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ABSTRACT. Let M be a finitely generated module of dimention d over a Noether-
ian local ring (A, m) and I an m-primary ideal. Let be a pair of good I-filtrations
F and F' of M. We show that the Hilbert coefficients e;(F) are bounded below
and above in terms of 4, eq(F’), ..., e;(F"), and reduction numbers of F and F’, for
all ¢ > 1.

1. INTRODUCTION

Let A be a commutative Noetherian local ring with the maximal ideal m and
M be a finitely generated A-module of dimention d. Let I be an ideal of A; an
I-filtration F of M is a collection of submodules F;, such that

M:F02F12F22---2Fn2...

with the property that I'F,, C F,,.; for all n > 0. In the present work we consider
only good [-filtrations of M: this means that I F,, = F;,;; for all sufficiently large n.

The Hilbert-Samuel function Hr(n) = ¢(M/F, 1) agrees with the Hilbert-Samuel
polynomial Pr(n) for n > 0 and we may write

Pr(n) = eo(F) (n ;— d) — e (F) (n ;f; 1) 4o (=1)%eq(IF).

The numbers ey(F), e;(F), ..., e4(IF) are called the Hilbert coefficients of F.

The notation of Hilbert function is central in communication algebra and is be-
coming increasingly importan in algebraic geometry and in computational algebra.
Let be a good [-filtration F of M, the Hilbert-Samuel function and the Hilbert-
Samuel polynomial of F give a lot of information on M. Therefore, it is of interest
to examine properties of the Hilbert coefficients of F, see ([5, 6, 7, 8, 9, 11, 12, 13,
14, 16, 17, 18, 20]). For further applications, we need to consider another filtration
related to I of M. Given a pair of good [-filtrations F and ' of M, we want to
compare F with F'. Atiyah-Macdnald ([1, Propsition 11.4]) and Brun-Hezog (]2,
Proposition 4.6.5]) showed that eo(F) = eo(F’). In some special cases, Rossi-Vall in
[15] gave alower bounds and upper bounds on e;(F) in terms of eo(F’), e;(F), and
other invarians of M. How about the other coefficients? The main goal of this paper
is to show that |e;(IF)| are bounded by a function depeding only i, eq(F’), ..., e;(F'),
and reduction numbers of F and F’, for all ¢ > 1 (see Theorem 3.3). These bounds
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are far from being sharp, but they have some interest because very little is known
about relationships between ey(IF), ..., e4(F) and eo(F'), ..., eq(F').

Our paper is outlined as follows. In the next section, we collect notations and
terminology used in the paper and start with a few preliminary results on bounding
the length of local homology modules (see Lemma 2.5 and Lemma 2.6). In Section
3, we give new bounds on the Castelnuovo-Mumford regularity reg(G(F)) of F (see
Theorem 3.2) and show that the Hilbert coefficients e;(IF) are bounded below and
above in terms of i, eg(F'), ..., e;(IF’), and reduction numbers of F and F, for all i > 1
(see Theorem 3.3).

2. HILBERT COEFFICIENTS AND LOCAL COHOMOMOLOGY MODULES

In this section, we recall notations and terminology used in the paper, and a
number of auxiliary results. Generally, we will follow standard texts in this research
area (cf. [3, 4, 15]).

Let R = @,>0R,, be a Noetherian standard graded ring over a local Artinian ring
(Ro, mp) such that Ry/mg is an infinite field. Let E be a finitely generated graded
R-module of dimension d. We denote the Hilbert function ¢g,(F;) and the Hilbert
polynomial of E by hg(t) and pg(t), respectively. Writing pg(t) in the form:

d—1 -
, t+d—1—1
t - —1 t i E 5
pelt) = T (1) ()
we call the numbers e;(E) Hilbert coefficients of E.

Let Hi. (E), for i > 0, denote the i-th local cohomology module of E with respect

to R*. The Castelnuovo-Mumford reqularity of E is defined by
reg(E) := max{i + j| Hy (E); # 0,0 < i < d}

and the Castelnuovo-Mumford reqularity of E at and above level 1 is defined by
reg' (E) := max{i + j| Hy: (E); # 0,0 <i < d}.

From [19, Theorem 2], Dung-Hoa in [6] derived an explicit bound for reg!(F) in
terms of e;(E), 0 < i < d — 1 and the maximal generating degree of E.

A'(E) = max{A(FE), 0}.

