THE LEFSCHETZ PROPERTIES OF ARTINIAN MONOMIAL
ALGEBRAS ASSOCIATED TO PATHS AND CYCLES

HOP D. NGUYEN AND QUANG HOA TRAN

ABSTRACT. In this paper, we study the weak Lefschetz property of an artinian monomial
algebra Ag defined by the sum of the edge ideal of a simple graph G and the square of
the variables. We classify some important classes of graphs G where Ag has or fails the
weak Lefschetz property, such as paths, cycles and several tadpole graphs.

1. INTRODUCTION

A graded algebra A satisfies the weak Lefschetz property (WLP) if there exists a linear
form ¢ such that the multiplication map ¢ : A; — A;,; has maximal rank for all
degree i, while A satisfies the strong Lefschetz property (SLP) if the multiplication map
071 A; — A;4+; has maximal rank for all ¢ and all j.

The Lefschetz properties of graded algebras have connections to several areas of math-
ematics. Due to this ubiquity, many classes of algebras have been studied with respect to
the WLP and the SLP. At first glance, checking the WLP or the SLP might seem to be a
simple problem of linear algebra. However, determining which graded algebras have the
WLP or the SLP is notoriously difficult, and a number of natural families of algebras still
simply remain uncharacterized. We refer the reader to [7] and [15] for an introduction to
the Lefschetz properties.

In this paper, we study the SLP and/or WLP of artinian monimial algebras associated
the edge ideals of graphs. More precisely, let G' be a simple graph, i.e. G = (V, E) is a
pair where V is a set of elements called vertices, and E is a set of elements called edges
which are unordered pairs of vertices from V. Suppose that V' = {1,2,... ,n} and let k
be a field and R = k[z1,...,z,]. The edge ideal of G is the ideal

[G = (l’il'j ’ {Z,j} S E) C R.

Then, we say that
R
(2,...,22)+ Ig
is the artinian monomial algebra associated to G. We are interested the following problem.

Ag =

Problem 1.1. Classify the simple graph G that Ag has or fails the WLP or SLP.
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Note that Ag is an artinian algebra generated by quadratic monomials. The WLP of
this algebra is also studied by Michalek and Mir6-Roig [12]; Migliore, Nagel and Schenck
[14]. In this paper, we will study the WLP for a larger class of these algebras.

2. PRELIMINARIES

In this section we recall some standard terminology and notations from commutative
algebra and combinatorial commutative algebra, as well as some results needed later on.

2.1. The weak and strong Lefschetz properties. We consider standard graded alge-
bra A = ®;>0[A]; = R/I, where R = k[z1,...,z,] is a polynomial ring over a field k£ with
all z;’s have degree 1 and I C R is an artinian homogeneous ideal. Let us define the weak
and strong Lefschetz properties for artinian algebras.

Definition 2.1. We say that A has the weak Lefschetz property (WLP) if there is a linear
form ¢ € [A]; such that, for all integers j, the multiplication map

£ [A]; — [Aljn

has maximal rank, i.e. it is injective or surjective. In this case the linear form /¢ is called
a Lefschetz element of A. If for the general form ¢ € [A]; and for an integer number j
the map - : [A]; — [A];41 does not have the maximal rank we will say that A fails the
WLP in degree j.

We say that A has the strong Lefschetz property (SLP) if there is a linear form ¢ € [A];
such that, for all integers j and s, the multiplication map

£ [A]; — [Alj4s
has maximal rank.

In the case of one variable, the WLP and SLP trivially hold since all ideals are principal.
The case of two variables there is a nice result in characteristic zero by Harima, Migliore,
Nagel and Watanabe [8, Proposition 4.4].

Proposition 2.2. Every artinian algebra A = klx,y]/I, where k has characteristic zero,
has the SLP (and consequently also the WLP).

In a polynomial ring with more than two variables it is not true in general that every
artinian monomial algebra has the SLP or WLP. The most general result in this case
proved by Stanley in [16].

Theorem 2.3. Let R = k[xy,...,x,|, where k is of characteristic zero. Let I be an
artinian monomial complete intersection, i.e. I = (z',... x%). Then A= R/I has the
SLP.

By using the action of a torus on monomial algebras, Migliore, Mir6-Roig and Nagel
proved the existence of the canonical Lefschetz element.

Proposition 2.4. [13, Proposition 2.2] Let I C R = k[zy,...,x,] be an artinian mono-
mial ideal. Then A = R/I has the WLP if and only if { = x1+ 29+ -+, is a Lefschetz

element for A.
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A necessary condition for the WLP and SLP of an artinian algebra A is the unimodality
of the Hilbert series of A. To do it, we need some notations.

Definition 2.5. Let k be a filed and A = @;>¢[A]; be a standard graded k-algebra. The
Hilbert series of A is the power series Y dimy[A];#* and is denoted by HS(A,t). The
Hilbert function of A is the function hs : N — N defined by h4(j) = dimg[A];.

