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Discretized sum-product type problems: Energy variants and
Applications

Ali Mohammadi * Quy Pham T Thang Pham * Chun-Yen Shen®

Abstract

In this paper we establish non-trivial estimates for the additive discretized energy of

> [{(a1, a2,b1,b2) € A% x B*: |(ay + cby) — (az + cbo)| < 6},
ceC

that depend on the non-concentration conditions of the sets. Our proofs introduce a number
of novel approaches which make use of a combination of methods from both continuous and
discrete settings including a pivoting argument, which has been used in the finite field setting
due to Murphy and Petridis, the recent Guth-Katz-Zahl’s method for the discretized sum-
product problem and a Dabrowski-Orponen-Villa point-tube incidence bound. As applications,
we obtain a number of improvements on the size of the §-covering of sets A+ cB and C(A+ A).
Furthermore, for compact sets A, B C R, we also prove new explicit upper bounds on the
quantity dimg{c € R: dimg(A + ¢B) < a + €}. Our approach leads to considerably shorter
proofs over the previous works due to Bourgain and Orponen.
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1 Introduction

Let 6,0 € (0,1). A set A C R is called d-discretized if it is a union of closed intervals of length
5. A o-discretized set A is called a (8, 0)-set if |A| ~ 177 and it satisfies the non-concentration
condition |[A N I| < |I]|7]A| for all intervals I. Roughly speaking, we can consider a (§,0)-set a
discrete analogue of a set of Hausdorff dimension o.

Bourgain [4] proved that any (0, 0)-set cannot be approximately closed under both addition and
multiplication. More precisely, if A C [1,2] is a (4, 0)-set, then there exists € = €(o) > 0 such that

max {|A+ A|,|A- A|} Z § A (1)

Here by | X|, we mean the Lebesgue measure of X. This result settles a conjecture of Katz and
Tao in [21] for o = 1/2. The recent work of Guth, Katz, and Zahl [I5] provides a new proof of (II)
o(l—o)

4(7+30)"

with explicit exponent €, namely, the estimate (II) holds for any 0 < € <

Such results have found many applications in the literature on various topics in geometric measure
theory and related areas including Borel rings in real line, distance sets, orthogonal and radial
projections, Besicovitch and Furstenberg sets, and spectral gaps. We refer the reader to [2, B, 4]

[, (6] [7, 10, 11 [12] 16l 211 22], 24 [34] B35] B6] and references therein for more details. A number of
generalizations with applications in different settings can also be found in [, [8] 17, 18] 19} 23], 37].

Following this trend, in this paper, we explore more deeper properties of discretized sum-product
type problems with an emphasis on energy variants and applications. Our work is motivated by
earlier results on the A + ¢B problem due to Bourgain in [4] and Orponen in [30, 29 BI]. Let
us first start with the following theorem of Bourgain in [4]. Recall that a set A C R is called
d-separated if every two elements in A have distance greater than J.

Theorem 1.1 (Bourgain, 2010). Given o € (0,1) and v,n > 0, there exist €p,€ > 0 such that
the following holds for all sufficiently small § > 0.

Let v be a probability measure on [0,1] satisfying v(B(z,r)) <17 for allz € R and § < r < §.
Let additionally A C [0,1] be a d-separated set with |A| = 6=, which also satisfies the non-
concentration condition |AN B(z,r)| < r"A| forz € R and 6 <r < §.

Then, there exists a point ¢ € spt(v) such that
|A+ cAls > d |A|.

Here | - |5 refers to the §-covering number of A, namely the size of the smallest covering of A by
intervals of length 0.

In the above theorem, ¢ € spt(v). To see the ABC version, i.e. assuming C is a d-separated
set satisfying |C' N B(z,r)| < rY|C| for all z € R and 6 < r < %, we choose the uniformly
distributed probability measure v on the d-neighbourhood of C' such that v(B(z,r)) < r7, namely,

v(X) = % The theorem above tells us that there exists ¢ € spt(r) such that

|A+ cAls > 5 ¢|Al.

This implies that there exists ¢ € C' with |A + cA|s > 67¢|A|. This can be explained as follows.
Assume ¢, is such an element in spt(r) and ¢ € C'is an element such that |c —c,| < §. We observe
that if C is a covering of A + cA by d-balls, then for each ball in C, adding two translations to the
left and to the right by J, we would have a covering of A 4+ ¢, A. This gives the desired conclusion.

Orponen [30] recently obtained a stronger result that extends Bourgain’s result for different sets.

Theorem 1.2 (Orponen, 2021). Let 0 < f < a < 1 andn > 0. Then, for everyy € ((a—p)/(1—
B), 1], there exist €, €y, oo € (0, %], depending only on «, 3,v,n, such that the following holds. Let



§ € 27N with 6 € (0,00], and let A, B C §Z.N [0, 1] satisfy the following hypotheses:
(A) 14] <57

(B) |B| > 678, and B satisfies the following Frostman (non-concentration) condition:
|BN B(z,r)] <r"B|, YrxeR, 6 <r <d5?.

Further, let v be a Borel probability measure with spt(v) C [%, 1], satisfying the Frostman condition

v(B(z,r)) <717 forx € R and 6 < r < §. Then, there exists a point ¢ € spt(v) such that

|A+cBls > 67¢|Al.

Orponen also made the conjecture that the sharp lower bound for v should be v > o — f3.

Conjecture 1.3. Let o, 3,7 € (0,1) with o > 8 and v > a — . Assume that A, B C [0,1] and
C C [1/2,1] are 6-separated sets with cardinalities |A| < 6=%, |B| = 67, and |C| = 677. Assume
moreover that |B N B(x,r)| < rP|B| and |C N B(x,r)| < rY|C| for all z € R and r > 0. Then,
there exist € = €(ov, B,7) > 0 and a point c € C' such that |[A+ cB|s Za,p~ 0 |A]|.

This conjecture is made based on a number of examples in the discrete setting. Let A, B,C be
finite sets in R. It is well-known that one can use the Szemerédi-Trotter theorem [33] to show that
if |B||C| 2 |A| then there exists ¢ € C such that |A + ¢B| 2 |A|. For reader’s convenience, we
reproduce the argument here. For any ¢ € C, let L. be the set of lines of the form z = r — ¢y with
r € A+ cB. Let L = UgecLe. Then it is clear that |L| < |C|max.cc |A + c¢B|. We observe that
I(A x B,L) > |A||B||C|. Thus, the Szemerédi-Trotter incidence theorem gives

AlIBIIC| S [AP2|BI*R|CPP/? max |4 + cBJ*/?,
ce

which gives
max |A -+ cB| 2 || B]|C] 2
ce

In other words, if one wishes to have |4 + ¢B| > |A|'T¢ for some € > 0, then the condition
|B||C] = |A|**2€¢ is needed. The following example, taken from [30], also tells us that this condition
is sharp. For n € N, define

1 2 1 2
An:{m, W,...,l}, Bn:{m, W,,l}:Cn

We can check that for every e > 0, there exists n € N such that |A4,, + C,,B,| < nf|A|. The same
happens in the finite field setting. We refer the reader to [32] for more discussions.

If we assume A and B are Ahlfors-David regular sets in [0, 1], then Conjecture [[3]is known to be
true in [29]. In fact, in [29], Orponen proved a much stronger statement as follows. Let A, B C R
be closed sets, where A is a-regular and B is S-regular. Then

dimg {c € R: dimg(A+¢B) < a+ 5(2%_5)} =0. (2)

For general sets, in another paper [3I], Orponen proved the following result.

Theorem 1.4 (Orponen, 2022). Let0 < f < a <1 and o > 0. Then there exists e = e(a, ,0) >
0 such that if A, B C R are Borel sets with dimy(A) = a, dimy(B) = 3, then

dimg{c € R: dimyg(A+cB) <a+¢€} < ?;ﬁ +o.



In particular,

™

dimg {c € R: dimy(A+¢B) =a} < ?_ﬁ'

To prove this theorem, the following upgraded version of Theorem is crucial.

Theorem 1.5 (Orponen, 2022). Let 0 < f < a < 1 and n > 0. Then, for every v € ((a —
B)/(1 = B),1], there exist €g,€,59 € (0,1/2], depending only on «, B,7,n, such that the following
holds. Let § € 27N with & € (0,60, and let A, B C 6Z.N [0, 1] satisfy the following hypothesis:

o A <o

o |B| > 65, and B satisfies the following Frostman condition

|BN B(z,r) <r"|B|, VxeR,§<r<dq.

Further, let v be a Borel probability measure with spt(v) C [0,1], and satisfying the Frostman
condition v(B(x,r)) <17 for all zx € R and 0 < r < §°. Then, there ezists ¢ € spt(v) such that
the following holds: if G C A x B is any subset with |G| > 0| A||B|, then

me(G)ls > 6714l

where m.(a,b) = a + cb.

The main purpose of this paper is to study energy variants of these results. More precisely, let
5 €2 N and A,B C 6ZN[0,1] and C C [1/2,1] be §-separated. Suppose that

1
>~ (a1, az, b1, bo) € A% x B2 : |(a1 +cby) — (az + cba)| < 8}1s = - |41 B *[C.
ceC

We aim to give a number of lower bounds on K depending on different non-concentration conditions
of the sets A, B, and C. As applications, we obtain a number of improvements on the d-covering
problems and their Hausdorff dimensional versions.

Our first energy theorem is stated as follows.

Theorem 1.6 (First energy theorem). Let 6 € 27N, and A, B C §ZN[0,1] and C C [1/2,1] be
d-separated. Suppose that

1
> (a1, a2,b1,b2) € A% x B : [(a1 + cby) — (az + cba)| < 0}|s = = AR B ).
ceC

Let o, B,7v,n € (0,1) with a > B. Assume that |A| = 0=, |B| = 67, and |C| = 6=7. There exist
€,€0,00 € (0,1/2] such that the following holds for § € (0,0d0]. If

|BN B(z,r)| Sr'|B|, Ve e R, 6 <r <,

and
|CNB(z,r)| Sr7|Cl, Ve e R, § <r <9,

then K can be bounded from below by

K 2 min{§—</34, §7c0B/2 57e07/8),

We now list several applications of this energy theorem. The first one is a robust version of
Theorem LTI



Theorem 1.7. Let o,7v,n € (0,1). There exist €,¢€p,00 € (0,1/2] such that the following holds.
Let 6 € 27N with 6 € (0,00], A C 6ZN[0,1] with |A| = 6%, and C C 6Z N [1/2,1]. Assume that

|[AN B(x,r)| Sr"A|, Ve e R, 6 <r < §°,

and
|CNB(x,r)| <r7|C|, Ve e R, § <r < 6.

Then, there exists ¢ € C such that the following holds: If G C Ax A is any subset with |G| > 6| A|?,
then
me(G)ls = 67| Al,

where w.(G) = {a + cb: (a,b) € G}.