Lemma 2.1. ([6, Lemma 1.2]) Let E be a finitely generated graded R-module of
dimension d > 1. Put

§a-1(E) = max{eo(E), le1(E)|, ..., |ea-1(E)|[}.
Then we have
reg! (E) < (€41(E) + N(E) + 1)" — 2.

Our method in proving the main result is to pass to the associated grade modules,
so we shall recall this notation and some more definitions.

Let (A, m) be a Noetherian local ring with an infinite residue field K := A/m and
M a finitely generated A-module. (Although the assumption K being infinite is not
essential, because we can tensor A with K (¢).) Given a proper ideal I. A chain of
submodules

F: M=F2F2FR2 --2F, 2
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is called an I-filtration of M if IF; C F;,4 for all ¢, and a good I-filtration if I F; =
F;y for all sufficiently large i. A module M with a filtration is called a filtered
module (see [3, 111 2.1]). If N is a submodule of M, then the sequence {F,, + N/N}
is a good [-filtration of M /N and will be denoted by F/N.

Throughout the paper we always assume that I is an m-primary ideal and F is a
good [-filtration. The associated graded module to the filtration I is defined by

G(F) = @ Fu/Fus.

We also say that G(FF) is the associated ring of the filtered module M. This is a
finitely generated graded module over the standard graded ring G := G(I, A) =
Bp>ol™ /I (see [3, Proposition IIT 3.3]). In particular, when F is the I-adic
filtration {I/"M}, G(FF) is just the usual associated graded module G(I, M).

We call Hy(n) = ¢(M/F, 1) the Hilbert-Samuel function of M w.r.t F. This func-
tion agrees with a polynomial - called the Hilbert-Samuel polynomial and denoted
by Pr(n) - for n > 0. If we write

d ; t+d—i
r =3 ram(" ),
i=0 !

then the integers e;(IF) are called Hilbert coefficients of F (see [15, Section 1]). When
F = {I"M}, Hp(n) and Pg(n) are usually denoted by Hj(n) and Pjp(n), re-
spectively, and e;(F) = e;(I,M). Note that e;(F) = ¢;(G(F)) for 0 < i < d — 1.
Then

Lemma 2.2. ([1, Proposition 11.4] and [2, Proposition 4.6.5]) Let ' and F' be good
I-filtrations of M. Then we have

EO(GGF)) == 60(]F> = GQ(F/>.
We call
r(F) =min{r > 0| F,41 = IF, forall n>r}
the reduction number of F (w.r.t. I). When F = {I"M}, r(F) = 0.

Denote the filtration F/HS(M) = F. Let
W (M) = ((Hy (M)).

The relationship between reg(G(F)) and reg(G(F)) is given by the following lemma.
Lemma 2.3. ([5, Lemma 1.9]) reg(G(F)) < max{reg(G(F)); r(F)} + h°(M).

From now on, we will often use the following notation:
£s(F) = max{eo(F), [e1(F)], ..., |es(F)]},
where 0 < s < d. We see that
§(F) < &(F) < ... < &(F) = £(F). 1)
Using the [15, Proposition 1.2 and Proposition 2.3] we get

Lemma 2.4. Let x1,...,x4 be an F-superficial sequence for I and M = M/H? (M).
Set M; = M/(xy,...,x))M and F; = F/(xy,...,2;)M, where Fo = M, Fy, = F,
0<i<d-—1. Then we have

1) &(F) =&(F) forallj <d-1,



i) &(F /a1 M) = &(F) for all j < d—1,
Proof. i) By [15, Proposition 2.3, ¢;(F) = ¢;(F), for all 0 < ¢ < d — 1. Hence

§(F) =¢&(F) forall j < d—1.
ii) We have depth(M) > 0, by [15, Proposition 1.2],

ei(F/xy M) = e;(F), forall 0 <i<d— 1.
Therefor
§i(F/aaM) =&(F), forall 0 <j<d—1.

By i), we get &;(F/x, M) = &(F) for all j < d — 1.
iii) By [15, Proposition 1.2], dim(M;_1) =d — i+ 1 and

ek(Fz> = €k(Fi,1/I‘iMZ’,1) = ek(]Fi,l), for all 0 S k S d—1—1.

Hence e, (F;) = ex(F) for all 0 < k < d—i—1,0 < i < d—1. Therefor &;(F;) = &(F)
forall j <d—1—1. O

We can improve the bounds in [6, Lemma 1.10 and Lemma 1.11]. In the following
results, we can replace reg(G(F)) by the Hilbert coefficents of F.