If Ais an artinian graded algebra, then [A]; = 0 for i > 0. We denote

D = max{i | [A]; # 0}.

The integer D is called the socle degree of A. In this case, the Hilbert series of A is a
polynomial

HS(A,t) =1+ hyt+ -+ hpt?,
where h; = Ha(i1) = dimg[A]; > 0. By definition, the degree of the Hilbert series for an
artinian graded algebra A is equal to its socle degree D := max{i | [4]; # 0}. Since A is
artinian and non-zero, this number also agrees with the Castelnuovo-Mumford reqularity

of A, so
reg(A) = D = deg(HS(A,t)).

Definition 2.6. A polynomial } ;_, axz* with non-negative coefficients is called unimodal
if there is some m, such that

g S a1 < S A1 S Oy 2 Al 2 000 2 Ay
The mode of the unimodal polynomial >} _, apx® defined by
min{k | ax_1 < ar > ags1 > - > a,}.

Proposition 2.7. [7, Proposition 3.2] If A has the WLP or SLP then the Hilbert series
of A is unimodal.

Finally, to study the failure of the WLP, the next lemma play a key role.

Lemma 2.8. [3, Lemma 7.8] Let A = A'®; A” be a tensor product of two graded artinian
k-algebras A’ and A”. Let V' € A" and (" € A" be linear elements, and set { = V' + 0" =
VR1+1x0" e A. Then

(a) If the multiplication maps €' : [A]; — [A')iy1 and 0" : [A"]; — [A"];41 are both
not surjective, then the multiplication map

C: [Alijin — [Alirjee

s not surjective.
b) If the multiplication maps V' : [A’]; — [Alip1 and 0" : [A"]; — [A"].11 are both
p P + J Jj+
not injective, then the multiplication map

C: Al — [Alivin

s not injective.



2.2. Some definitions and results in graph theory. From now on, a graph is a simple
graph G = (V| E), with V is the set of vertices and E is the set of edges. We start by
recalling some basic definitions.

Definition 2.9. Let G = (V, E') be a graph. The disjoint union of the graphs G, G, is a
graph G = G; U G, having as vertex set the disjoint union of V(G1), V(G3), and as edge
set the disjoint union of F(G1), E(Gz). In particular, U,G denotes the disjoint union of
n > 1 copies of the graph G.

Definition 2.10. Let G = (V, E) be a graph.

(i) A subset X of V is called an independent set of G if for any i,j € X, {i,j} ¢ E,
i.e., the vertices in X are pairwise non-adjacent. An independent set X is called
mazimal if for every vertices v € V' \ X, X U {v} is not an independent set of G.

(ii) The independence number of a graph G is the maximum cardinality of an inde-
pendent set in G. We denote this value as a(G).

(i) A graph G is said to be well-covered if every maximal independent set of G' has
the same size and equal to a(G).

Definition 2.11. The independence polynomial of a graph G is the polynomial whose
coefficient on 2* is given by the number of independent sets of order k in G. We denote
this polynomial (G;t). So,

a(Q)

k=0
where s;(G) is the number of independent sets of order k in G.

The independence polynomial of a graph was defined by I. Gutman and F. Harary in
[5] as a generalization of the matching polynomial of a graph. The following equalities are
very useful in calculating of the independence polynomial for various families of graphs
(see, for instance, [5, 9]).

Proposition 2.12. Let Gy, Gy, G be the graphs. Assume that G = (V,E),w € V,e =
uv € E. Then the following equalities hold:

(i) I(G;t) = I(G — w;t) + t.1(G — Nyu(G); t);

(ii) I(G;t) = I(G —e;t) — t2.1(G — N, (G) U N,(G); t);

3. ARTINIAN MONOMIAL ALGEBRAS ASSOCIATED TO EDGE IDEALS OF GRAPHS

Let G = (V,E) be a graph, with V' = {1,2,...,n}. Let R = k[xy,...,x,] be the
standard polynomial ring over a field k. The edge ideal of GG is the ideal
[G' = (ZCZ'CIZ']‘ ’ {Z,j} S E) C R.
Then, we say that
R
(ZL‘%,,[E%) —|—IG
is the artinian monomial algebra associated to G. The algebra Ag contains significant

combinatorial information about G. It is easy to check the following.
4

Ag =




Proposition 3.1. The Hilbert series of Ag is equal to the independence polynomial of G,
1.€.
a(@)
HS(Ag;t) = 1(Git) = Y si(G)t,
k=0

As a consequence, reg(Ag) = a(G) and Ag is level if and only G is well-covered.

Therefore, the WLP/SLP of A has strong consequences on the unimodality of the
independence polynomial of G. Indeed, if I(G;t) is not unimodal, then Ag fails the
WLP by Proposition 2.7. Thus, to study the WLP/ SLP of Ag, it is enough to consider
the graphs G such that their independence polynomial are unimodal. Concerning to the
unimodality of the independence polynomial of graphs, we have the following famous
conjecture.

