. Let v be the unit normal vector field of M. Then we have
T(u) = nH = n|ﬁ|y

Since (N"*1 h) is Einstein, we have

S RN (e [HP?H)er, [HP2H) = [HPP RN (ei,v)e,v)
i=1

=1

— | H?RicN (v, v)
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- AP

_n+1

Combining inequalities (4.1), (4.2) and the above equality, we obtain
SN
AJH[2P=2 > 2|V ([H|P2H)? + 20| H | — 22— |H 2,
n+1
By the Kato inequality, we have
SN
HIAH P > fH 72— = [H.
n+1

For the function ¢ in (2.2), we have

N
/ @2‘ﬁ|q+lA|ﬁ|p—l Zn/ S02|ﬁ|p+q+2_57/ ¢2|ﬁ|p+q.
M M M

n+1
Using integration by parts and the Cauchy-Schwarz inequality, the above inequality implies

nSJr 1 /M @2‘ﬁ‘p+q >[p—1(g+1)—d(p—1)] /M ¢2|ﬁ|p+q—2|v|ﬁ”2

(4.5) tn / S Hprerz P / H [P+ T2
M 5 M

for all 6 > 0. Moreover, we have

SN SN ptaq
/ SlHpr < — 5 / V(| H )2
M M

n+1 (n+ DA (M)

SN (p+q?  alp+q p+a
= o+ D) ( T )/M“O2|ﬁ| o

SN
+ (1 s q) /M H P v,

(n + DA (M) 2

Therefore (4.5) implies
¢ [ PHEANH w0 [ PHE? <D [ [HET
M M M
where the constants C, D, and @ are defined by

N 2 fe%
C=Q%4MQ+1—M_5@_1%_m+f%NMU(Q Q>7

_p—1 SN Q
D= T M0 (”2@)’
Q=p+tgq.

Using the same argument as in the proof of Theorem 1.1, we can obtain that |ﬁ| = 0, which implies that

u is minimal. O
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