A NOTE ON EXHAUSTION OF HYPERBOLIC COMPLEX
MANIFOLDS

NINH VAN THU'2 AND TRINH HUY VU

ABSTRACT. The purpose of this article is to investigate a hyperbolic complex manifold
M exhausted by a pseudoconvex domain €2 in C" via an exhausting sequence {f;: Q —
M} such that fj_l(a) converges to a boundary point & € 00 for some point a € M.

1. INTRODUCTION

Let M and €2 be two complex manifolds. One says that 2 can erhaust M or M can
be exhausted by €2 if for any compact subset K of M there is a holomorphic embedding
fx: 8 — M such that fx(€2) o K. In this case, one may consider a sequence f;:  —
M so that for any compact subset K of M there is a number jo(K) > 0 so that
[i() o K for j > jo(K). Throughout this paper, we call such a sequence {f;} an
exhausting sequence (see [FST7, [Fr83, [FM95]).

In [Er86, Theorem 1], there exists a bounded domain D in C™ such that D can exhaust
any domain in C". In addition, the unit ball B™ in C" can exhaust many complex
manifods, which are not biholomorphically equivalent to each other (see [For04, [FSTT]).
However, if M in addition is hyperbolic then M must be biholomorphically equivalent
to B" (cf. [FST7]). Furthermore, any n-dimensional hyperbolic complex manifold,
exhausted by a homogeneous bounded domain D in C"| is biholomorphically equivalent
to D. As a consequence, although the polydisc U" and the unit ball B" are both
homogeneous and there is a domain U in B" that contains almost all of B", i.e., B"\U has
measure zero (cf. [FST7, Theorem 1]), and is biholomorphically equivalent to U™, yet U™
cannot exhaust the unit ball B" since it is well-known that U" is not biholomorphically
equivalent to B".

Let M be a hyperbolic complex manifold exhausted by a bounded domain €2 < C"
via an exhausting sequence {f;: 2 — M}. Let us fix a point @ € M. Then, thanks to
the boundedness of €2, without loss of generality we may assume that fj_l(a) — e
as j — oo. If & € €2, then one always has that M is biholomorphically equivalent to €2
(cf. Lemma[2.3)in Section [2)).

The purpose of this paper is to investigate such a complex manifold M with &, € 0f).
More precisely, our first main result is the following theorem.

Theorem 1.1. Let M be an (n+ 1)-dimensional hyperbolic complex manifold and let 2
be a pseudoconvexr domain in C*™ with C*-smooth boundary. Suppose that M can be
ezhausted by Q via an exhausting sequence {f; : 2 — M}. If there exists a point a € M
such that the sequence fj’l(a) converges A-nontangentially to an h-extendible boundary
point & € 02 (see Definition wm Section @ for definitions of the A-nontangential
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convergence and of the h-extendibility), then M is biholomorphically equivalent to the
associated model Mp for ) at &.

When & is a strongly pseudoconvex boundary point, we do not need the condition
that the sequence fj_l(a) converges A-nontangentially to & as 7 — oo. Moreover, in
this circumstance, the model Mp is in fact biholomorphically equivalent to M2, which
is biholomorphically equivalent to the unit ball B"*!. More precisely, our second main
result is the following theorem.

Theorem 1.2. Let M be an (n + 1)-dimensional hyperbolic complex manifold and let
Q be a pseudoconver domain in C*1. Suppose that 09) is C*-smooth boundary near a
strongly pseudoconvex boundary point & € 0. Suppose also that M can be exhausted
by Q2 via an exhausting sequence {f; : @ — M}. If there exists a point a € M such that
the sequence n; 1= fj_l(a) converges to &, then M 1is biholomorphically equivalent to the
unit ball B,

Notice that Theorem is a local version of [DZ19, Theorem 1.1] and [Fr83, The-
orem I| (see Corollary in Section [3). We note that their proofs are based on the
boundary estimate of the Fridman invariant and of the squeezing function for strongly
pseudoconvex domains. However, in order to prove Theorem and Theorem [I.2] we
shall use the scaling technique, achieved recently in [Ber06l, [DN09, [NN19].