Lemma 2.5. Let F a good I-filtration of M and xy,xs,...,xq be an F-superficial
sequence for I. Set M; = M/(x1,...,x;)M and F; = F/(x1, ...,x;)M where Fy = M
and Fo =TF. Then we have

) < Z Ea—ith(F) (Ca—ic14k(F) +7(F) + 1)(d_i+k)'(d_i+k)!a
forall0<i<d-—1.

Proof. i) By [5, Lemma 1.8] and Lemma 2.1, we have

reg(G(F;)) = reg" (G(F)) < (Sa—i-1(F3) +r(F;) + 1) — 2,
From Lemma 2.4 i) and iii) we get &1 (IF;) = &q_i—1(F;) = £q_i_1(F) and r(F;) <
r(F), therefore

reg(G(F7) < (€a-ia (F) +7(F) + 1) — 2 =0 my,

For i = 0, by Lemma [6, Lemma 1.6], we have

h(Fy) = h°(M) < Pr(mo) < &(F zd: (d —l-d??ioj— j)

= &a(F) (mo +dd + 1) < E4(F)(mo + 2)% = &4(F)(Eg-1 (F) + r(F) + 1)%.

For 0 < i < d—1, by [15, Proposition 1.2], we have e;(F;) = e;(IF;_;) for all
0<j<d-—i—1. Similarly, as in the proof of [6, Lemma 1.10] and Lemma 2.4 iii)
we have

lea—i(Fi)| < €ai(Fimy) + hO(M; 1) < &ai(F) + h°(M;_1).



It implies that
ROM) < Eay(F) (™M) — €0 i(F) + Jeas(F)|
< Eaa(F)(ma 20 4 HO(M, )
< &a-i(F) (Gamim1 (F) + () + 1) D601
+ 3 i1 n(F) (Egiy o (F) + () + 1)(d=iF1+k)(d=i+140)0 - (hy induction hypothesis)
= S0 Ea-ith(F) (Eamir1 (F) + 7 (F) + 1){0-HRAd=H0L
0

Lemma 2.6. Set B = ((M/(x1,x2, ..., xq) M), where x1, T, ..., x4 be an F-superficial
sequence for I and put &1 = 0. We have

B < ka(F)(fk—l(F) +r(F) + 1)**.

Proof. Take the proof of the [6, Lemma 1.11]. We have
B < ey(F) + h°(My_y). (2)

By Lemma 2.5, h°(My_1) < Y928 & h(F) (&R (F) + 7(F) + 1)3FR-0+00 - From this
estimation we immediately get

B < eo(F) + Z &14n(F ) + 7(F) 4 1)+RA+R!

+Z§k (&—1(F) + r(F) + 1)F

d

=" & (F) (&1 (F) + r(F) + 1)F*.

k=0

3. MAIN RESULTS

Throughout this section, F and F” will be a pair of good I-filtrations of a finitely
generated module M over a local ring (A, m), where [ is an m-primary ideal. The
aim of this section is to show that the Hilbert coefficients e;(IF) are bounded below
and above in terms of ey(F'), ..., e;(F), 4, r(F), and r(F'), for all i > 1.

In order to prove the main result of this paper, we need bound on the Castelnouvo-
Mumford regularity reg(G(F)) of F in terms of d, eo(F'), ..., eq(F'), r(IF), and r(IF').

Lemma 3.1. ([5, Proof of Theorem 1.5]) Let dim M = d > 2, x be an F-superficial
sequence for I. We have

reg! (G(F)/2"G(F)) = reg! (G(F/aM)).

Theorem 3.2. Let F and F' be are good I-filtrations of M with dim(M) =d > 1
F: M=FK2F2FR2---2F 2
F:M=F2FDFD2---2FD

Then

i) reg(G(F)) < (§(F) +r(F) + 1) () +r(F) +1) =2 if d = 1,
ii) reg(G(F)) < (§(F) +r(F) + D°(E(F) +r(F) +1) =3 4f d = 2,



i) reg(G(F)) < (E(F") + r(F') 4 1)@DE+D=d(¢(F) 4 r(F) 4 1)@ — d if d > 3.