Conjecture 3.2. [1] If G is a tree or forest, then the independence polynomial of G is
unimodal.

The largest class of graphs for which the independence polynomials are known to be
unimodal is the class of claw-free graphs [6]. However, Conjecture 3.2 is still very open.

Later, since a tree is a bipartite graph, Levit and Mandrescu [11] have gone further,
conjecturing that for any bipartite graph G, I(G;t) is unimodal. Unfortunately, a coun-
terexample gave by A. Bhattacharyya and J. Kahn [2].

Example 3.3. Given positive integers m and n > m, let G = (V, E) with V' = V;UVLUVj,
where Vi, Vo, V3 are disjoint; |Vi| = n —m and |Va| = |V3] = m; E consists of a complete
bipartite graph between V; and V5 and a perfect matching between V5 and V3. Then G is
a bipartite graph and for every i > 0, s;(G) = (2" — 1)(7) + (7). Therefore, for m > 95
and n = |mlog,(3)]. Then I(G;t) is not unimodal. As a consequence, these graphs do
not have the WLP.

The next examples are the simple graphs having the SLP.

Example 3.4.

(i) An empty graph is simply a graph with no edges. We denote the empty graph on
n vertices by E,. Then

Ag, = R/(z3,...,22).

rrn

A seminar result of Stanley say that Ag, has the SLP, see Theorem 2.3.
(ii) A complete graph on n vertices, denoted K,, is the graph where every vertex is
adjacent to every other vertex. It follows that

Ak, = R/(z1,...,2,)° and I[(K,;t) =1+ nt.
It is easy to see that Ak, has the SLP.
If G has a small number of vertices, the we have a simple result.

Proposition 3.5. Let G = (V, E) be a graph. If |V| < 3, then Ag has the SLP.
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Proof. Since all artinian algebras in the polynomial ring with one or two variables have
the SLP, it is enough to consider the case where |V| = 3. In this case, G is a empty
graph; or a complete graph; or a path and one isolated vertex. A simple computation
with Macaulay?2 [4] shows that Ag has the SLP. O

Since the above proposition, we only need to consider the graphs having at least 4
vertices. Now, a simple family of graphs is considered, namely stars. Recall that a star of
order n is a graph on n+ 1 vertices. This graph is formed by starting with a single vertex
and adjoining n leaves. We denote this graph S,. Let Ag, be the artinian monomial
algebra associated to a star S,,. Then Ag, = R/I, where R = k[zg,z1,...,x,] and

I = (23,27,...,22) + (201, . . ., ToTp).

rn

It is easy to see that the independence polynomial of S,, is I(S,;t) = (1 4+ )" + .

Proposition 3.6. The algebra As, has the WLP if and only if n = 1,2. Moreover, if
n > 3, then Ag, fails the WLP in only one degree, namely it fails the injectivity from
degree 1 to degree 2.

Proof. Write Ag, = R/I as above and ¢ = xy + x; + - - + x,,. Then the following exact

sequence
-Zo

0——=R/(I: x9)(—1)

deduces the the following commutative diagram

(3.1) 0 ——[R/(I: xo)lj [R/1]; [R/(I;z0)]; —0,

'ZL .gl l"’

0 —— [R/(I: )] — [R/1]j11 — [R/(I,20)]j11 —0

R/I R/(I,20) —= 0

o

with rows are exact, for all integer 7 > 1. Note that

(I,z0) = (23,... 22 x0)
I:xg=(x0,21,...,2n).
It follows that R/(I,z¢) = S/J := k[zy,...,z,]/(z%,...,2%) an artinian monomial com-

plete intersection, and hence it has the WLP by Theorem 2.3. Clearly, R/(I: zo) = k. It
follows from (3.1) that the multiplication map

L [R/1]; — [R: 1]
has maximal rank for all j, except j = 1. In the later case, -¢ : [R/I]; — [R : I]3 is not
injective. Thus R/I fails the WLP in degree 1, as desired. ([l
We close this section by recall a recent result of J. Migliore, U. Nagel and H. Schenck.

Proposition 3.7. Let A be the artinian monomial algebra associated to G = U[_ K,,.
Assumeny > ng > -+ >mn, > 1. Then A has the WLP if and only if one of the following
holds:

(1) ng = -+ =n, =1, i.e. G is the disjoint union of a complete graph K,, and an
empty graph of order r — 1.
(2) ng=---=mn,=1 and r is odd.



In particular for n > 2, the disjoint of n complete graphs at least two vertices does not

have the WLP.
Proof. Note that

.
A=Qklzin, . win )/ (1, 20,
i=1

The above proposition is a result in [14, Theorem 4.8]. O

4. WLP FOR ARTINIAN MONOMIAL ALGEBRAS ASSOCIATED TO PATHS AND CYCLES

In this section, we study the WLP for artinian monomial algebras associated to two
common graphs, namely paths and cycles. From now on, we always denote by ¢ the sum
of variables in a polynomial ring where we are considering.