By applying Theorem and Lemma [2.3] we also prove that if a hyperbolic complex
manifold M is exhausted by a general ellipsoid Dp provided that Dp is a WB-domain
(see Section [4] for the definitions of Dp and WB-domains), then M is either biholomor-
phically equivalent to Dp or to the unit ball B™ (cf. Proposition in Section . In
particular, when Dp is an ellipsoid FE,, (m € Zs1), given by

En = {(z,w) € C*: |w]* + || < 1},

in fact Proposition [4.1is a generalization of [Liul8, Theorem 1].

The organization of this paper is as follows: In Section [2] we provide some results
concerning the normality of a sequence of biholomorphisms and the h-extendibility. In
Section [3] we give our proofs of Theorem and Theorem [I.2 Finally, the proof of
Proposition [4.1] will be introduced in Section [4]

2. THE NORMALITY AND THE h-EXTENDIBILITY

2.1. The normality of a sequence of biholomorphisms. First of all, we recall the
following definition (see [GKS87] or [DNO9]).

Definition 2.1. Let {€;}°, be a sequence of open sets in a complex manifold M and
Qo be an open set of M. The sequence {€);}¥, is said to converge to g (written
lim ©; = ) if and only if
(i) For any compact set K < €, there is an ig = 7o(K) such that ¢ > ig implies
that K < €);; and

(i) If K is a compact set which is contained in €; for all sufficiently large ¢, then
K c Qo.

Next, we recall the following proposition, which is a generalization of the theorem of
H. Cartan (see [DN09L IGKS87, [DT04]).
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Proposition 2.1. Let {A;}2, and {;}2, be sequences of domains in a complex man-
ifold M with lim A; = Ay and lim Q; = Qq for some (uniquely determined) domains Ay,
Qo in M. Suppose that {f; : A; — ;} is a sequence of biholomorphic maps. Suppose
also that the sequence {f; : A; — M} converges uniformly on compact subsets of Agy to
a holomorphic map F : Ay — M and the sequence {g; := f; ' : Q; — M} converges
uniformly on compact subsets of 2y to a holomorphic map G : Qo — M. Then one of
the following assertions holds.

(i) The sequence {f;} is compactly divergent, i.e., for each compact set K < Ay and
each compact set L < g, there exists an integer ig such that f;(K)nL = & for
1 =19, OT

(ii) There exists a subsequence {f;,} < {f;} such that the sequence {f;} converges
uniformly on compact subsets of Ay to a biholomorphic map F : Ay — €.

Remark 2.2. By [Ber94, Proposition 2.1} or [DN0O9, Proposition 2.2] and by the hypothe-
ses of Theorem and Theorem it follows that for each compact subset K € M
and each neighborhood U of & in C"!, there exists an integer jo = jo(K) such that
K c f;(Q2nU) for all j = jo. Consequently, the sequence of domains {f;(€2 n U)}
converges to M.

We will finish this subsection by recalling the following lemma (cf. [Fr83, Lemma
1.1]).

Lemma 2.3 (see [Fr83]). Let M be a hyperbolic complex manifold of complex dimension
n. Assume that M can be exhausted by 2 via an exhausting sequence {f; : & — M},
where € is a bounded domain in C™. Suppose that there is an interior point a € M such
that fj_l(a) — pe Q. Then, M is biholomorphically equivalent to €.

2.2. The h-extendibility. In this subsection, we recall some definitions and notations
given in [Cat84, Yu95].

Let © be a smooth pseudoconvex domain in C*™! and p € Q. Let p be a local defining
function for €2 near p. Suppose that the multitype M(p) = (1,mq,...,m,) is finite.
(See [Cat84] for the notion of multitype.) Let us denote by A = (1/my,...,1/m,).
Then, there are distinguished coordinates (z,w) = (21,..., 2z, w) such that p = 0 and
p(z,w) can be expanded near 0 as follows:

p(z,w) = Re(w) + P(2) + R(z,w),

where P is a A-homogeneous plurisubharmonic polynomial that contains no plurihar-
monic terms, R is smooth and satisfies

[R(z,w)| < C (le +2) IZjl’”j>
j=1

for some constant v > 1 and C' > 0. Here and in what follows, a polynomial P is called
A-homogeneous if

P(t™ 2y, 122, 1M 2,) = tP(2), VE > 0,¥2 € C".