We note that Theorem [[7] was first proved in Bourgain’s paper [4]. The higher dimensional
version was also studied by He in [I8]. Compared to their approach, our proof of Theorem [L.7] is
much simpler, which is one of the novelties of this paper. As a consequence, overall, a short and
self-contained proof of the following theorem, originally from [4], is derived.

Theorem 1.8. Let A C R be a compact set with dimpg(A) = a with 0 < a < 1, and o0 > 0. Then
there exists ( = ((«, o) such that

dimpy {c € R: dimg(A+cA) <a+(} <o.

In particular,
dimg {c € R: dimy(A+ cA) = a} =0.

Another application of Theorem we have to mention here is the following discretized sum-
product type estimate on the set C(A + A).

Theorem 1.9. Given o € (0,1) and v,n > 0, there ezist €y, > 0 such that the following holds
for all sufficiently small 6 > 0. Let C' C [1/2,1] be a d-separated set satisfying

€N Bz, r)| < 7|

foralld <r <0 and x € R. Let additionally A C [0,1] be a 0-separated set with |A| = 6%, which
also satisfies the non-concentration condition |A N B(x,r)| < r"A| forz € R and § <r < 6.
Then, we have

[C(A+ A)ls = 07|A]
In the next two energy theorems, we focus on finding explicit lower bounds of K. This task is
important and crucial to prove versions of the dimensional estimate (2]) for general sets A and B.

Our second energy theorem reads as follows.

Theorem 1.10 (Second energy theorem). Let 6 € 27N, and A, B C §Z.N[0,1] and C C [1/2,1] be
d-separated. Suppose that

1
S (a1, a2,b1,b2) € A% x B : [(a1 + cby) — (az + cba)| < 0}|s = = 1A1X?|B2|C).
ceC

Let o, 8,7 € (0,1) with o+ B > 1. Assume |A| =6 %,|B| =67, and |C| =67, and

AN B(xz,7)| < Mr®|A|, |BNB(z,r)|<MrP|B|, Vé<r<1, zeR,



for some M > 1, then K can be bounded from below by

a73,874'y+2'y(a+,8)7a2+32+2
K Z ) 2(3—a—B)

Note that, in the statement of Theorem [[LI0] taking o = 3 > 1/2 and « > 1/2, then we have the
bound
—v(4—4a)+2—2a

K 2 ) 2(3—2a)
Compared to the first energy theorem, while we require § < r <1 instead of § < r < §% for some
0 < €¢p < 1, no non-concentration condition on C' is needed.

We now discuss some consequences of this new energy theorem. As above, we directly obtain
d-covering results for the A+ ¢B and C(A + A) problems.

Theorem 1.11. Let A, B C 6Z.N[0,1] and C C [0,1] with |A| < 6=, |B| > 67?, and |C| =677
Suppose that o+ 3 > 1,
AN B(z,r)| S %Al

and
|BN B(z,r)| < rP|B),

for all 6 <r <1 and x € R. Then there exists ¢ € C' such that

—68—4y—2a2 +4a+282+2+27(a+8)

A+cBls 2 6 i A

Theorem 1.12. Let A C 6Z N [0,1] and C C [1/2,1] be d-separated. Suppose |A| = 6~% and
|C| =677, with o,y € (1/2,1). Assuming

|[ANB(z,r)] < Mr®|A|, Vo <r <1, z€R,
for some M > 1, and sufficiently small § > 0. Then there exists € > 0 such that
[C(A+ A)ls = 0[A],
where

6_204—1—47—4047—2
N 6 — 4a '

We now move to the next theorem, which presents an explicit energy variant of Theorem

Theorem 1.13 (Third energy theorem). Let A, B C 6Z N [0,1] and C C [1/2,1] be §-separated.
Suppose that

1
>~ H(araz,biby) € A? x B : |(a1 +cby) — (a2 + cba)| < 3}s = - |4 1B *[C.
ceC

Let o, 3,7 € (0,1) with o > f. Assume in addition that |A] < 6%, |B| = 677, |C| = 67 with
0 € (0,d0], and

|BN B(z,r)| Sr'|B|, Ve € R, 6 <r < §°,

and
|CNB(x,r)| Sr7|C|, Ve e R, 6 <r < §°,



for €9, 60 € (0,1/2) depending on «, 3,~v,n. Then, for all e >0, K can be bounded from below by
K 2 |10g 6|99 min{ My, My, My, My, My},

where L,
My=6"7, (I®)
M =T @)

~ 3y=8B8+41—¢(3—7) _ 4y—=98+1—¢g(3—7)

]\42 = max {5 16mo +36mq ’5 16mq +36m1 } , mm)

4y—108—¢€g(3—7) _ 5y—11B—€p(2—m) _ 5y—12B4n—eg(2—7) _ 6v—13B4+n—eg(1—n)

M3 = max {5_ 16mg +44mq ’5 16mg +44my 75 16mo +44my 75 16mg +44mq } , (BIIIB]]BZLBE)

_ 6v—14B—¢(3—v) _ Ty—16B+n—€g(2—7) _ Ty—158—¢p(2—m) _ 8y—17B4+n—eg(1—n)

M, = max {5 20mg +54my ’5 20mg +54my ’5 20mg +54my ,5 20mg +54my } , (Bﬂmm)

for positive constants my, mg > 1 (given by the Balog-Szmerédi-Gower theorem [2.2 below).

Compared to the first two energy results, this theorem has more applications. In particular, the
next two applications are explicit versions of Theorem

Theorem 1.14. Let o, B,m € (0,1), B < a < (218+1)/22. Then, for every v € ((78a—6603)/6,1],
there exist e, 9 € (0,1/2], depending only on «, 3,7,n, such that the following holds. Let § € 2~N
with 6 € (0,0¢], and let A, B C [0,1] be §-separated sets satisfying

o A <@

e |B| > 0%, and B satisfies the following Frostman condition

|BN B(z,r)] <r"|B|, VeeR,d<r<a5o.

Further, let C be a ¢-separated set in [1/2,1] with |C N B(x,r)| < 7 |C| for all x € R and

~

0 <r < d%. Then, there exists c € C' such that the following holds for any e satisfying

4~ — 74 1 —
O<e<min{ v — Tda + 655 + ’67 780z+66ﬁ}‘

444 468
If G C A x B is any subset with |G| > §¢|A||B|, then

[me(G)ls = 67 Al.

Theorem 1.15. Let a, 5,1 € (0,1), f < a and o > (215 + 1)/22. Then, for every v € ((T4a —
658 — 1)/4,1], there exist €y,00 € (0,1/2], depending only on «,B,7,n, such that the following
holds. Let 6 € 27N with § € (0,8], and let A, B C [0,1] be §-separated sets satisfying the following
hypotheses:

o Al <o @

e |B| > 6P, and B satisfies the following Frostman condition

|BN B(z,r)] <r"|B|, VxeR,d<r<so.

Further, let C' be a d-separated set in [1/2,1] with |C N B(x,r)| < Y |C| for all x € R and
0 <r <. Then, there exists c € C' such that the following holds for any € satisfying

4~ — 74 1 —
O<e<min{ v — Tda + 655 + ’67 780z+66ﬁ}.

444 468



If G C A x B is any subset with |G| > §¢|A||B|, then

[me(G)ls = 67| Al.

On the one hand, while Theorem [[.14] and Theorem offer explicit exponents for ¢, the ranges
for 7 is worse than that of Theorem [[LBlwhen (o — ) — 0. There is one point we should emphasise
here, that if we want v — 0 as (a— ) — 0 then we would need K > §¢, for some € > 0, whenever
~v > 0. Unfortunately, the statement of the third energy theorem says that + is bounded from below
by a function in 5. A quick explanation for this matter will be provided in the section “sketch of
main ideas”. On the other hand, since Theorem [[A was proved by using a number of reductions to
Theorem [I[.2] which is long and sophisticated, one might think that the same framework holds for
the two theorems above. This is true, but the expilicit value of € would be much smaller compared
to those presented above.

With these two theorems in hand, we now can adapt an argument from [31] to prove the Hausdorff
dimensional theorems for the A + ¢B problem.

Theorem 1.16. Let 0 < f < a < 1 with 22a < 218+ 1. If A,B C R are compact sets with
dimpg(A) = «, dimg(B) = 3, then, for any

_ 39218 +1 - 22q)
699 ’

we have

78 — 66
TS0 =665

dimg {c € R: dimgy(A+¢B) <a+z} < G

g,

for any x smaller than

1 . 20 —22a+216+1 o
— - min , —— .
518 182
Theorem 1.17. Let 0 < 8 < a < 1 with 22a > 215+ 1. If A, B C R are compact sets with
dimg(A) = «, dimg(B) = 3, then, for any

74(330 — B3 -3
o> ( « 2/8 2)7
870

we have
T4 — 6508 — 1

1 to,

1 . 30+33a—@—% o
g 546 " 959 [

dimg {c € R: dimgy(A+¢B) <a+z} <

for any x smaller than

The last application is an explicit version of Theorem on the problem C(A + A).

Theorem 1.18. Let A C §ZN[0,1] and C C [1/2,1] be §-separated. Suppose |A| =6=%, |C| =67
with v € (2a,1), 6 € (0,0p], and

|[ANB(z,r)| Sr"Al, Ve e R, § <r <%,

and
|CNB(x,r)| <r7|C), Ve e R, § <r < 6%,

for eg, 8o € (0,1/2) depending on «,~,n. Then for any

4y — 1 —12
O<f5<min{7 Jatl by a}’

148 T 156



we have

[C(A+ A)ls = 67|A]

Sketch of main ideas

In this section, we briefly discuss methods/techniques we use in this paper. We recall that the
main purpose is to find lower bounds of K in the following identity:

1
>~ H(as,az, by, bo) € A% x B : |(a1 +cby) — (a2 + cba)| < 8}1s = = - |41 B *[C.
ceC

The first step, which is needed for all the three energy theorems, is to prove the existence of subsets
B' C B, C' C C, points ¢* € C, and + < p < 1 such that

|c*B' + ¢B'|5 < (pK)*™2 M B/ Ve e
|B' + B'[s < (pK)*"= ™| B,

B C|p|logd|~?
(pK)™ (pE)*m
To prove the first energy theorem, we need to check that B’ and C’ satisfy the non-concentration
condition of Theorem [Tl As a consequence, Theorem [LT] gives us a lower bound for |B’ + ¢B’'|s
for all ¢ € (¢*)~'C. Combining with the upper bound, we get the desired lower bound for K.

To prove the second energy theorem, we introduce an approach of using the recent point-tube
incidence bound due to Dabrowski, Orponen, and Villa in [9]. More precisely, we observe that the
number of tuples (a1, as, by, bz, c) € A2 x B2 x C such that

\(al +Cbl) — (a2 +Cbz)‘ <¢

is |A|2|B|3/2|C|K~!. For a fixed ag, the expression |(a; — as) — c(by — by)| < § infers that the
point (be, a; —ag) belongs to the d-neighborhood of the line defined by y = ¢(x —by). So the energy
estimate is reduced to a point-tube incidence bound.