4.1. Path on n-vertices. Let P, be a path on n vertices. Therefore, the artinian mono-
mial algebra associated to P, is

Ap, = R/K,
where K = (22,...,2%) + (2122, 223, .. ., Ty_127,) C R = k[xy,...,2,]. We have the
following.

Proposition 4.1. The independence polynomial of P, is
|24 ]

[(Pity=Y" <n+zl _i)ti.

=0

Moreover, I(Py;t) is unimodal, with the mode \,, = [5”“”5?02“0"”4]

Proof. In [10], G. Hopkins and W. Staton showed that
I(Pp;t) = Frpa (1),

where F,,(t), n > 0, are the so-called Fibonacci polynomials, i.e., the polynomials defined
recursively by
Fo(t) =1, Fi(t) = 1; Fo(t) = Froa(t) + tE,—o(1).
Based on this recurrence, one can deduce that
e n+l—1
I1(P,;t) = , t.
ran=3 (")

The unimodality of the independence polynomial of P, is implied from the fact that the

independence polynomial of a claw-free graph (i.e., it has no induced subgraph isomorphic

to K1 3) is unimodal [6]. A simple computation shows that the mode of I(P,;t) is equal
to A, = |’5n+2—\/5n2+20n+24‘| 0
n 10 :

Lemma 4.2. Let )\, be the mode of P,. For any n > 2, one has
(1) )\n—l-l Z /\n
(i) Apgzs =1 <A < Ay — L.
(iil) Apy11 > A\ + 3.



Proof. Set a,, = 2= 5{102 +20n424 - A straightforward computation shows that

Opi1 Z Qp; Qg3 — 1 S Qp S Optq — 1 and On+11 Z Oy + 3.
The lemma implies from the basic property of the ceiling functions. 0

Lemma 4.3. Let A, A" and A" be the artinian monomial algebras associated to Py, P,_;
and P,_o, respectively. Then, for every integer i, one has the following commutative
diagrams

0—[A"];i-1 [Al; [A']; ——0.

.ZL .Zl l.g

0 ——[A"]; ——[A]is1 — [A]in —0

Proof. Assume A = R/K and let I = K + (x,) and J = (K: x,). Then A" = R/I and
A" = R/J and we have the following exact sequence

0—=R/J(-1) > R/K R/I 0

that completes the proof of the above lemma. O

We now prove our main result.

Theorem 4.4. Let A, be the artinian monomial algebra associated to a path P,. Then
A,, has the WLP if and only if n € {1,2,...,7,9,10,13}.

Proof. By using Macaulay2 to compute the Hilbert series of A,, and A,, /A, with 1 <n <
17, it easy to see that A, has the WLP for each n € {1,2,...,7,9,10, 13}. Furthermore,
for each n € {8,11,14,15,17}, A, only fails the surjectivity in one degree, this is the
multiplication map by ¢ from degree A\, to degree A\, + 1. However, for integer n €
{12,16}, A, only fails the injectivity in one degree, this is the multiplication map by ¢
from degree A\, — 1 to degree \,,.
It remains to show the following assertion.
CrAM: The multiplication map - : [A,]x, — [An]r,+1 is not surjective for all n > 17.
We will prove the above claim by induction on n, having just shown the case n = 17.
For n > 18, we consider the multiplication map -¢ : [4,]x, — [Ax]r,+1. To prove that
this map is not surjective, we consider the following two cases.
Case 1: )\, = \,_1. It is clear that the above claim holds by Lemma 4.3.
Case 2: A\, = \,_1 + 1. By Lemma 4.2, one has A\,_1 = A\,_o = \,_3. In this case, we
must have n > 20. Assume A, = R/K and set [ = K + (2,—2) and J = (K : x,_5). Then
we have the following exact sequence

Tp—2

0—= R/J(~1) R/K R/I 0,



where R/J & A, _4@ik[z,]/(x2) and R/I =2 A, 3R, Ay, with Ay = k[x,_1, .|/ (L1, 75)>.
This exact sequence deduces the following diagram, with rows are exact

0 ——[R/J]x,—1 — [Au]x, [R/1]\, —=0.

T

0 ——[R/J]x, — [Aun,s1 — [R/1]5, .0 — 0
The claim will be proven if we show the multiplication map -0 : [R/I]x, — [R/I]x,+1 is
not surjective. By the inductive hypothesis, A, _3 fails the surjectivity from degree \,, —1
to degree \,, as \,_3 = A, — 1. Clearly, the Hilbert function of A, is (1,2), and hence As

fails the surjectivity from degree 0 to degree 1. Then by Lemma 2.8, R/I = A, 3 ®; As
fails the surjectivity from degree A, to degree A, + 1, as desired. O

The above theorem shows that A, fails the WLP due to the failure the surjectivity for
any n > 17. The next result also prove that A, fails the injectivity for some cases.