Definition 2.2 (see [NN19]). The domain Mp = {(z,w) € C" x C: Re(w) + P(z) < 0}
is called an associated model of €2 at p. A boundary point p € 0S2 is called h-extendible
if its associated model Mp is h-extendible, i.e., Mp is of finite type (see [Yu94l, Corollary

Y
)
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2.3]). In this circumstance, we say that a sequence {n;, = («;,;)} < 0 converges
A-nontangentially to p if |Im(8;)| < |dist(n;, 0Q)| and o(«;) < |dist(n;, 0)|, where
o(z) = Y [al™.
k=1
Throughout this paper, we use < and 2= to denote inequalities up to a positive
multiplicative constant. Moreover, we use &~ for the combination of < and =. In
addition, dist(z, Q) denotes the Euclidean distance from z to 0. Furthermore, for
p > 0 we denote by O(u, A) the set of all smooth functions f defined near the origin of
C" such that
—v N 1
D*D" f(0) = 0 whenever Z(uj + vj)— < L.
i=1 M
If n =1and A = (1) then we use O(i) to denote the functions vanishing to order at
least p at the origin (cf. [Cat84] [Yu95]).

3. PrROOFS OF THEOREM [I.1] AND THEOREM

This section is devoted to our proofs of Theorem and Theorem[1.2] First of all, let
us recall the definition of the Kobayashi infinitesimal pseudometric and the Kobayashi
pseudodistance as follows:

Definition 3.1. Let M be a complex manifold. The Kobayashi infinitesimal pseudo-
metric Fyr: M x TY°M — R is defined by

Fuyu(p, X) =inf{c> 0|3 f: A — M holomorphic with f(0) = p, f'(0) = X/c},

for any p € M and X € T'°M, where A is the unit open disk of C. Moreover, the
Kobayashi pseudodistance df;: M x M — R is defined by

i) =int [ Bt (0,7 O

7 Jo
for any p, ¢ € M where the infimum is taken over all differentiable curves 7 : [0,1] — M

joining p and ¢. A complex manifold M is called hyperbolic if d%(p, q) is actually a
distance, i.e., d¥(p, q¢) > 0 whenever p # q.

Next, we need the following lemma, whose proof will be given in the Appendix for
the convenience of the reader, and the following proposition.

Lemma 3.1. Assume that {D;} is a sequence of domains in C"* converging to a model
Mp of finite type. Then, we have
lim Fp, (2, X) = Fup(z,X), ¥(z,X) € Mp x C**'.

j—0
Moreover, the convergence takes place uniformly over compact subsets of Mp x C*1,

Proposition 3.2 (see [NN19]). Assume that {D;} is a sequence of domains in C"!
converging to a model Mp of finite type. Assume also that w is a domain in C* and
o; + w — Dj is a sequence of holomorphic mappings such that {o;(a)} € Mp for
some a € w. Then {o;} contains a subsequence that converges locally uniformly to a
holomorphic map o : w — Mp.

Now we are ready to prove Theorem [1.1] and Theorem [1.2]
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Proof of Theorem[1.1] Let p be a local defining function for Q near &, and the multitype
M(&) = (1,ma,...,my,) is finite. In what follows, denote by A = (1/m4,...,1/my,).
Since &, is an h-extendible point, there exist local holomorphic coordinates (z,w) in
which & = 0 and €2 can be described in a neighborhood Uj of 0 as follows:

Qn Uy ={p(z,w) = Re(w) + P(z) + Ri(2) + Ro(Imw) + (Imw)R(z) < 0},

where P is a A-homogeneous plurisubharmonic real-valued polynomial containing no
pluriharmonic terms, Ry € O(1,A), R € O(1/2,A), and Ry € O(2). (See the proof of
Theorem 1.1 in [NNT9] or the proof of Lemma 4.11 in [Yu95].)

By assumption, there exists a point a € M such that the sequence n; := f;l(a)
converges A-nontangentially to &. Without loss of generality, we may assume that the
sequence {n;} < Q n Uy and we write n; = (o, B;) = (aj1, ..., a4, 5;) for all j. Then,
the sequence {n; := f~'(a)} has the following properties:

(a) [Tm(B;)] < |dist(n;, )];
(b) |ayx|™ < |dist(n;, Q)| for 1 < k < n.