To prove the third energy theorem, we use Lemma in the next section to give a lower bound
for the set D = (B’ — b1) N (b — b3)C’, for some by, by, by € B’. More precisely, we have

Dy [Clllos o] !
K4 |B|

Note that we will need |C| > K*™|B| to guarantee that D is non-empty. The proof then proceeds
by establishing upper and lower bounds on sum sets of the form |d11~) +doD + - + d2.5|5, for
elements d; € ¢’ — C" and the set D is an appropriately large subset of D satisfying small sum set
condition. To prove an upper bound, we rely on the d-covering variant of Pliinnecke’s inequality,
Lemma [Tl and the estimates of Theorem Bl making use of the fact that D C B — b;. To obtain
a lower bound, we follow the Guth-Katz-Zahl approach in [I5] with suitable changes along the way
clarifying and quantifying many of the steps. One of the biggest challenges in this approach is to
optimize all parameters, roughly speaking, based on the definition of D, in the proof, if we have
to bound the d-covering of D, for some d > §, then there are two ways one can proceed: either
using the non-concentration condition on C or the non-concentration condition on B. Using the
condition from only one set might imply an empty range. Overall, at the end, we have at least
64 ranges for K. This requires much work to figure out the best range for our purposes. It is
very natural to ask if the argument presented in this paper can be improved to solve Conjecture
completely. At least to us, it is not possible when working with the set D. This can be seen
clearly from the fact that we need |C| > K*™|B| to guarantee D # ). So the range v > o — 3



is not sufficient for this purpose. The reader should keep in mind that the lower bounds of K
only depend on the sets B and C, and are independent of the size or structural properties of A.
Therefore, this approach might be useful for other geometric and sum-product type questions.

2 Basic lemmas from Additive Combinatorics

The first lemma is obtained by using the Cauchy-Schwarz inequality and a dyadic pigeon-hole
argument.

Lemma 2.1 (Lemma 19, [26]). For a finite set T and a collection {Ts: s € S} of subsets of T,

i.e. Ts CT. Then
2
() <m 3 mom

seS s,s'eS
Further, if there exists § > 0 such that

> I = 618||T,
ses
then there exists a subset P C S x S such that
1. |[TsNTy| > 62|T|/2 for all pairs (s,s') in P.
2. |P| > 6°|5)%/2.
The next result is known as the Balog-Szemerédi-Gowers theorem.

Theorem 2.2 (Theorem 6.10, [38]). Let k > 1 be a parameter. Let A and B be bounded subsets
of R". If

1
[{(a1,a2,b1,b2) € A% x B2t (a1 +b1) = (a2 +bo)| < 6} 2 = - |4];*BJ} %,

then there exist A’ C A, B’ C B, and constants my,mo > 1 such that
|A'ls 2 K™ [Als, | B'ls 2 K™ |Bls,

and
A + B'|; S K™|AlY? B}

We remark that one can take m; = 1 and my = 7 as in [39]. For a set X, we call a set X a
S-refinement of X if X' € X, and |X'|s > |X|s/2. We recall the following d-covering version of
Pliinnecke’s inequality.

Lemma 2.3 (Corollary 3.4, [15]). Let X,Y1,...,Yy be subsets of R. Suppose that | X + Yi|s <
K;|X|s for each i =1,... k. Then there is a 0-refinement X' of X so that
X Y+ Yo+ 4 Vs S (T KG) [ X 5

In particular,
Y1+ Yo + ...+ Yils S (I, KG) [ X 5.

As mentioned and proved in [I5], we often need to replace the d-covering of a set with a larger
scale. The lemma below also plays an important role for this purpose.

Lemma 2.4 (Lemma 2.1, [I5]). Let X C [1,2] be a d-separated subset and suppose that | X| =0~
for some 0 < o < 1. Suppose that
| X + X5 < K|X]|.
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Then for every € > 0, there is a subset X' C X with |X'| Z §¢|X|, such that
X'+ X' S 0TK|X),,

for all 6 <t <1, with the implicit constants depending on o and €.
We recall a simple, but useful result proved in Theorem C of Bourgain’s paper [3].

Lemma 2.5. Let X,Y be finite subsets of an arbitrary ring and let M = maxycy | X +yX|. Then
there exist elements x1,x2,x3 € X such that

YI|X
(X =21 " (- )] 2 AL

We also need Ruzsa’s triangle inequality for finite sets and its d-covering variant from [I5].

Lemma 2.6 (Ruzsa triangle inequality). Let G be an Abelian group and let X,Y,Z C G be finite
subsets. Then

IX =Y Y —Z|

X - 2| < :
Y]

and
IX+Y]|- Y+ Z]

Y]

X + 27| <

Lemma 2.7 (Proposition 3.5, [15]). Let X,Y,Z be subsets of R. Then

X -Y|;-|Y - Z|s

X_Z(st 9
| | Y5

and

IX+Y|s-|Y+Z|s
Y5

X + 2|5 S

3 A structural theorem: good subsets of B and C

The main theorem in this section is the following. Roughly speaking, it says that if we have the
energy equality

1
> {(ar,az,bi,b) € A% x B ¢ (a1 + eby) = (az + cbo)| < 6}ls = 2 - |47 BI;*|C.
ceC

then one can find subsets B’ C B and C’ C C such that the sets B’ + B’ and B’ + ¢B’ have small
d-covering for all ¢ € C’. This theorem can be viewed as the discretized version of [26], Proposition
4] due to Murphy and Petridis in the finite field setting.

Theorem 3.1. Let § € 27N, and A, B C §Z.n1[0,1] and C C [1/2,1] be §-separated. Suppose that

1
> (a1, a2,b1,b2) € A% x B : |(ax + eby) — (az + cbo)| < 6}s = 7~ AR B ).
ceC

There exist subsets B' C B, C' C C, points ¢* € C, and + < p < 1 such that
|c*B' + cB'|s < (pK)*™2t6m B vee O,

B+ Bls S (pK)?™ 2™ B,

11



|B| | I| > |C|p|10g5|_1
(pE)m™ = ™~ (pK )™

1B’ 2

Proof. For each c € C, set
f(S(A,cB) = ‘{(al,ag,bl,bg) S A2 X B2 : ](al + Cbl) — (a2 +Cbg)’ < 5}‘5

We are given
Z Als|Bls)*?|C

ceC

Observe that
f5(A,eB) < |A]?|BI, |A||BJ,

so that we have f5(A,cB) < |A]*?|B>/2. We now look at the equation (G). Without loss of
generality, we can assume that fs5(A,cB) > |A]*/?|BJ3/? /K for all ¢ € C. By dyadic pigeonholing,
we can find an integer N € N and a set C; C C such that for all ¢ € C'1, one has

N APPIBIZ AP BP

=927V,
K pK ’

fé(A’CB)

where p

Notice that 1/K < p < 1 and the fact that 2V < K gives N < log(K). Thus,
[C1] Z |Clp(log K) .

If K > 67!, there is nothing to prove. So we may assume that K < 6! which gives |Cy| >
|Clpllogd|~".
For each ¢ € C, by Theorem 2.2l we can find subsets A° C A and B¢ C B such that

Al |B|

492 e B2 Gy 1A%+ By S (oK) (14151 Blp) 0
for some positive constants mg > my. It is clear that we have |A° x B¢| 2 (p\}‘;|)|21’3"|b1 forall ¢ € C).

Then Lemma 2] ensures that there exists a subset P C Cy x C; such that

A
[(A°x B )N (A° x B )\}VW’
for all pairs (¢,¢') € P and [P| 2 (pllg)lﬁnl . This also yields that there exists ¢* € C7 and C" C Cy
such that |C'] 2, % and
' B' ¢y B [AllB]
(A" x B)n (A xB)\}VW’ 7)

for all ¢ € C’, where we write A’ for A" and B’ for B.

For ¢ € (1, applying the triangle inequality for d-covering () with X = Z = cBOY = A we

have

|A(c) + cB(C)|§ -
FCTR

A]|B]
4@

|B) + B|5 ~ [cB©) +cBY)|5 < (pK)>m < (pK)Pmt™IBL (8)

12



Similarly, for ¢ € C1, using the triangle inequality ) with X = Z = ¢B © )y = —A©) one obtains

A + eBE)3
A

[AllB]

© _ BO|: ~ cB© — ¢B©
|B B'“|s ~ |cB cB'95 < A

< (pK)*™ < (pK)*™ ™| B,

Similarly, for all ¢ € C', one can check that

Al cB(C)|§ -

|
‘A(C) + AL ‘5 S ‘B(C)’ ~ (pK)2m2+m1 ’A‘ (9)
In particular, these estimates imply
A"+ A5 S (pK)*™ ™Al |B'+ B'ls S (pK)*™ ™| B. (10)

Now we turn to estimating |¢* B’ + ¢B'|s. Again, applying triangle inequalities for §-covering from
Lemma 2.7 with suitable sets, one has

’C*B/—FC(BCQB/)’(;‘CBI —i—C(BcﬂB/)’g
(BN B')ls

< ’C*B/ + CBc’(;‘B/ + B/‘g

~ (BN B')s

< |A"+ ¢ B'5|A° + eBs|B' + B'l;

~ [(Ae N A")[s[(Be N B')|s

< (pK)'metom By,

’C*B, + CB/’(; <

where the last inequality follows from ([7l). This gives that
|B' + (¢*)'eB'|s < (pK)*™2 ™ Bl ¥V c e (11)

and |B' + B'|s < (pK)2m2+m1|B|. O

4 Proof of Theorem

Using Theorem B.I, we know that there exist subsets B’ ¢ B, C' C C, an element ¢* € C, and
% < p < 1 such that
|c*B' + ¢B'|5 < (pK)*™2 M B Ve e
B+ B'ls S (pK)2™+2m | B,

|B| | I| > |C|p|10g5|_1

B'| >z
IR Gy TR Ry

To find a lower bound for K, we apply Theorem [Tl with A := B’ and C := C".

We apply Theorem [[LT] with parameters 3/2 and «/2, namely, there exist €,y > 0 such that the
following holds. If
|B' 0 B(z,r)| S r7P|B),

and
|C" N B(z,r)| < r7|C7),

then there exists ¢ € C’ such that |B’ + ¢B'| 2 6 ¢|B’|. Next, we check the non-concentration
conditions of B" and C’. We first have

|B' N B(z,r)| < r?|B| < r’K|B|.

13



If K > 6~08/2 or K > §=°07/8|log §| 7'/, then we are done. Thus, we can assume that K < §~<//2
and K < §7/8|log |~1/°. This gives that

|B'N B(x,r)| < rK|B'| < r?/?|B|,

for 6 < r < g,

Similarly,
|C" N B(x,r)| < r7|C| < rV|C"| K| log 8| < /2|,

for § <r < 0. Note that we used the fact that 1/K < p < 1.