Proof. Let & := &(F'), r := r(F) and 7" := r(F’). We distinguish two cases
If d = 1, then M is a Cohen-Macaulay module. By [5, Lemma 1.8], [10, Lemma
2.2], Lemma 2.2, 7(F) < r and (1)

reg(G(F)) <eg(GF) +7r(F) —1<ey(F")+r—1<E+7r—1.
Hence, by Lemma 2.3 and applying Lemma 2.5 to F’, we then obtain

reg(G(F)) < max{reg(G(F)); r} + h°(M)
<EH+r—14&E+1r+1)
<E4r—1LEEr) 4 (€47
=(+r)+(E+E+1) -1
SEF+r+D)+(E+r+1)(E+1) -2
<E+r+DE+r+1) -2

If d > 2, let x1, 29, ..., 24 be an F-superficial sequence and F’-superficial sequence
for I. Put F = F/H? (M) and F' = F'/H? (M). We have F/z;M and F'/x; M be
are good I-filtrations of M /x1 M. Let m > max{reg(G(F/x1M)),r}, by Lemma 3.1,
we have

reg! (G(F)/z;G(F)) = reg' (G(F/x1M)) < m
Hence, by [10, Theorem 2.7,

reg (G(F)) < m + P (m).
Since [5, Lemma 1.6] and [5, Lemma 1.7 (i)]

Pog(m) < HI,M/MM(WL B -
< (m:[_dl_l)ﬁ ((M/a:lM) [(z2, ...y ) (M/a:lM)) < B(m;dl 1).
Therefor, by Lemma 2.3, we get
—1
reg(G(F)) < m + h°(M) + B(m ;_d . )
Ifd =2. Let m = (§+1r'+1)(£4+r+1)—2. Since (i) of the theorem, r(F/z,F’) < 1/
r(F/z,F) < r and by Lemma 2.4 ii), we get

reg(G(F/x1M)) < (&(F /oy M) + r(F" /2, M) + 1)(€ 1(15"1%@—1— r(F/x M) +1) — 2.
= (&) + r(F [z M) + 1)(&(F ') r(F/z M) +1) — 2.
<EFr+DE+Tr+) 2=

Hence, max{reg(G(F/z;M)),r} < m. From (1), (3), and applying Lemma 2.5,
Lemma 2.6 to ', we get

reg(G(F)) < m+ ho(M)+ B(m+1)
<(E4+r+1)E+r+1)—1+EE+7 + 1)+
FEHEE+T+ ) +EE+T+DE+T +D(E+r+1)
SEFr+D)EFr+ D) +EE+ +132E+r + D) (E+7+ 1)+
FE+EE+T 12 HEE+T +DE+T+1)(E+r+1) -3
SAH+E+EE+T+1>+EE+r + 13+ €+ +DYE+r+)(E+r+1) =3
<(E+r+1)PE+r+D)(E+r+1) -3
=E+r+1)5(¢+r+1)-3.

If d > 3. The case m = 0 is trivial. Then for all m > 0.



By the induction hypothessis, r(F/x, M) < r, r(F’/z;M) < 7’ and by Lemma 2.4
ii), we have

1eg(G(F/2M)) < (Eay (/M) + (i) + 1O DU Eq oy (8 M) o r(F/ ) 1)) —d 1
= (a1 (F") + (/M) + 1)\ D8y (F) + r(F /M) + 1)@ —d +1
< (€+r1_’_1)(d72)d!7d(£+r+1)(d72)! —d+1.

We can take

_ (5 —I—T/ + 1)(d—2)d!—d(§ 4+ 1)(d—2)! —d+1.
From (3) and applying Lemma 2.5, Lemma 2.6 to ', we get

reg(G(F)) < m+ Eg(F)(Eq—r (F') + 7' 4+ 1) Jrzgk )€1 (F )+r/+1)k‘k!<

m-l—d—l)
k=0

d—1

d
<Z£k F') (&1 (F') + 7+ 1)FF (m +1)4~1 — 1
=0

@()+r+mﬂWm+n 19
< (&(F )+7"—|—1)d'd!+1 [(E-FT +1)(d 2)d!— (£_|_7,_|_1)(d 2)! d}d& _1

< (E+7 + 1)ETDEEDId (e g g ) d=DE g,

Now we are going to prove the main result of this paper.
Theorem 3.3. Let F and F' be good I-filtrations of M with dim(M) =d > 1
F: M=FK2F2FR2 -2F,2---
F: M=F2F2F,2---2F D

< GE)Q(F) + r(F) + D2E(F) + r(F) + 1);
< &F)(&(F) + r(F) + )7 (&(F) + r(F) + 1)
i) [ei()] < & (') (& (") + r(F) + 1) D251 (6 (F) + r(F) + 1) if i > 3.