For the sequence {n; = (a;, ;)}, we define a sequence of points n; = (a1, ..., A, B+
€;), where ¢; > 0, such that n; is in the hypersurface {p = 0} for all j. We note that
€; ~ dist(n;, ). Now let us consider the sequences of dilations A% and translations
Ln;_, defined respectively by

, 21 Zn W
A% (z Znyw) = | —— —_—
VAR T 1 m VAR 1/m ) .

el/m fmn e

J J
and

L’]}(Zaw) = Z,’LU) _77; = (z—a;,w _E;)

(
Under the change of variables (Z,w) := A9 o L (2, w), i.e.,

{w—ﬁ; = Ej?IJ

' 1/my 5
2e— Q=€ "Zg, k=1,...n,

one can see that A% o Ln;(ozj,ﬁj) = (0,---,0,—1) for all j. Moreover, as in [NN19],
after taking a subsequence if necessary, we may assume that the sequence of domains
€ := A% o Ly (Q n Up) converges to the following model

Mp, = {(2,w) e C" x C: Re(w) + P(Z + a) — P(a) < 0},

which is obviously biholomorphically equivalent to the model Mp. Without loss of
generality, in what follows we always assume that {2;} converges to Mp.

Now we first consider the sequence of biholomorphisms F} := T o fj_l: M > fi(Q2n
Up) — Qj, where T} := A% o L,y. Since Fj(a) = (0/,—1) and f;(2 n Uy) converges
to M as j — o (see Remark , by Proposition without loss of generality, we
may assume that the sequence F} converges uniformly on every compact subset of M
to a holomorphic map F' from M to C"!. Note that F/(M) contains a neighborhood of
(0/,~1) and F(M) = Mp.

Since F} is normal, by the Cauchy theorem it follows that {.J(F})} converges uniformly
on every compact subsets of M to J(F'), where J(F) denotes the Jacobian determinant
of F'. However, by the Cartan theorem, J(F})(2) is nowhere zero for any j because F;
is a biholomorphism. Then, the Hurwitz theorem implies that J(F') is either a zero
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function or nowhere zero. In the case that JF = 0, F' is regular at no point of M. As
F(M) contains a neighborhood of (0’,—1), the Sard theorem shows that F' is regular
outside a proper subvariety of M, which is a contradiction. This yields JF' is nowhere
zero and hence F' is regular everywhere on M. By [EST77, Lemma 0], it follows that
F(M) is open and F(M) < Mp.

Next, we shall prove that F'is one-to-one. Indeed, let z1, 20 € M be arbitrary. Fix a
compact subset L € M such that 2z, zo € L. Then, by Remark there is a jo(L) > 0
such that L < f;(Q2nUp) and F;(L) € K € Mp for all j > jo(L), where K is a compact
subset of Mp. By Lemma [3.1] and the decreasing property of Kobayashi distance, one
has

diyi (21, 20) < dff (i) (215 22) = dgy, (Fj(21), Fj(22))) < C - diyp, (Fj(21), Fj(22))
< C(dy, (F(21), F(2)) + di, (Fj(21), F(21)) + diy, (Fj(22), F(22))) ,

where C' > 1 is a positive constant. Letting 7 — 00, we obtain
dﬁ(zl, 22) < C . d]\KLD(F(Zl), F(ZQ))

Since M is hyperbolic, it follows that if F'(z;) = F'(z2), then z; = z5. Consequently, F’
is one-to-one, as desired.

Finally, because of the biholomorphism from M to F(M) < Mp and the tautness of
Mp (cf. [Yu95]), it follows that the sequence F; ' = f;oT,': T;(QnUp) — f;(2nU) ©
M is also normal. Moreover, since T} o fj_l(a) = (0/,—1) € Mp, it follows that the
sequence 1o fj_l is not compactly divergent. Therefore, by Proposition after taking

some subsequence we may assume that 7j o fj’1 converges uniformly on every compact
subset of M to a biholomorphism from M onto Mp. Hence, the proof is complete. [

Remark 3.3. If M is a bounded domain in C**!, the normality of the sequence Fj_1 can
be shown by using the Montel theorem. Thus, the proof of Theorem simply follows
from Proposition [2.1]

Proof of Theorem[1.3. Let p be a local defining function for 2 near . We may assume
that £ = 0. After a linear change of coordinates, one can find local holomorphic
coordinates (Z,w) = (21, , Z,, W), defined on a neighborhood Uy of &, such that

p(z,@) = Re(®) + Y, 151 + O(al|Z] + 2[*).
j=1

By [DN0Q9, Proposition 3.1] (or Subsection 3.1 in [Ber(6] for the case n = 1), for each
point 1 in a small neighborhood of the origin, there exists an automorphism @, of C"
such that

P2, (z,0)) = p(n) = Re(w) + Y |5[* + O(lwl|z] + [2]°).