Thus, as above, there exists ¢ € C’ such that
|B" +cB'|s = 6 ¢|B/|.

Notice that we may replace the set C’ above by (¢*)~!C’. On the other hand, we know from
Theorem B.] (recall we may take mg = 7 and my = 1) that

|c*B' + ¢B'|s < K3 B|.
This means that K3* > §=¢, which gives K > §~¢/34. This completes the proof.

Remark 4.1. In the above proof, if we apply Theorem[LA to the set A+cB€ from (@), then a better
lower bound for K might be obtained, but we would need the condition that v > (o — 5)/(1 — J3).

5 Proof of Theorem [I.7l and Theorem [1.8]

Let us recall the statement of Theorem [L71

Theorem 5.1. Let o,y,n € (0,1). There exist €,€,00 € (0,1/2] such that the following holds.

Let 6 € 27N with 6 € (0,680], A C 6Z N [0,1] with |A| = 6%, and C C 6Z N [1/2,1]. Assume that
|[AN B(z,r)| Sr"A|, Ve e R, 6 <r <,

and
|CNB(z,r)| Sr|Cl, Ve e R, § <r <%,

Then, there exists ¢ € C such that the following holds: If G C Ax A is any subset with |G| > 6¢|A|?,
then
[me(G)ls = 6 °IAl,

where m.(G) = {a + ¢b: (a,b) € G}.
Proof. Let X be the set of ¢ € C such that the conclusion of the theorem fails, i.e. for each

c € X, there exists G. C A x A with |G| > 6¢|4|? and |7.(G)|s < 6 ¢|A|. We want to show that
[ X] <lc].

For each ¢ € X, by the Cauchy-Schwarz inequality, the number of tuples (x,y,z,w) € G? such

that |(x + cy) — (z 4+ cw)| < § is at least 5'2—6";‘, which equals 6%¢|A|?. Summing over all ¢ € X and
using Theorem [[.G] one has
CllAP
x|o|ap < AT
x| 4 < €11
This infers c
X| <6
x| <57l
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Thus, as long as K% > 1, we are done.

We now apply Theorem with parameters «, 7, to obtain €, €y, and the conclusion that
K 2 min {5_2/34,5_50‘/2,5_57/8} )

Choose ¢y = €y and

then the theorem follows. O
We are now ready to prove Theorem [[L8 We learn this argument from Orponen in [31].

Proof of Theorem [I.8. Using Frostman’s lemma ([25, Theorem 8.8]), we can find probability mea-
sure 4 supported on A such that

pA(B(x,r)) Sr* Ve e Ryr > 0.

Our goal now is to show that
dimpy (F) < o, (12)

where E := {c € R: dimy(A + cA) < a+ (} for some small (.

Without loss of generality, we may just assume ¢ € [%, 1]. Since if the result holds for any A C R,
and ¢ € [1/2,1], then we write R = {J,,c;, Cn U {0} U,,ez(—Cr) where Cp, = [27,2"F!]. Our proof
below works equally well for each C, and —C,, with all the constants uniformly in n since we
only need that the interval does not contain 0 to avoid degeneracy. When ¢ = 0, the result holds
trivially. In other words we have dimy F < ¢ when we restrict ¢ € (), for every n and this gives
the result.

We will prove the result by contradiction. In other words, suppose the inequality (I2]) does not
hold, i.e.
dlmH(E) > o,

then we will derive a contradiction when ( is small enough. We first find a probability measure v
supported on F such that v(B(z,r)) S r? for all x € R and r > 0, where v > 0. We note that in
our argument we identify the measure v with the maximal J-separated subset C' C spt(v). Notice
that |C| ~ 077 since v(F) =1, and |C N B(x,r)| S r? |C| for all x € R and r > 0.

Fix an element ¢ € E so that dimpy(A + cA) < o + (. It follows that for a given number
8o := 2790 € 27N there exists a family Z., a countable number of disjoint dyadic intervals of length
¢(I) < &g, which covers A 4+ cA such that

> oIt <. (13)

Ie.

Consider the sets T := {m.!(I)} ez, which cover A x A, so that

/E D (wa x pa)(T) dv(e) = 1.

TeTe

Let ) = {I € I, : {(I) = 279} for j > jo and write T¢ := {x;1(I)} reri- By the pigeonhole
principle, there exists j* > jg such that

Z (a x pa)(T) dv(c) 2 j* 2.
TeT?”
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Let us also denote ¢ := 277" for this fixed index j*. By the estimates above, we can find a subset
E} C E of measure v(F}) > j* 2 = log(1/8)~2 such that for each ¢ € E}, the sets T € T/ cover a
subset G. C spt(ua x p14) of measure (pua x pa)(Ge) = log(1/8)~2. Moreover, note that we have

Ime(Ge)ls < 57&7<, ce E(/Sa (14)
by ([@3). For the rest of the proof, we use f < g to denote f < log(1/8)%g for some absolute
constant C' > 0, which may only depend on the Frostman constant of A. In particular, j* 2 z L

Now we need to construct As from A so that we can apply Theorem [[L7to get a lower bound. The
process of constructing these sets is to perform some averaging arguments so that we can pigeonhole
to extract the sets. Now for z € R, let I5(z) € Ds be the unique dyadic interval of length ¢ with
z € I5(2). Fix ¢ € C and given a dyadic number p € 27N let A(p) :={z € A: p < ua(ls(2)) < 2p}

and write A as
U 4@
pe2~N

Since pa(Is(z)) S 0%, we see that A(p) # 0 implying p < 6% We also note that A(p) can be
expressed as the intersection of A with certain dyadic intervals A(p) C Dy.

Let pa(p) be the restriction of py to the intervals A(p). Then

D / o) X 1a(p2))(Ge) ~ 1.
p1

so it follows from the pigeonhole principle that

[ o) % mae) G0 = 1

8

for some fixed choices p, < 0% and p, < d¢. By the pigeonhole principle again, we can find a
subset E5 C Ej so that (pa(pu) X pra(py))(Ge) = 1 for all ¢ € E5. We now define

o 2= pa(pu), o = pa(po),
s0 ||ty || = 1. The measure fi, is supported on the closure of the intervals in A(p,). Let
A= (5 Z) 0 (UAG)

Note that
we AR~ )l 21 = pu AR

Since p, < 0%, we have

~

AY ~ py 25 (15)

In fact one also has |A}| < §7Cif § > 0 is sufficiently small. To see this, fix an arbitrary ¢ € E.
Since (fiy X [iy)(G.) = 1, there exists b € spt(fi,) such that

fu(Ge(b)) = 1, where G.(b) = {z € spt(fi,) : (2,b) € G}
Let H.(b) := {I € A(py) : Gc(b) NI # 0}, we have that fi,(I) ~ p, for all I € H.(b), and
fuy(UH(D)) > fiy(Ge(b)) =~ 1. Moreover, we observe that |G.(b)|s < |m.(Ge)ls, since m.(G.) D
Gc(b) + be. Therefore, we obtain

A5~ ot S out e Au(UHe(D) S 1Ge(b)ls S Ime(Ge)ls<a—¢.
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Next, we also need to claim the non-concentration condition for A§. For r > 4, we note that every
point 2’ € A} N B(z,r) is contained in an interval I/(d) € A(p,) with pa(I(0)) > py. Since
I./(5) C B(z,2r), we thus have

A5 N B(z,r) < pyt - pa(B(z,2r) S py - (2r)% 5 % AL

We now choose a subset A5 C As with |A§| ~ 6=, This is possible since |A¥| £ 6~* means that
|AY| > 67(log(1/6))C for some positive constant C.

We now apply Theorem [[.7] for parameters o and n = «/2 to obtain €, €,y € (0,1/2].

‘We now claim that
| A5 N B(z,1)| < | Aj.

To see this, first we have
|45 N B(z,m)] < py - pa(B(2,2r) S pyt - (2r)* o AY| S 60| Aj-
For 9 <r < 4§, and sufficiently small § and ¢, we have
|45 0 B(z,r)| S 72| Af|.
Theorem [[7 also tells us that |7.(G.)|s > 6 ¢|A5| for some ¢ > 0. Therefore, if ¢ > 0 in the

definition of F has been chosen small enough, then it contradicts the upper bound (I4]). O

6 Proof of Theorem and Theorem [I.11]

To prove Theorem [L.T0] we make use of the following point-tube incidence bound due to Dabrowski,
Orponen, and Villa in [9].

Theorem 6.1. Let 0 <n <d and M > 1. Let V C A(d,n) be a d-separated set of n-planes, and
let P C B(1) C R? be a d-separated (6,t, M)-set with t > d —n, i.e.

PN B(z,r)|s < Mrt|Pls, Y r >0, zeR
For r >0, define Z,(P,V) = {(p,V) € P xV :p e V(r)}. Then we have

’IM(S(Pa V) SM,d,e,t ‘P‘ . ‘V‘n/(d—kn—t) . 5n(t+1—d)(d—n)/(d+n—t).

Here, the Grassmannian A(d,n) is equipped with the metric d4 defined as follows. For V,W &
A(d,n), let Vo, Wy, and a € Vol, be VVOl be unique subspaces and vectors such that

V=W+a W=Wy+0.
The distance between V and W is defined by
da(V,W) = |lmve — 7w llop + [a — bl

where || - ||op is the operator norm.

In the plane, a direct computation shows that the distance between two lines y = ax + b and
y=cx+dis
b d

(@, =D (e, =D

Proof of Theorem 110 The first part is identical with Theorem For the second part, since
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A, B,C are §-separated, the number of tuples (a1, as, by, ba, c) € A2 x B2 x C such that
|(a1 +cb1) — (ag +cba)| <6
is |A|3?|B|*?|C| K.

For a fixed ag, the expression |(a; — as) — ¢(by — by)| < ¢ infers that the point (be, a; — az) belongs
to the d-neighborhood of the line defined by y = ¢(z — by). Let L be the set of such lines.

Since C' and B are d-separated, one can directly check using the above metric to get the set L is
cod separated for some absolute constant cy > 0.

Set P = B x (A — az). Since B and A are d-separated and
|BN B(x,r)| < Mr?|B|,

and

|[AN B(x,r)| < Mr*|A|,

for all 6 < r < 1. Therefore we have
|P N B(x,r)| < M*rtP|P|.

If a+ 8 > 1, then we can apply Theorem to obtain

1 a+pB-1 1

a+p-—1
Ins(P, L) S |PI|L|7==5 65075 = |A||B|(|B||C])5=5 635,

Summing over all as € A, we obtain

1 a+pB—1
[AP2IBPRICIK ™ S JAP|B|(|BI|C)3-aF §3-a-5.
This gives
a—3f—4y+2y(a+B)—a?+%+2
K 2 ) 2(3—a—p) ,
concluding the proof. O

Before proving Theorem [LTT] we first recall its statement. Its proof follows directly from Theorem
[LTQ with the Cauchy-Schwarz inequality.