Proposition 4.5. Let A,, be the artinian monomial algebra associated to a path P, and A,
is the mode of the independence polynomial of I(Py;t). If n > 12 such that A\, = \,—1+1,
then A, fails the injectivity from degree A\, — 1 to degree \,.

Proof. We prove the above proposition by induction on n > 12. A computation with
Macaulay2 shows that the proposition holds for n € {12,16,20}. Now consider n > 21
such that A\, = A\,_1 + 1. Set

ny =max{j | j <nand \; = \;_; + 1}
ne =max{j | j <mngand \; = \;_; + 1}
m =max{j | j <ngand \; = \;_1 + 1}

Then, by Lemma 4.2(iii), m > n — 11. We have the following exact sequence

0—— Am Ok An—m—S(_l) e An Am—l—l Ok An—m—Z —0.

By using this exact sequence, it suffices to show that
E : [Am ®k An—m—B]/\n—2 — [Am ®k An—m—3])\n—1

is not injective. By the inductive hypothesis, A,, fails the injectivity from degree \,, —1 to
Am- Observe that \,, = A\, —3 and n —m — 3 < 8. Hence, \,_,,_3 < 2 and consequently,
A, __3 fails the injectivity from degree 2 to degree 3. By Lemma 2.8, A,, @, A,_m_3
fails the injectivity from degree A, — 2 to A\, — 1, as desired. 0

4.2. Cycles on n-vertices. Let (), be a path on n vertices (n > 3). Therefore, the
artinian monomial algebra associated to C, is
A=R/K,

where K = (23,...,22) + (2122, T2%3, . . ., Ty 1%, Tpv1) C R = k[z1,...,2,]. We have
the following.
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Proposition 4.6. The independence polynomial of C,, s
I(On, t) = [(Pnfl; t) + t[<Pn73§ t)

) nin—i—1
=1 — t
()
Moreover, I(Cy;t) is unimodal, with the mode p,, = [—5”_4_1\({%27—4]
Proof. In [10], G. Hopkins and W. Staton showed that

L%Jn n—i—1
](Cn;t):1+zg( i )t’.
i=1

The unimodality of the independence polynomial of C), is implied from the fact that
the independence polynomial of a claw-free graph is unimodal [6]. A simple computation
shows that the mode of I(Cy;t) is equal to p, = [22=4=yon=4 })5"2’41. O

Lemma 4.7. For alln > 5, there are inequalities A\p,—1 < pp < Mg + 1 < A,
Proof. By Lemma 4.2, \,,_4 + 1 < \,, hence it suffices to show that

A1 < pp S Ay + 1
For the inequality on the left, we have to show that

S(n—1)+2—/5(n 12 +20(n-1) +24 _5n—4— 5’4

10 10
Shn—3—-Vvin?+10n+9<5n—4—+Vhn2—14
SVhn?2 —4+1<Vhm2+10n+9

& 5n? — 3+ 2vbn2 —4 < 5n? + 10n 4+ 9
S Vim2—4<5n+6< (5n+6)% - (5n* —4) >0
& 20n? 4 60n + 40 > 0,

which is clear.
For the inequality on the right, we have to show that

bn —4 —v/bn? —4 < 5(n—4)+2—/5(n—4)24+20(n — 4) + 24
10 - 10
& 5n—4—Vbn?—4<5n—8—+bn2—20n + 24

= Von2 —20n +24+4 < Vbn?—4
& 5n? — 20n + 24 + 16 + 8vV/5n? — 20n + 24 < 5n* — 4 (by squaring)
& 8vbBn2 —20n + 24 < 20n — 44
& 2v6n2 —20n +24 < 5n — 11
& 4(5n* — 20n + 24) < (5n — 11)?
& 5n®—30n+25>0« 5(n—1)(n—>5)>0
10
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which is true for all n > 5. The proof is completed. U
One of the main results is the following.

Theorem 4.8. Let B, be the artinian monomial algebra associated to a cycle C,,. Then
By, has the WLP if and only if n € {3,...,11,13,14,17}.

Proof. Recall that p, is the mode of the independence polynomial of C,,. By using
Macaulay?2 to compute the Hilbert series of B, and B, /¢B, with 3 < n < 20, we can
check that:

e B, has the WLP for each 3 <n <17 and n ¢ {12, 15, 16};

e for n € {12,15,18,19}, then B, fails the surjectivity from degree p, to degree

pn+ 1
e for n € {16,20}, then B, fails the injectivity from degree p, — 1 to degree p,.
Now assume that n > 21. By Lemmas 4.7 and 4.2, A\, 1 < pp, < Ay a+1 <M1 + 1

Recall that we will denote by A,, the artinian monomial algebra associated to P, and by
An the mode of the independence polynomial of P,. Consider the following two cases.
Case 1: p, = \,_1. In this case, we will show that B,, fails the WLP by the failure of the
surjectivity from degree p,, to degree pn+1. Indeed we write B, = R/I. Let J = I+ (x,)
and K = (I: x,). Then A, 1 = R/J and A,_3 = R/K and we have the following exact
sequence