001/ F) = SV (" ) ()

for any m > reg(G(F)). For short we write &; := &(F'),r := r(F), and " := r(F').
Assume that d = 1. Putting m := (§ +r'+1)(& + 7+ 1) — 1, by Theorem 3.2 i)
and (4), we have

e1(F) = (m + 1)eo(F) — ((M/Fyny1) (5)
Since F,, = I"""F, for n > r and M, # 0

€<M/Fm+1) _K(M/Ferl r)— 7‘)
> U(Fye/TF,) + -+ (I F /I F) > m = + 1.

By (5) and Lemma 2.2, this implies

egr <G+ +DG+r+Do -G+ +FD)(E+r+1) —r+1]
<&+ +1)2(&+r+1).



By [5, Lemma 1.7 i)], Lemma 2.2 and Lemma 2.6

—e1(f) <B(m+1) — (m+1)eg(F) = (B —&)(m + 1)
<GG+r)a+r+ )G +r+1) =G+ +1)2(E +r+1).
Hence
ler(F)| < & (& + 7' +1)%(& + 7+ 1).

Assume that d > 2. Let x1,...,24 be F-superficial sequence and F’-superficial sequence
for M and I. Put F = ]F/HU( ) and F/ = F'/HY (M). We have F; = F/(z1,...,2;) M,
F, = F"/(x1,...,2;)M be are good I-filtrations of M; = M /(z1, ..., x;)M, and dim M; = i.
By [15, Proposition 1.2 and Prosition 2.3|, we get

ei(F) =e;(Fy_;) for all i < d — 1. (6)

By Theorem 3.2, reg(G(F)) < m, (4), [5, Lemma 1.7 ii)] and [2, Corollary 4.7.11 a)], we
have

a® = Je0/ B = eal)(" 3 %) s B+ )
< max{B(m:l_d>,eo(F (m+d>}+2|el <m+_di )
< B(m+d>d+§ei(w‘>|(m;fl;’> (7)

If d =2, by (6), e1(F) = e1(F1). Using the induction hypothessis, r(F1) < r, »(F}) <’ and by
Lemma 2.4 ii), we have

§(F)(EFD) + r(Fy) +1)°(E(F) +r(F1) +1)
&6 +7"+ 1) (& + 7+ 1),
By Lemma 2.6, Theorem 3.2 ii) and putting m = (£ + 7'+ 1)5(6 +r +1) — 2 into (7), we
have
le2(F)| < B(m+2)? + |ex(F)|(m + 1)
B+ +D5(¢+r+ D]+ &€+ +12E+r+D)(E+r +15(E+r+1)
<[EFEE+r + 124 eE+r + DY [+ +10E+r+1)])° +
HEE+T +DHE+Tr D) (E+T +1D(E+7+1)
SEL+(E+r + 12+ €+ + D1 [(E+ 7 + DS+ + 1))
SE+HTH1PEHT +D)2(E+r+1)?
SE+HT+HDT(E+T 1)
iv) Assume that d > 3. Putting Using the induction hypothessis, r(F;) < r, r(F}) < 7/,
for all 1 <i<d—1and by Lemma 2.4 ii), we have

ler(F)| <

ler(F)| = lex(Fa1)| < (&1(Fy_y) + r(Fy_y) + V(& (Fy_y) + r(Fa1) + 1)

< (GHr 126 +r+ ). (8)
lea(F)| = le2(Fa—2)| < &a(Fy_o)(E2(Fy_o) + r(Fy_s) + 1) (E2(Fy_o) + r(Fg—z) + 1)

< H&+r+ )& +r+1)% (9)
lei(F) = Jei(Fai)l < (&(F_y) +r(Fy_;) + 1)V (g () + r(Fay) + 1)

< (GAr+D)EDIE G e )3 < i< d— L (10)

To prove the inequallity for ey(F), we set
({ + r + 1)(d 2)(d+1)!— (f 4+ 1)(d n d.
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By (7), Theorem 3.2, reg(G(F)) < m and (4), we have

lea(F)]