Theorem 6.2. Let A,B C 6ZN[0,1] and C C [0,1] with |A] < 6=, |B| > 6%, and |C| = 677.
Suppose that o+ 3 > 1,

|AN B(z,r)| S rAl, and |BNB(z,r)| S r7IB],

for all 6 <r <1 and x € R. Then there exists ¢ € C' such that

—68—4y—2a2 +4a+2B2+2+2v(a+8)

A+cBls 2 6 =) A

Proof. We recall from Theorem [L.T0] that

1
>~ l{(ar,az,b1,by) € A x B2 - |(a1 + cby) — (a2 + cba)| < 8}|s = 3 - |47* 1B [0,
ceC
where

a=3f-4y+2y(a+B)—a?+%+2
K 2 ) 2(3—a—p)
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Thus, there exists ¢ € C' such that

KI|BI/2 —68—4v—202 +40+262+2+2~(a+B)
|A+cBls 2 ‘|A]71|/2’A‘ P 2B—a-—p) |Al.
This completes the proof of the theorem. O

7 Proof of Theorem

Using Theorem Bl we know that there exist subsets B’ ¢ B, ¢/ C C, an element ¢* € C, and
% < p < 1 such that
|c*B' + ¢B'|s < (pK)*m2+6my | vee ¢,

|B'£ B'ls < (pk)*™ 7™ | B,

Bl o> [Clpllogd| ™"
(pE)™ 7 ™ (pK)tm™
Notice that it is not possible to expect that the set ¢*B’ + ¢B’ is d-separated for each ¢ € C'.

This means that for each c, the size of ¢*B’ + ¢B’ is not the same as its d-covering. So to proceed
further, we start noting the following fact that

1B 2

|B' +c¢B'| < |B'?, for all c € C. (16)

We remark here that it is not possible to expect |B’ + c¢B’| < |B'|>7¢ for any € > 0 when |C’| is
much larger than |B’|. Indeed, if N is the number of tuples (¢, by, be, b3, bs) € C' X B'x B’ x B’ x B’
such that by + cby = by + cbs, by the Cauchy-Schwarz inequality, one has N is at least |C'||B|?*¢.
We observe that the equation by + cby = by + cbs is equivalent to by —by = ¢(bg — b3). For a fixed by,
the above identity gives an incidence between the line defined by y = ¢(x — b3) + by and the point
(ba,b1) € B’ x B'. So by the Szemerédi-Trotter theorem [33] and taking the sum over all by € B’,
N is at most |B'|3|C"|?/3 + | B'|?|C"|, which is smaller than |B’|**¢|C’| whenever |C’| > |B|3~3¢.
With the fact ([I6]) in hand, we can apply Lemma to find by, by, b3 € B’ satisfying

/ i< €S [C]llogd| ™!
Define
D .= (B, — bl) N (bg — bg)Cl.
m IC] ;
If K4 1 Z W, l1.e.
K > 57| log 54, (18)

then we are done. Otherwise, we can assume that |C| > K*™|B||logd|. This condition implies
that D is non-empty.

Let k = ¢y € (0,1/2) be parameters that will be specified later. To proceed further, we need the
following two lemmas.

Lemma 7.1. Let dy = ¢1 — ¢2 and dg = ¢35 — ¢4 with ¢; € C'. Assume that |¢; — co| < |cg — 4| and
les — cq| > 0" = §°°. Then, for any positive integer k > 1,

(i) With the non-concentration on C, one has

|B|4k+4K(8m2+18m1)(k+1)| log 5|2k+2
[ba — bsl|C[*F+!

|diD + doD + -+ doD |5 <

k terms

-max{|di], |d2|}6° D,
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(i) With the non-concentration on B, one has

’B‘4k+5K(8m2+18m1)(k+1)‘ log 5‘2k+2

s - mac{| i,y [},

|diD +daD + -+ d2D s S

k terms

Proof. First, observe that for k bounded, the set diD+dsD + - - - + do D is contained in an interval

k terms

of length d, with d ~ max{|d], |dz2|}.
Let ¢* € C as in Theorem [[L6] and let D’ be a d-refinement of D. Then we have

1D+ doD + -+ + doDls < | D/ |7V D + dyD + doD + -+ + da D5 (19)
- |c*D" 4+ 1D — coD + ¢3D — 4D + -+ + c3D — ¢4 D
- |C*D/|d '

Thus, the task is now to estimate two terms |¢*D’|; and |¢*D’ + 1D — oD + 3D — gD + -+ +
CgD — C4D‘5.

We will handle the second term first. By Theorem and the fact that D’ C B’ — by, one has
|c*D’ + ¢D|s < |c¢*B' + ¢B'|; < (pK)™™ 5™ B

Then we use Lemma to bound the second term, namely, it is at most

¢ (dma+5m1)(2k+2) ’B‘2k+2 ‘B’4k+3‘ log 5‘2k+1K(4m2+9m1)(2k+1)+4m2+5m1
<

’c*D/‘gk‘-i-l ~ ‘C’Qk—l—l )
where the latter follows by |¢*D|s ~ |D|s 2 |D| 2 %{%‘;ﬂ?.

For the first term, there are two ways to bound it, which will give two different bounds. One way
is to use the non-concentration condition on C', and the other way is to use the non-concentration
condition on B.

(i) First approach: Non-concentration on C.

Recall that D" C (by — b3)C" is a d-refinement of D and |by — b3| > § by the d-separated property
of B. In particular, this yields that

-1
D' |a ~ [(b2 = b3) "D 414, 1)

where (by — b3)"'D C C".
Let I be an arbitrary interval of length d/|by — b3|. From assumption, we know that ‘b#fbg‘ >d >

0% = §°. Thus, the non-concentration condition on the set C' implies that

d
IcCnli|< |b7b|0|5eo(’771) ~ d|by — b3|71|0|5eo(’771)‘
2 — U3

Since ¢* is greater than 1/2, using the above estimate and (7)), we will have an estimate for |¢*D’|4,
namely

-1
|C*D/|d > ’D‘ > ‘1Og5‘ ’bQ — b3‘ )
~ by — ba|-1|C]600-1) ~ dgeo—D)| B[ 4m
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Substituting this and (20) into ([I9]), one has the upper bound

’B‘4(k+1)K(8m2+18m1)(k+1)’ log 5’2k+2

s bl O masc{ld | [da [} .

|diD +dyD + -+ + daD|s S

(ii) Second approach: Non-concentration on B

From hypothesis, we know that |cs5 —c4| > §°°. By a similar argument, using the non-concentration
assumption on B instead, we have

-1
oDl s 1Pl [Clllogdl
~ déco=1)|B| ~ | B]2ZKAm1dgeon—1)

Putting this into (I9]), we obtain the bound

|B|4k+5K(8m2+18m1)(k+1)| log 5|2k+2

|C|2k+2 : maX{|d1|’ |d2|}560(77*1)_

We complete the proof of the lemma. O
We remark that the above lemma is most effective when £ = 1. For k > 1, we have the following
refinement.

Lemma 7.2. Let dy = ¢1 — 2 and ds = ¢35 — ¢4 with ¢; € C'. Assume that |¢; — co| < |cg — c4| and
lc3 — c4] > 0% = 6. Then, for a bounded positive integer k > 1 and for any € > 0, there exists
D C D with |D| > 6¢|D|, such that the following holds.

(i) With the non-concentration on C, one has

1D+ doD + - + doD 5
k t;;’ms
) ‘B’2k+6K(2m2+5m1)k+14m2+31m1 ‘ 10g 5‘k+3

< 5—0(6
~ |CE+2]by — b3

-max{|dy], |dg|}6©OD.

(i) With the non-concentration on B, one has

|diD +dsD + -+ doD |5

k terms
2k+7 17 (2ma+5m1 )k+14ma+31m k+3
_o(e) | BT K Bmatomy) 2rm log 6|

‘C’k-ﬁ-i’)

<46 -max{|dy|, |dg|}6© Y.

Proof. As in the previous proof, we identify a d-refinement D’ of D, which will be needed when
applying Lemma later. Then we apply Lemma [Z4] to find a subset D C D’ such that |D| >
69| D| for any given € > 0, so that

o) |D+ Dls

2D 5.
|D]

|D + Dls/a, $6°

On the other hand, using Theorem and (I7)), we have

’D—i—D’g - K2m2+m1’B‘ _ K2m2+5m1’B‘2“0g5’.
DI~ D C]|
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Thus, when considering the sum of k terms, applying Lemma 23] we have

K @mat5m1)(k=1)| p|2(k=1) | |og §|F~1

-|dsD)s.
(e Dl

’dgﬁ—i-"'—i-dgf)‘g S 570(6)

k terms

Next, applying (20) from the proof of the previous lemma with k = 1, one obtains

|B|7K16m2+32m1 | 10g 5|3
C]?

|¢*D 4+ d\ D + dyDls <

Thus,

"D +diD+dyD + -+ +dsD s
k terms
_ |d&2D+dsD+---+dsDls |¢"'D+diD +dsDls
- |d2 D5 |d2 D5
o) ’B‘7K16m2+32m1 ‘ 10g5‘3 ‘ K(2m2+5m1)(k71)’B‘2(k71)‘ log(ﬂk*l
[P Ot '

-|d2Dl5

<9

This gives the bound

%k+5 pr(2ma-+5ma )+ 14my+27 k42
oo [BPFTO K CmatimOktHmat2Tm | og 4]

g |C|k+2

(21)

Now based on the same argument as in the previous proof, we use different non-concentration
conditions to bound the following estimate

|diD +doD + -+ dsD |5 < |¢* D5 |¢*D + diD + doD + -+ - + daD 5.
k terms k t;;ms
(i) Non-concentration on C:
Using the non-concentration condition on C, one has the first term is bounded below by

D] o [logd|~"[by — bs]

*ﬁ > .
" Dla 2 d|by — bs|~1|C[600—1) ™ | B|K 41 dseo(r—1)

Combining with the estimate for the second term (21), we get

0 |B|2k+6K(2m2+5m1)k+14m2+31m1 | log 5|k+3
|C[F+2[by — bs]

5 -max{|dy |, |da|}o0OY,

(ii) Non-concentration on B:

In this case, the only difference is that

‘C*ﬁ’ > ’D‘ > ‘CH logé‘il
4~ g5l B| ~ |BRKAmdseon—1)

This follows by the assumption on B. Therefore, we obtain the bound

2k+7 2mo+5 k+14mo+31 k+3
(o | BT K it sma)it1ama 3 | 1og g

9 -max{|di |, |dz|}o0@=D,

|C|k+3

This completes the proof of the lemma. O
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‘We now consider the set

dy — do
ds — dy

R:ZR(D):{ :diEﬁ,‘dg—d4‘>5n}.

Since R(D) C R(C") and C" C [1/2,1], we have that R C [—6%/2,67%/2].
Lemma 7.3. Suppose D is non-empty. We have either R is non-empty or

_ y—2B+kn
4 .