0— R/K(—-1) 2> R/I R/J 0

that deduces a commutative diagram

0 - [An*?’]Pnfl - [Bn]Pn [Anfl]pn - O :
N
0—— [An73]pn - [Bn]pn+1 - [Anfl]anrl —0
The proof of Theorem 4.4 shows that the multiplication map
é [Anfl]l’n — [An*1]9n+1

is not surjective for any n > 18.
Case 2: p, = \,_1 + 1. In this case, Lemma 4.7 yields \,,_1 = A\,,_4.
Denote y; = -1, Y2 = x,_2. We have the following diagram

/() /(Zn—3) Kly1,y2] |
[Bnlpn [An-1]n, 1 ——— A"— ® w2’ ]\,
) £ l'z
Kly1,2) |
[Bn]pn+1 [An—l]knf1+2 A”_ ® (y1,92)? I xp_g+2

By the proof of Theorem 4.4 and the fact that n — 4 > 17, the map A,,_4 N A, _, fails

the surjectivity at degree \,_4. Since the map k[y1, yo]/(y1, y2)? RCRIZIN kly1, y2l/(y1, y2)?

fails the surjectivity at degree 0, Lemma 2.8 yields that the third vertical map of the

diagram fails the surjectivity at degree \,,_4 + 1.
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By the surjectivity of the horizontal maps in the diagram, we conclude that first vertical
map in the diagram fails the surjectivity at degree A\,_4 +1 = p,. Hence B, does not
have the WLP. This concludes the proof. 0

5. WLP FOR ARTINIAN MONOMIAL ALGEBRAS ASSOCIATED TO TADPOLE GRAPHS

An (m,n)-tadpole graph, also called a dragon graph, is the graph obtained by joining a
cycle graph (), to a path graph P, with a bridge. We denote this graph by 7,,,. Note
that T, , is a graph on m + n vertices and m +n edges. In the case where n =1, T'(m, 1)
is called an m-pan graph.

FIGURE 1. Tadpole graph 7§ 4

By Proposition 2.12, the independence polynomial of T}, ,, is
I(Tm,n; t) = I(meﬁ t>I<Pn7 t) + tI(me?); 2f>I(Pn71; t)
= 1(Cr; )1 (Po—15t) + t1(Pr—; 1) I (P23 t)
L5+ ]
i=0
Recall that p, and A, be the mode of T'(C,,;t) and I(P,;t), respectively. By Lemmas 4.2
and 4.7, it implies immediately the following.

Lemma 5.1. Ifi > min{\,,_1 + A\, + 1, ppy + Am1 + 1}, then s;(Tnn) > Siv1(Tnn) and
if i <max{An—1+ Ay — L, pm + A1 — 1}, then si-1(Tonn) < $i(Tinn)-

We now obtain the following.

Theorem 5.2. Let A be the artinian monomial algebra associated to a tadpole graph T, ,,.
Then A fails the WLP, provided when (m,n) is one of the following cases:

(i) m=9,12,15,16 or m > 18 and n = 8,11;14,15 orn > 17.

(il) m = 12,15,16,18,19 or m > 21 and n = 9,12;15,16 or n > 18.
Proof. Assume that

kX1, ..o Ty Y1y -+ Yn)

(%, ah) + Lo, + (Wf - un) + Ip, + (2a3)
Recall that we denote by A,, and B,, the artinian monomial algebra associated to P, and
Cm, respectively. The first item is deduced by the exact sequence

A:

A1) s A e Ay @ Ay — 0,
12



Lemma 2.8, Theorem 4.4. The second item is deduced by the exact sequence

A1) — 22— A By @5 Ap_g — 0,

Lemma 2.8, Theorems 4.4 and 4.8. 0

Next, we consider the (3,n)-tadpole graph T3,. Clearly, T3, is a claw-free graph.
Therefore, the independence polynomial of T3, is unimodal [6]. By Proposition 2.12, we
have

[(Tsp;t) = I(Poya;t) + t1(Pa;t) = I(Cpya;t).

It follows that the mode of I(7T3,;t) is equal to one of I(C43;t), i.e.

5(n+3)—4—
Pn+3:[( )

o 5(n+ 3) —4]

Theorem 5.3. Let D, be the artinian monomial algebra associated to a tadpole graph
T5,,(n>1). Then D,, has the WLP if and only if n € {1,...,8,10,11,14}.

Proof. The proof proceeds along the same lines as in the proof of Theorem 4.8 by replacing
B, by D,_3. O

We now consider the (n, 1)-tadpole graph T, 1, i.e., the n-pan graph. We denote this
graph by Pan,,. To study the WLP of Pan,,, we need to consider a family of graphs formed
by adding an edge {1,n — 1} to the cycles C,, (n > 4). We denote this graph by CE,.
Therefore, CE,, is a claw-free graph, and hence the independence polynomial of CE,, is
unimodal [6]. By Proposition 2.12, we have

a(CEy)

I(CE,;t) Z s5i(C

:[(Pnfla )+t[(Pn 4; )
L5]

(G RCRI

Lemma 5.4. Let x,, is the mode of I(CE,;t) and X, be the mode of I(P,;t). For any
n >4, one has Ap—1 < xn < Ap_a + 1.