IA

B(m+ d)? + |ey(F)|(m +d — 1)1 + i les(F)|(m + d — )4
d—1

Bm® + [ex(F)[m®~! + 7 Jei(F)jm ™
=2

_ <B+ la®) , le®) | 5~ ei<E>|>md a1

By (8)-(10), we get

IN

@) o _GE)GE) +r + DXGE) +r+1)
m - (5 + '+ 1)(d—2)(d+1)!—d(§ + T(F) + 1)(d—1)!
EE+T+1)2(E+r+1)
(€ + 7 + 1)(d=2(@+D)!—=d(¢ 4 4 1)[@d-1)! < 9 (12)
Lo () (&(F) + 7" + 1) (&(F') + 7+ 1)°
m2 - [(f ol 4 1)(d—2)(d+1)!—d(€ +r 4+ 1)(d—1)[]2
€+ +D)T(E+r+1)2 _ £
[(5 ! 4 1) =2 D) —d(f oy 4] )(d71)!]2 22°
&(F/)(&_’_T _|_1)(z —1)a!l— z+1(£i(F/) +7“—|—1)il
m* - [(€ Ll 4 1)(d—2)(d+1)!—d(§ +r+ 1)(d—1)1]i
5(5 44 1>(i2—1)i!—i+1(§ +r+ 1)i!
[(f—l—’l“/ + 1)(d—2)(d+1)!—d(€+ r-+ 1)(d—1);]i
if3<i<d-1. (14)

7a2%

AN

IN

N

IA
IA

£
>

From (11)-(14) and Lemma 2.6, we obtain

leq(F)] [B—I—f (1 +...+ 2(111” m? < (B + &)m?
<§[1+(§+r’+1) (§+r’+1)2~2’+..+(§+r’+1)d~d!+1} X

|:(€—|—’I“ _|_1)(d 2)(d+1)!— (f+T+1)(d 1)}61

(1 DRI + o7 4 AN (¢ 4y 1)

X
<
<
<&+ +1)(d2 1)d!—d+1(£+r+1)d!.

we immediately obtain the following consequence

Corollary 3.4. Let F be a good I-filtration of M with dim(M) =d > 1. Then
i) [er(F)| < &(I, M)(& (I, M) + 1)*(&(I, M) +r(F) + 1);
i) [ea (F)] < &(1, M)(&a(1, M) + 1) T(&(1, M) + r(F) + 1)2;
iii) |e;(F)| < &(I, M)(&(I, M) 4+ 1)@=Vt (g (I M) + r(F) + 1)" if i > 3.

Proof. The reduction number of the I-adic filtration {/" M} is 0. Therefore, applying
Theorem 3.3 to F' = {I"M}, we then obtain. O

Let 1, ...,x4 be an F-superficial sequence for I and @ := (z1,...,x24). It is not
difficult to prove that also the F is a good Q-filtration of M. Rossi-Valla in [15] gave
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the following fitration
E: M=FR2F2QF 2Q°F2---2Q"F, 2

This filtration is a good Q-filtration of M. As in consequence of the Theorem 3.3
we have a relationship between E and {Q™"M} as follows:

Corollary 3.5. Let xy, ..., x4 be an F-superficial sequence for I and Q := (x1, ..., xq).
Then

i) ler(B)] < &(Q, M)(&1(Q, M) + 1)*(&(Q, M) +2);
i) [e2(B)| < &(Q, M)(&(Q, M) + 1)7(&(Q, M) + 2)*;
)

&2
i) [ei(B)] < &(Q, M)(&(Q, M) + 1)V (g,(Q, M) + 2)" if i > 3,

Proof. The reduction number of the good Q-filtration E is 1 and the reduction
number of Q-adic filtration {Q™ M} is 0. Therefore, applying Theorem 3.3 to F = E
and F' = {Q" M}, we then obtain. O

Remark 3.6. Let p be an integer such that IM C m?M. Rossi-Valla in [15, Propo-
sition 2.10 and Proposition 2.11] gave a sharp upper bounds for e;(F) in terms of
eo(Q, M), e1(Q, M), and p and a sharp lower bounds for e;(E) in terms of eg(Q, M),
e1(Q, M) and other invarians of M, respectively. The bounds of Corollary 3.4 and
Corollary 3.5 are far from being sharp, but they show that the Hilbert coefficients
e;(F) and ¢;(E) are bounded below and above in terms of eg(Q, M), ..., e;(Q, M), i,
and r(IF) (only for e;(F)), for all i > 1.

<¢
<
<
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