K > |log§|°Ms (22)

Proof. To prove that R is non-empty, it is enough to show that there are at least two elements
ds,dy € D such that |d3s — d4] > 6" = 6. Since the set D is assumed to be non-empty, there
exists dg € D. If |D| > 6°"|B|, then the existence of dy follows from the non-concentration of B.
Otherwise, from the lower bound on the size of D in (IT), we have

K4m1 > ’CHIOg(S’il
< TIBPsw

From this, we will get the lower bound for K and complete the proof of the lemma. O

Note that we also have 0,1 € R. Choose a positive integer m so that 27 ~ §1=2%|by — b3|. Define
§=27".

The following result was proved in [I5], and it turns out to be useful for our proofs.
Lemma 7.4. At least one of the following two things must happen.
(A): There ezists a point r € RN [0, 1] with
1

max { dist(r/2, R), dist (%, R)} > s.
(B): |RN[0,1]|s = s~ .
As in [15], we refer to the case (A) as the “gap” case, and (B) as the “dense” case. We proceed to
obtain lower bounds for K corresponding to each case (A) and (B).
7.1 Dense case

Suppose we are in the dense case (B), that is |[R N [0,1]|s = s~!. By pigeonholing, we can select
points ¢y, ¢z, ¢3,¢4 € C' with |e3 — eq||ba — b3| > 0% and |¢; — ¢a| < |3 — ¢4 so that

. 1dy —d _ .
{1t & D |~ D 5ty ) [da = i > 5| S D5 o0
dg—ds c3—¢4
(23)
Here and below, we write d} — dy = (ba — b3)(c1 — ¢2) and df — dy = (by — bs)(c3 — ca).
Observe that |cg — ¢g| > 6" = §°. Applying Lemma [[.2 with k& = 1, the following quantity
() — d)D + (dy = di) D5, ) = |(e1 = e2)D + (5 — ) D
is bounded from above by
8 1 16ma+36m 4
5—0(5) ’B‘ K 2 ! ’ log(s‘ . ‘03 _ 04‘550(7—1) (24)

|C'13]b2 — b3
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if we use the non-concentration condition on C', and by

—0(0 ‘B’9K16m2+36m1 ’ log 5’4 ‘

5
lelh

leg — eyq|d0m=1), (25)

if we use the non-concentration condition on B instead.
We will now establish a lower bound for |(d; — dy)D + (dfy — dﬁl)5|6|b2—b3|' Define Q C D* to be
the set of quadruples obeying

(d5 — d})dy + (d) — dy)dy = (d3 — dy)da + (dy — d3)d3 + O(5]bz — bs]). (26)

By the Cauchy-Schwarz inequality, one has |(d} — dy)D + (dj — dﬁl)f)‘é > |D[*/|Q|. Thus our goal
is now to find an upper bound for |@Q|. Note that equation (26]) can be written as

C1 —C2

dy + dy = do +

C1 —C2 / /—1
d olds — d bo — b
p— p— 3+ O(d]dy — dy| ™" |b2 — bs]),
which implies that

dy —d c1 — ¢ B B
L2 L 2 < ldy — dy| T dy — da] Yo — byl (27)

d3 — d4 B C3 — C4
At this step, we consider two separate cases:

(i): At least |;<22| quadruples (dy, ...,d4) € Q satisfy |ds — d4| > 0". For each such quadruple, from
inequality (21 above, one has

e L e

d3s—dy c3—cy

Comparing with (Z3), we see that the number of such quadruples is < |D|46*2%|by — bs|. Thus if
at least half the quadruples (dy, ..., ds) € Q satisfy |ds — dy4| > 6", then
o n o Dl > |D|4 > §26—1 _ -1
‘(Cl CQ)D + (Cg 04)13‘(S Z —|Q| Z 1) ’bz bg’ .
Combining with the upper bound in (24]), we have

670(6) |B|8K16m2+36m1 | log 5|4 525—1

5 b3||C|3 es — C4|560(“/*1) >

™ |by — bs|’

This infers that
C)?

51—25‘03 _ 04‘550(’)/—1)‘3’8 .

In other words, one obtains a lower bound for K, namely

J16m2+36ma 2 Hog 5’0(1)50(6)

3y —88+1-r(3—7)

K > |log §|0W 0§~ Tomat3oms (28)

Here we use the fact that 1 > |c3 — ¢4| > 6. Similarly, if we use the bound (25) in place of (24)),
we have
4v—9B+1-r(3—=n)

K > |log §|°We0€) 5™~ Tomy¥aoms (29)
(ii) More than half of the quadruples (dy, ...,dy) € Q satisfy |d3 — d4| < 6". We will make use of

non-concentration assumptions on C' and B again to estimate the upper bound for the number of
these quadruples. As a result, we will obtain the corresponding lower bounds for K.
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(a) Non-concentration on C: We begin by choosing elements dy,d; € D. Since D C (be — b3)C,
according to the Frostman condition on C' and the requirement that |ds — ds| < %, the number of
admissible d3 is at most

Clo"

geo(r—=1)
by — b3

|D N B(dy,d")| <
Here we used the fact that “)j%bﬂ > §F = §¢,
Next, observe that from (27), d2 must lie in an interval of length at most §|cz — c4|~!. Notice that

since €g + k < 1, we must have

0 0

= < §TF < 5%,
lc3 — cal|by — b3|  |dy — d]

The Frostman condition on C' yields that the number of admissible ds is bounded by

87|Clles — eal by — b3V = |dy — dy| TV S 6.

. . D2 rgeo(y—1)
Thus the set of quadruples of this type has size at most %. From (I7), one has

= ~ _ |[D* |DI?[bs — byl o(e) |C|1og 8| 2[ba — b3

—¢)D —c)Dls > > > 600 :
[(e1 =)D+ (e3 —ea)Dls Q] ~ |Csrteol-Dg—ry ~ 0 K81 | B2
Altogether, the lower and the upper bounds from (24)) imply that

yICTY b — b3
|B|1O ‘03 _ 04‘550(7—1) .

J16mz+44my 2 “Og 5’0(1)50(6

Using the fact that |by — bs||cs — c4| > 0", one gets

4y—=108—r(3—7)

K > |log 6|9W§0(€) g~ " TomyFaamy (30)

On the other hand, if we use (28] instead of ([24]), we have

57—118—k(2—n)

K > |log §|0W 0§~ Tomyraam (31)

(b) Non-concentration on B:

Similarly, for given elements dy € ]_N?, the Frostman condition on B implies that the number of
admissible d3 is at most |B|d"".

Next, observe that from inequality (27), we must have dp lie in an interval of length at most
Slez —cq| 71, for any fixed dy € D. Because g+ k < 1, one has dlez —cq| 7! < §17% < §%. Hence the
number of admissible dy is at most ¢"|B||c5 — ¢4| 7", where we make use of the Frostman condition
on B.

D121 RI2 550+
Altogether, the set of quadruples of this type has size at most |DEIB[Zo=nTn

ea—cali which implies

’D‘4 > ‘DP‘Cg _ 04‘17 > 50(5) ’0‘2’ IOg 5’72

—e)D —e)D|s >
|(Cl 02)D + (C3 C4)D|5 ~ ‘Q’ ~ ’B‘25m7+77 ~ ’B‘4KSM1(ST] :

Then combining this estimate with the upper bound (24]), one has

_5y=12B4n—kr(2—7)

K > |log §|9MW 05~ Tomataimy (32)
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Using inequality (23] instead, one has
K> |1Og5|O(1)50(6)5_467_1%37631—24%11_") ‘ (33)
7.2 Gap case

In this section, we will suppose that we are in the gap case (A). This means that there exists
r € RN[0,1] so that either

(A.1) /2 is at least s-separated from R or
(A.2) H is at least s-separated from R, where s ~ 6172%|by — by|.

Notice that it follows from the definition of D that r = % for some ¢, c9,c3,c4 € C' with
lcs — 4] > |e1 — o] and |eg — cq| > 6" = 9.

In Case (A.1), we write r/2 = e1 /ey with e; = 21 and ey = x5 + x9, where 1,20 € C' — C".

In Case (A.2), we write % as e1/eg with e1 = x1 + @9, ey = x9 + x9, where x1,29 € C' — C'.

The first task in this section is to find a lower bound on |611~) + egl~)|5. One needs to keep in mind
that |ea]| ~ |c3 — cy4l.

Define @ C D* to be the set of quadruples obeying
ead1 + e1dy = eads + e1ds + 0(5). (34)

As in the dense case, we only need to find an upper bound for |@Q|. Since by the Cauchy-Schwarz
inequality, one has |e; D + eaD|s > %.
Dividing equation (&) by ey gives

dy —da e 1 1
— = <) ds —d .
A )< Sleal s — (35)

Assume that there exists a quadruple (dy, ...,d4) € @ such that |ds — dy4| > §". In other words, we
have 3;:3? € R. Then using the fact that |by — bs||e2| = 6", equation (B0 implies

A <5y — by,

d3 — d4 €9

Since we are in the gap case, r = e1/es is at least s ~ 6'72%|by — bs| separated from R, which is a
contradiction. It turns out that every quadruple in @ satisfies |ds — d4| < 0".

As in the dense case, by using the non-concentration assumptions on C' and B, respectively, we
obtain the following bounds.

(i) Non-concentration on C:

(0 |C||log 6] ~2|by — b3

n n O
‘€1D+62D’5 25 K8m1|B|2

(36)

(ii) Non-concentration on B:

O] log 6]
| BI*K S| B26n

leD + e D5 2 69 (37)
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In the next step, we apply Lemma [Z.2] to get upper bounds on |611~) + €2ﬁ|5. Then all possibilities
for bounds of K will be examined.

(a)

7.3

First upper bound

Recall that |ey D + esDl|s < |21D + 29D + 29D + x5D|5. Applying Lemma[Z2 (i) with k = 3,
one has

) ’B‘12K20m2+46m1 ‘ log 5‘6‘62’560(’}/71)

D+ oD + 22D + 22D < 570
bbb S b2 = baf|CT?