Then we have the following.

Proof. Let 1 < \,_1. We need to show that

e < sk = () (U )< () < ()

13



Since i < A\,_1, ("Z__“lLl) < (”Z_’) It suffices to show that

n—1—1 < n—1i—2 - n—1—1 < 1
i—2 )=\ i-1 (n—2i)n—2i+1) ~i—1
Sh—i-1)GE—-1)<(n—-2i)(n—2i+1)
5" —(Bbn+2)i+n*+2n—1>0
oM +2—VBn2—=20n+24 . 5n+2++5m2—20n+24
&1 < or ¢ > .
10 10
As 1 < \,_1, it is enough to show that

5(n—1)+2—+/5(n—1)24+20(n — 1) + 24 - 5n + 2 — v/5n? — 20n + 24 .
10 = 10

S50 —3—vV5m2+10n+9<5n—8 —Vbn2 —20n + 24

& 54+v5n2 —20n+ 24 < V5m2 4+ 10n + 9

< Vhn2 —20n+24 < 3n —4

sn®-n—-2>0

& (n+1)(n—2)>0,

which is clear for any n > 4. It follows that \,_; < x,. It remains to show that if
1> A4+ 1, then

e zwaice) = (")« (1) = (1) ()

By Lemma 4.2 ¢ > Ay +1 > A1, (":z) > (”_i_l). We have to show that

i+1
(n—i—?) (n—i—?))

. > .

1—1 - l

n—1i—2 1

(n—2i—2)(n—20—1) — 1
Sin—i—2)>n—-2i—2)(n—2i—1)
& 52— (5n —8)i+n* —3n+2<0

_8— 2 _ _ 2 _
<:>5n 8 \/5176 20n+24§i§5n 8+\/51no 20n + 24

Since ¢ > A\,_4 + 1, it is enough to show that
5n — 8 — v/b5n? — 20n + 24 - 5(n—4)—|—2—\/5(n—4)2—|—20(n—4)—|—24+

=

1
10 10
5n — 8 —v/bhn2 —20n+24  5n — 18 +/5n2 — 20n + 24
< < +1,
10 10
which is clear. Thus x, < A\,_4 + 1. O

Theorem 5.5. With the above notations. Let A be the artinian monomial algebra asso-
ciated to CE,. Then A has the WLP if and only if n € {4,...,8,10,11, 14}.
14



Proof. By using Macaulay?2 to compute the Hilbert series of A and A/¢A with 4 < n < 20,
we can check that:

e A has the WLP for each 4 <n < 14 and n ¢ {9, 12,13};

e forn € {9,12,15,16, 18,19}, then A fails the surjectivity from degree x,, to degree
Xn + 15

e forn € {9,13,17,20}, then A fails the injectivity from degree y,, — 1 to degree x,,.

Now assume that n > 21. We will prove that A fails the surjectivity from degree x,, to
degree x, + 1. The proof is completely similar as in the proof of Theorem 4.8. Recall that
we will denote by A,, the artinian monomial algebra associated to P, and by A, the mode
of the independence polynomial of P,. By Lemmas 4.2 and 5.4, A\, _ 1 < x» < Ay +1 <
An_1 + 1. We consider the following two cases.

Case 1: x, = \,_1. In this case, we will show that A fails the WLP by the failure of the
surjectivity from degree y,, to degree x,, + 1. It implies from the exact sequence

‘Tn—1

00— A,_4(—1) A Any 0.

Case 2: x, = A\,_1 + 1. In this case, Lemma 5.4 yields \,,_1 = A\,_4. As in the proof of
Theorem 4.8. Denote y; = x,,y2 = x,_2, we have the following diagram

[(@n-1) /(@n—3) Hy1.y2) } -
[A]Xn [An—l]/\n_l-‘rl [A 4® (y1,92)? An_a+1 0
Y] ~£| L'K
klyi,y2
Al Ayl 1eo Ao fnsl] 0

Since the third vertical map of the diagram fails the surjectivity at degree \,_4 + 1, we
conclude that first vertical map in the diagram fails the surjectivity at degree \,_4+ 1 =
Xn, as desired. O

Now, we show the basic property of the mode of independence polynomial of Pan,,.

Lemma 5.6. The independence polynomial I(Pan,;t) of n-pan graph is unimodal. Let
Cns X, P and N, be the mode of I(Pan,;t), I(CE,;t),T(Cy;t) and I(Py;t), respectively.
Then Xni1 <G < pp+1 <A+ 1< xpe1 + 1.