Then one can combine with the lower bound (B8] to get

6v—148—r(3—%)

K > |1og 8|0M 0§~ 20matoam (38)

Similarly, replacing (36) with the lower bound (B7)), one obtains

K 2 |1og 6]0W 5005~ 20y 5ty (39)
Second upper bound
Applying Lemma [T2((ii) with k£ = 3, one has

~ ~ ~ - B 13K20m2+46m1 1 5 6 5/@(1771)
21D + 29D + 29D + 22D|5 < 579 . B | log 6]°[e2] '

C1°
Incorporating with the lower bounds (36) and ([B7]), we have
K > [log 6|00 60 5™ 2omyssion (40)
and
K 2 |1og §]0M 5005~ 20my t5itm (41)

Concluding the proof

Let us summarize the lower bounds for K here:

37 —8B+1-r(3=7)

@8) K = |log 5’0(1)50(6)57 16my +36my

4y—9B8+1—k(3—n)

B K 2 [log 5005005~ oy

4y—108—~K(3—=7)

BO) K 2 |log§|0M g0 tomytiimi

5y—118—r(2—7)

@BI) K Z |log 5|O(1)5O(6)5_ T6mo +4dmy

_5y=1264n—r(2=9)

(m) K 2 Hog 5’0(1)50(6)5 16mo +44my

Gy—138+n—r(1-n)

B3) K Z |log 5|O(1)5O(6)57 T6mg+4dm,

)

6v—148—k(3—7)

) K 2 [log 5|00 5005~ mmrom

Ty =168+n—r(2=7)

B9 K = |log 5’0(1)50(6)57 20my+54m ]

7Ty—=158—k(2—n)

@D K 2 [log 5|00 5005 mmrion,

8v—17p+n—r(1—-n)

@) K = |log 5’0(1)50(6)57 20my+54m
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where x can be chosen arbitrarily in (0,1/2).

olhnd y+2B+rn

Now we put My = 6~ 2 and My =6~ 4, which are given by (I8]) and ([22]), respectively.
Then define

M2 = max{(IQEI), (IZQI)},
Ms = max{(BﬂI), (BID7 (BZ), (BE)}7
My = max { (38, (9), @0), @) }.

Following the proof, one can see that K can be bounded from below by
K Z | IOg 6|O(1)6O(6) min{M()? Ml, MQ, M3, M4}

We complete the proof of Theorem [[L.13

8 Proof of Theorems I.14], 1.5, 1.16, and .17

By the Cauchy-Schwarz inequality and Theorem [[L.T3] it can be seen easily that there exists ¢ € C

such that
K‘B’1/2

> 1
’A—"_CB‘(SN ’A‘1/2

Al
Therefore, to show |A 4 ¢B|s > 6~ | A| for some ¢ > 0, we need

1/2
K|BI'? _ .
\A]1/2 ~

On the other hand, from Theorem [LI3] we have
K 2 |log §|°W 69 min{ My, My, My, M3, My}.
We now compute the ranges of  corresponding to the above cases such that ([@2]) holds, namely,
o I8) v>2a—p.
o [22) v >2a—48 — k.

Td0—668—143k
c @) > T

o (IZQI) N> 74047655741+/£(3777) )

78a—685+3
(m) v > a 4+5+ K
78a—678+K(2—n)
B v > —5—".

78a—668—n+2k
o B2) v> =

° (m) v > 780&765[3*6774*11(1777) )

97a—835+43k
(BE) v > 6+k :

97a—818—n+2k
B v > =

° (m) v > 9704—82ﬁ7+n(2—n) )

° (m]) v > 970&780[3*8774*11(1777) )

Set n = B and choose k = k(«a, 3) close to zero.
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Among B0, BTl B2 B3]), the widest range for ~ is
780 — 663
> - @ 0
6 )
which comes from (33)).
Among (B8, B9 0, A7), the widest range for ~ is
97a — 815
> - @ @
8 )
which comes from (@I]).

On the other hand, since @ > 3, one has

T8a — 665 _ 97a — 813
6 g

This means that we end up with the following two ranges:

1. The case (I8 221 28 B3] EI)):

4o — 665 — 1 T8 —
7>max{2a—ﬁ,7a 663 T8« 665}‘

3 ' 6
Using the fact > 3, we conclude that

If a< 33ﬁ+ 35, then

78a — 663
> .
6
If a > %ﬁ+3—15,then - 5651
N> O‘f'

2. The case (I8 22, 291 B3] AI)):

’Y>max{2a—ﬁ’ Tda — 656 — 1 78&—665}.

4 ’ 6

If a > 636 + 22, then
Tda — 658 — 1
> .
4
If a< 636 + 22, then
78a — 660
> 76 .

Comparing between the two cases, we infer that (I8 22 29 B3] ATl gives the best range for ~.
Namely,

Ifa<8 &8+ 22, then the condition
78a — 660
” 6

would be enough to have ([42)). Moreover, we also have

. _ 4y—98+1 _6y—1283
szm{d 18 ) 156 }
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If a > %ﬁ + %, then the condition

Tda — 658 — 1
>—a 45

would be enough to have ([@2]). Similarly, we also have

. _4y—98+1  __ 6y—128
KZmln{(S s § 156 }

With these computations, we are ready to prove Theorem [[LI4] and Theorem [[LI5l Let us first
recall the statements.

Theorem 8.1 (Theorem [[LT4). Let o, B,m € (0,1), 8 < a < (215 + 1)/22. Then, for every
v € ((78a — 663)/6,1], there exist €y,00 € (0,1/2], depending only on «,,7,n, such that the
following holds. Let § € 27N with 6 € (0,8], and let A, B C [0,1] be 6-separated sets satisfying the
following hypotheses:

o Al <o

e |B| > 65, and B satisfies the following Frostman condition

|BN B(z,r) <r"|B|, VxeR,§<r <.

Further, let C C [1/2,1] be a d0-separated set with |C' N B(x,r)| < Y |C| for all x € R and
0 <r <. Then, there exists c € C' such that the following holds for any € satisfying

0w e o min {47 = Tha £ 658 +1 6y~ T8a + 665
min .
¢ 444 ’ 468

If G C A x B is any subset with |G| > §¢|A||B|, then

|me(G)ls > 6| Al

Theorem 8.2 (Theorem [LI0). Let o, 5,m € (0,1), 8 < v and o > (215 +1)/22. Then, for every
v € ((T4da — 658 — 1)/4,1], there exist €y,00 € (0,1/2], depending only on o, 3,7,n, such that the
following holds. Let § € 27N with 6 € (0,8], and let A, B C [0,1] be 6-separated sets satisfying the
following hypotheses:

o Al <o

e |B| > 0%, and B satisfies the following Frostman condition

|BN B(z,r) <r"|B|, VxeR,§<r <.

Further, let C be a 6-separated set in [1/2,1] with |C N B(x,r)| < Y |C| for all x € R and

~

0 <r < d%. Then, there exists c € C' such that the following holds for any e satisfying

4y — 74 1 —
0<e<min{7 Tda + 655 +1 67 7804+66ﬁ}‘

444 ’ 468
If G C A x B is any subset with |G| > §¢|A||B|, then

|me(G)ls > 67| Al.

The proofs of these two theorems are the same, so we only present a proof for the first one. Again,
the proof is short and follows directly from the energy estimates.
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Proof of Theorem [1.17]. Let X be the set of ¢ € C such that the conclusion of the theorem fails,
i.e. for each ¢ € X, there exists G. C A x B with |G| > 0¢|A||B| and |7.(G)|s < d~¢|A|. We want
to show that |X| < |C].

For each ¢ € X, by the Cauchy-Schwarz inequality, the number of tuples (x,y,z,w) € G? such

that [(z + cy) — (z + cw)| < ¢ is at least (;l—Ge—ile which equals 63¢|A||B|?. Summing over all ¢ € X
and using Theorem [[.T3] one has
CllA 3/2 B 3/2
st < CIAPZBE
- K
This infers 12
3¢ |4
(X[ <46 GW\C’-
Using the computations above, we know that
K’lﬁl’;ﬂ z i {5_ 47—74?4-2656-0—1 ’ 5 67—7185(16-9—66,8 }
Thus,
e A2
as long as
6<min{47—7404%—65ﬁ+1 67—78a+666}
444 ’ 468 )

This completes the proof of the theorem. O

With these two theorems, we can run the same argument as we did in the proof of Theorem [ to
prove the Hausdorff dimensional versions, beginning with Theorem [[L.T6, which we restate below.

Theorem 8.3. Let 0 < 8 < a < 1 with 22a < 218+ 1. If A,B C R are compact sets with
dimg(A) = «, dimg(B) = 3, then, for any

_ 39218 +1—220)
699 ’

we have

78 — 66
78— 665

dimg {c € R: dimg(A+¢B) <a+z} < 5

g,

for any x smaller than
1 20 —22a4+216+1 o

— - min , —— .
2 { 518 182}

Proof of Theorem [I.16. Without loss of generality, we may assume that A and B are compact sets
in [0,1]. Using Frostman’s lemma ([25] Theorem 8.8]), we can find probability measures p4 and
up supported on A and B, respectively, such that

pa(B(z,r)) S pp(B(z,r) S’
We want to show that
78a — 663
s 4o,
6
where E := {c € [1/2,1]: dimpy(A + ¢B) < a + z}, and z is a parameter to be chosen later.

dimy (E) < (43)

This would imply the full conclusion for ¢ € R. Since if the result holds for any A, B C R, and
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c € [1/2,1], then we write R = (J,,c;, Cn U{0} U,,c7(—Cn) where C,, = [2", 2"*1]. Hence for each n,
i.e. when ¢ € C,,, we know that dimpg (A+cB) = dimy (2~ ") (A+¢cB)) = dimy (2~ "t A+¢B) =
dimp (A’ + ¢ B), where A’ = 2= ("t1) A, But dimy A’ = dimy A = o and ¢ € [1/2,1]. Hence it can
be reduced to the assumption above.

Suppose the inequality [@3]) does not hold, i.e.

78 — 66
o ﬁ+

dimy (E) > 5 o,

then we can find a probability measure v supported on E such that v(B(z,7)) <7 for all z € R
and r > 0, where v > M + 0. We note that in our argument we identify the measure v
with the maximal J-separated subset C' C spt(r). Notice that |C| ~ 677 since v(E) = 1, and
|C'NB(z,1)] <SrY|C) for all z € R and r > 0.
Set
_ T8a—668 o
=t

We now choose parameters @, § such that

— 78a — 663
a>a, B<p, 7>QT@

Indeed, we can set @ = a4 2z, § = 8 — y for some z,y > 0 satisfying M < o/2.

Now, we apply Theorem [[LI4] with parameters @, 3,7, 7 = 3, we obtain €,€y,dq. In particular, if
G C A x B is any subset with |G| > §¢|A||B], then

Ime(G)ls = 6|4l

where

45 —T4a + 658 +1—(¢ 65— 78a+ 668 — ¢
444 ’ 468 ’

€> min{
for any ¢ > 0.

To proceed further, we need to do some computations:

4 —T4a +656+1—( 20— 2200+ 218 — 148z — 65y + 1 — ¢
444 N 444 '

and

67 — 78+ 668 — (30 — 156z — 66y —
468 N 468 '
Choose

20 — 22 218 — 65 1-2¢ 30 —66y—2
97 = min { — at21p vt C, 7 y— 2 € (0,1).
518 546

It is clear that 22 < €. We now need to check two conditions.

The first condition is that 1562 + 66y < 30. To guarantee this, one has to have

_ 6990 —39(21 +1—220) + 78 39(218 + 1 220) — T8¢
o
y 14559 ’ 699 :

and
180 4+ 2¢
y< —.

396

The second condition is that x € (0,1). This is clear when y and ( are sufficiently close to zero.
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With these facts in hand, the goal is to find a set G so that, on the one hand, we apply Theorem
[LI4 to G as above to get a lower bound for |7.(G)|s > §*¢. On the other hand, we will also
derive an upper bound such as |7.(G.)|s < 6~ *. This immediately gives a contradiction since
T < E.

We now proceed to prove the result. Fix some parameters as above such that @ > a, 8 < 3,
with = B and 4 < ~ such that 7 is still in the range associated with & and (3. Before we apply
Theorem [[LT4] we would need to construct sets As and By from A, B so that these two sets satisfy
the assumptions in Theorem [[LT4l That is, the d-separatedness and non-concentration conditions
with these modified parameters.

Fix a point ¢ € E so that dimg(A+ ¢B) < a+ x (recall that x can be made explicit as mentioned
above). This gives that for a given number dy := 2770 € 27N, there exists a family Z., a countable
number of disjoint dyadic intervals of length ¢(I) < dp, which covers A + ¢B such that

dountr < (44)

I€Z.

Consider the sets T, := {7 1(I)};cz. which cover A x B, so that

/ D (wa x pp)(T)dv(c) = 1.
Erer,

Let ! = {I € I, : ((I) = 279} for j > jo and write T¢ := {77 1(I)} eri- By the pigeonhole
principle, there exists j* > jy such that

S (a x ) (T) dv(e) 2 5772

TeTd”

Let us also denote 6 := 277" for the index j*. By the estimates above, we can find a subset E;CE

of measure v(Ej}) > j*~% = log(1/8)~2 such that for each ¢ € E}, the sets T € 79" cover a subset
G. Cspt(pua x pp) of measure (s x ug)(G.) 2 log(1/8)~2. Moreover, note that we have

’WC(GC)’5 < 57&717 cc E(/Sa (45)

by @). Recall that, we use f S g to denote f < log(1/6)¢g for some absolute constant C' > 0,
which may only depend on the Frostman constants of A, B . In particular, j=2 = log(1/6)"2 2 1.

So now we need to construct two sets Ay and By from A, B so that we can apply Theorem [LT4]
to them to get a lower bound for ([@]). The process of constructing these sets is to perform some
averaging arguments to extract these sets through pigeonholing. Now for z € R, let I5(z) € Ds
be the unique dyadic interval of length § with z € I5(z). Fix ¢ € C and given a dyadic number
pe2 N let A(p) :={z€ A:p < pa(ls(z)) < 2p} and write A as

A= | A(p).

pc2—N

The set B(p) C B is defined in the same way. Since us(Is(z)) < 0% and pp(Is(2')) < 08, we
see that A(p) # 0 implies p < 6%, and B(p) # 0 implies p < §7. We also note that A(p) can be
expressed as the intersection of A with certain dyadic intervals A(p) C Ds. The same is true for
B(p), for certain dyadic intervals B(p) C Ds.

Let pa(p) be the restriction of 4 to the intervals A(p), and similarly let pp(p) be the restriction
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of pup to the intervals in B(p). Then
SN [ tuato) % unlp))(Go) ~ 1.
P11 P2 E6

so it follows from the pigeonhole principle that

[ ato) % pnlpa))(G) = 1

8

for some fixed choices p4 < 6% and pp < 6°. By the pigeonhole principle again, we can find a

~ ~

subset Es C Ej so that (1a(pa) X us(ps))(Ge) = 1 for all ¢ € Es. We now define

fia = palpa) and fip:= pup(ps),

so ||all = 1 =~ ||ag||. The measure ji4 is supported on the closure of the intervals in A(p4), and
fp is supported on the closure of the intervals in B(pp). Let

Asi=(5-Z)N (UA(pa)) and  Bj:= (3-Z) N (UB(pg)).

Note that
pa-|As| ~llpall =1 = par|As|,

and similarly pg &~ |Bs|™!. Since p4 < 0%, we have
A~ pat 260

In fact one also has |As| < 6% if § > 0 is sufficiently small. To see this, fix an arbitrary ¢ € Ej.
Since (fia X ip)(Ge) = 1, there exists b € spt(fip) such that

aaA(Ge(b)) =1, where G.(b) ={z € spt(jza) : (2,b) € G.}.

Let H.(b) := {I € A(pa) : Go(b) NI # 0}, we have that jia(I) ~ pa for all I € H.(b), and
fgA(UH:(D)) > a(Ge(b)) = 1. Moreover, we observe that |G.(b)|s < |m.(G.)l|s, since m.(G¢) D
Gc(b) + be. Therefore we obtain

|As| ~ PZl S PZl pa(UH(D) S|Ge(b)]s S [me(Ge)|s<o™ .

For x chosen at the beginning of the proof,

r < min{€, a — a}. (46)

Hence it is clear to see that a+2 < @ by (8] which in turn gives |As| < 6~% if § > 0 is sufficiently
small.

Next, we also need to claim the non-concentration condition for B;. First we note that pp < 67,
which gives B
|Bs| ~ pgt Z67° > 6P, (47)

Moreover, for r > §, we note that every point 2’ € Bs N B(z,r) is contained in an interval
I/(0) € B(pp) with pug(I,/(d)) > pp. Since 1,/(§) C B(z,2r), we have

‘Bé N B(Z,T’)’ < PEl : ,U'B(B('%Qr)) S PEl : (QT)B é 7"6‘35‘

Therefore with the constant € > 0 mentioned above, we also have |Bs N B(z,r)| < r°|Bs| for
§ <r < 6% as long as § > 0 is sufficiently small. Combining all the estimates above, As, Bs are
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now constructed. Now we apply Theorem [[14] to obtain |7.(G.)|s & 6~ . This immediately
contradicts ([45]), since = is chosen to be smaller than . O

Next, we recall the statement for Theorem [Tl
Theorem 8.4. Let 0 < f < a < 1 with 22a > 215+ 1. If A, B C R are compact sets with
dimpy(A) = «, dimy(B) = 3, then, for any

74(330 — 8353 — 3
o> ( « 2 ﬁ 2),

870

we have
Tda — 6508 — 1

4

1 . 30+33a—¥—% o
g 546 " 259 [

Proof of Theorem [1.17. The proof is the same as the previous proof except that we have to compute
the parameters. We do the computations below.

dimg {c € R: dimgy(A+¢B) < a+z} <

g,

for any x smaller than

Set
_ Tda—658 -1 +O‘
= 1 5"
We now choose parameters @, § such that
_ __ Tda—-658—1

a>a, B<B, 7> 1

Indeed, we can set @ = a4 2z, § = 8 — y for some z,y > 0 satisfying 14814& < o/2.

Next, we apply Theorem [[I5 with parameters @, 3,7, n = [, to obtain € €y,d. So taking
G C A X B to be any subset with |G| > 6°|A||B|, then

Ime(G)ls = 6774l

where

45 — 740 + 658 + 1 — ¢ 67—78@+663—<}

€ > min
{ 444 468

for any ¢ > 0.

To proceed further, we need to do some computations:

47 —T4a + 656 +1—( 20— 148z — 65y —

444 444
and B
67 — 78a + 665 — C _ 30—1—3304—%—15636—663/—%—(
468 468 '
Choose

2% — 65y —2C 30 4+33a— %8 _66y—23 -2
oy = min { 22 =60y =2 Botda -y S0y 7 A (g
518 546

It is clear that 22 < €. We now need to check two conditions.
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The first condition is that 148z + 65y < 20. To guarantee this, one has to have

8700 — 74(33c — 88 — 2) + 148¢ . 74(33a — 88 — 2) — 148¢
30606 ’ 870 ’

y <

and
3700 + 148¢

28860

The second condition is that = € (0,1). This is clear when y and ( are small enough, i.e. close to
Zero.

O

9 On the C(A+ A) problem

This section is devoted to prove results on the C'(A + A) problem mentioned in the introduction.
Let us recall all statements here. (That is Theorems [[L9] [[L12] and [L.T8] respectively).

Theorem 9.1. Given a € (0,1) and v,n > 0, there exist ey, > 0 such that the following holds
for all sufficiently small 6 > 0. Let C' C [1/2,1] be a §-separated set satisfying

€N Bz, r)| < r7|C]

for all 6 < r < 6. Let additionally A C [0,1] be a §-separated set with |A| = 06—, which also
satisfies the non-concentration condition |AN B(x,r)| < r"A| for z € R and 6 < r < §.

Then, we have
[C(A+ A)|s = 67|Al

Theorem 9.2. Let A C 0Z N [0,1] and C C [1/2,1] be §-separated. Suppose |A| = 6~% and
|C| =677, with o,y € (1/2,1). Assuming

|[ANB(z,r)| < Mr®|A|, Vo <r<1, zeR,
for some M > 1, for sufficiently small 6 > 0. Then there exists € > 0 such that
C(A+ A)ls > 574,
where

200 + 4y — dary — 2
€= .
6 — 4o

Theorem 9.3. Let A C 0ZN[0,1] and C C [1/2,1] be 0-separated. Suppose |A| =6, |C| =467
with v € (2a,1), 6 € (0,0p], and

|[ANB(z,r)| Sr"A|, Ve e R, 6 <r <,

and
|CNB(z,r)| Sr|Cl|, Ve e R, § <r <9,

for €9,00 € (0,1/2) depending on «,~,n. Then for any

. [4y—=9a+1 67— 12«
0<6<m1n{ 113 ' " 156 },

we have
|C(A+ A)ls > 5 F]A]
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All these theorems have the same proof as follows.

Let D be a maximal §/2-separated subset of C'(A + A), then
DI S IC(A+ A)lsja ~ [C(A+ Als.

Notice that for each (a1,as,c) € Ax Ax C, c(aj +ag) is contained in a ball centered at some point
x € D, of radius at most 6/2. Thus

Z H{(a1,a2,¢) € Ax Ax C: |z —clay + az)| < §/2}|s = |C||A[]>.
xzeD

By the Cauchy-Schwarz inequality, we have

JAIYCP? < <Z H{(a1,a2,¢c) € AXx AXC: |z —clay + ag)| < 5/2}|§> -|D|.

xeD
This implies that [C(A+ A)|s 2 |D| Z %, where
N = {{(a1,a2,a3,a4,01,62) € A* x C? i |er(ar — ag) — ez(as — ay)| < 6}‘5.

By the pigeonhole principle, there exists ¢; € C such that

N
{(a1,a2,a3,a4,¢3) € A* x C : |e1(ar — ag) — ca(as — as)| < 6}|5 > el

Therefore

c 0
N <|C|- H(a1,a2,a3,a4,62) € A*x C: |(a1 — ag) — f(ag —ay)| < a}

§
=|C|-|{(a1,az,as,a4,c) € A* x (c;'C): (a1 — ag) — c(az — aq)| < 25}‘6.

Now, we may conclude that N < %, which implies |C'(A + A)|s > |A|K, where the lower
bounds on K come from the three energy theorems (Theorems [[L6] [[LT0l and [I3)) to get the
desired conclusions.
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