Proof. By Proposition 2.12, we have

a(Pany)

I(Pan,;t s;(Pan,)t'
)
1=

(Cnvt)+tI<Pn 1;)
= I( n1>) t(I(Po-s;t) + I(Poo13t))

L[

15



Therefore, we have

= (") (15 ()
_ <n—z+1> N (n;_@;l) N <7Z__22>
— 5i(CBy) + (7;_— 2)

Now for any i < x,.1, hence s;_1(CE, ;1) < s;(CE,.1). We have to show s;_;(Pan,) <
s;(Pan,). It suffices to show that

n—i+1 < n—1i

1—3 —\i—2
PN n—i+1 < 1

(n—2i+3)n—2i+4) ~ i—2
=5 — (5bn+17)i+n*+9n+14 >0

. bn+17—+/5n?2 —10n+9 . n+17++vb5n? —10n+9
<—1 < ori > .

10 10
By Lemma 5.4, 1 < xpa1 < Ap_3 + 1, we need to show

5(n—3)+2—+/5(n—3)2+20(n—3) +24 5n + 17 — +/5n2 — 10n + 9

+2<

10 10
Sn+T7— VB2 —10n+0  Sn+17— B2 —10n+9
— 10 = 10 !

which is clear. Thus x,+1 < G,.
Now for any 7 > p, + 1. Since

a(Pang)
I(Pan,;t) = Z s;(Pan,)t'
i=0
= I1(Cy;t) + tI(P,_q;1),
we get s;(Pan,) = s;(Cy,) + s;_1(Pn_1). Since i > p, + 1, we get i — 1 > p, > A\,1. It
follows that s;(C,) > s;41(Cy) and s;_1(P,—1) > s;(FP,_1). Thus s;(Pan,) > s;11(Pan,),
which implies (, < p, + 1. The two last inequalities are clear. ([l

Now we show the following theorem.

Theorem 5.7. With the above notations. Let A be the artinian monomial algebra asso-
ciated to Pan,, (n >4). Then A has the WLP if and only if n € {4,...,10,12,13,16}.

Proof. By using Macaulay?2 to compute the Hilbert series of A and A/¢A with 4 < n < 20,
we can check that:

e A has the WLP for each 4 <n <16 and n ¢ {11, 14,15};
e for n € {11,14,17,18,20}, then A fails the surjectivity from degree ¢, to degree

Co + 1;
16



e for n € {15,19}, then A fails the injectivity from degree ¢, — 1 to degree (,.

Now assume that n > 21. Recall that we denote by A, the artinian monomial algebra
associated to P, and by A, the mode of the independence polynomial of P,. By Lem-
mas 4.2 and 5.6, xp11 < G < pn+1 < A\, +1 < xpni1 + 1. We consider the following two
cases.

Case 1: (, = Xny1- In this case, A fails the surjectivity from degree (, to degree (, + 1
by using the exact sequence

‘T1Tn+1

00— Anfg(—2>

A Acg,,, —0

and Theorem 5.5, where Acg,,, is the artinian monomial algebra associated to CE, ;.
Case 2: (, = Xny1 + 1. In this case, Lemma 5.4 yields A\, = p,, = (,—1. Since \,—\,_3 <
1, we consider the following two subcases:

Subcase 1: A\, = \,_3. As in the proof of Theorem 4.8, denote y; = z,,ys = T,_2, We
have the following diagram

/(xn_1) /(®n—2) k[y1,y2]} S
[A]Cn [An]/\n—H [A”_3 ® (y1,92)? An_z+1 0
Y ~12| L'f
k[ylva] - 5
[A]CnJrl [An]/\n+2 [A”*?’ ® (y17312)2i| M 342 0.

Since the third vertical map of the diagram fails the surjectivity at degree \,_3+ 1 = (,,
we conclude that first vertical map in the diagram fails the surjectivity at degree (,.
Subcase 2: A\, = \,_3 + 1. Set

m=max{j | j <nand \; = \;_1 + 1}.

Then n — 2 <m <n. Set

_Jrp o ifm=n-2
v= Tpi1 fm=n-—1

Then we have the following diagram

00— [An]¢, 1 —— [Al.

Since ¢, —2 = A\, — 1 = A\, — 1, we have the first vertical map of the diagram fails the
injectivity at degree \,, — 1 by Proposition 4.5. It follows that the second vertical map of
the diagram fails the injectivity at degree ¢, — 1. To complete the proof of Theorem, we
consider the case where m = n. In this case, one has p, = A\, = \,,_1 +1. By Lemmas 4.2

and 4.7, \,_1 = A\y_4 = A5 + 1. Hence \,_4 = (, — 2. Now we consider the following
17



diagram

0—[Apdle,—2 5 ——— 4.

By Proposition 4.5, the first vertical map of the diagram fails the injectivity at degree
Ay — 1 = (, — 3. It follows that the second vertical map of the diagram fails the
injectivity at degree (,, — 1. Thus we complete the proof of Theorem. O
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