J=1

Let us define an anisotropic dilation A€ by

Ae(zl7”' 7Zn7w> = (
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For each 1 € 09, if we set pf(z,w) = e 'po®; ' o (A°)7(z,w), then

py(z,w) = Re(w) + Z 1z |* + O(Ve).
j=1
By assumption, the sequence 7; := fj_1 (a) converges to . Then, we define a sequence
of points 1} = (N1, Mjns Njm+1) + €), € > 0, such that n; is in the hypersurface
{p =0}. Then A% o ®, (n;) = (0,---,0,—1) and one can see that A% o,/ ({p = 0})
is defined by an equation of the form

Re(w) + Y |%[* + O(/e;) = 0.
j=1
Therefore, it follows that, after taking a subsequence if necessary, €2; := A% o ‘I)n;(U(; )
converges to the following domain

(1) € 1= {pi=Re(w) + Y, |5 <0}

which is biholomorphically equivalent to the unit ball B"*!,

Now let us consider the sequence of biholomorphisms F; := T} o fj.*l: M o f;(Qn
Uy) — T;(Q n Up), where Tj := A% o &, Since Fj(a) = (0',—1), by [DNO9, Theo-
rem 3.11], without loss of generality, we may assume that the sequence F; converges
uniformly on every compact subset of M to a holomorphic map F from M to C"*.
Note that F(M) contains a neighborhood of (0/, —1) and F(M) < Mp. Following the
argument as in the proof of Theorem [1.1}, we conclude that F'is a biholomorphism from
M onto &€, and thus M is biholomorphically equivalent to B!, as desired. [l

By Lemma [2.3] and Theorem [I.2] we obtain the following corollary, proved by F. S.
Deng and X. J. Zhang [DZ19, Theorem 2.4] and by B. L. Fridman [Fr83 Theorem IJ.

Corollary 3.4. Let D be a bounded strictly pseudoconvex domain in C™ with C?-smooth
boundary. If a bounded domain €2 can be exhausted by D, then € is biholomorphically
equivalent to D or the unit ball B™.

4. EXHAUSTING A COMPLEX MANIFOLD BY A GENERAL ELLIPSOID

In this section, we are going to prove that if a hyperbolic complex manifold M can be
exhausted by a general ellipsoid Dp provided that it is a WB-domain (see the definitions
of Dp and WB-domains below), then M is biholomorphically equivalent to either Dp
or the unit ball B".

First of all, let us fix n positive integers my, ..., m,_; and denote by A := <m%, e ml,l
We assign weights m%, ce ﬁ, 1tozy,...,2,. Foran (n—1)-tuple K = (ky,...,kn_1) €
Z%l, denote the weight of K by

k—1
k.
wt(K) =)y —.
=1 M

Next, we consider the general ellipsoid Dp in C" (n > 2), defined by
Dp :={(¢,2,) € C": |z,)* + P() < 1},
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where

(2) P(2) = Z arr? 2",

wt(K)=wt(L)=1/2

where axr € C with axr = ark, satisfying that P(z’) > 0 whenever 2z’ € C*~1\{0'}. We
would like to emphasize here that the polynomial P given in ({2]) is A-homogeneous and
the assumption that P(z’) > 0 whenever 2z’ # 0 ensures that Dp is bounded in C™ (cf.
INNTK19, Lemma 6]). Moreover, since P(2’) > 0 for 2’ # 0 and by the A-homogeneity,
there are two constants ¢, co > 0 such that

crop(2) < P(2) < cpop(2'), V2 e C* L,

where op(2') = |21]™ + -+ + |z,—1|™ . In addition, Dp is called a WB-domain if it
is strongly pseudoconvex at every boundary point outside the set {(0/,e): 6§ € R} (cf.
[AGK16]).

Now we prove the following proposition.

Proposition 4.1. Let M be a n-dimensional hyperbolic complex manifold. Suppose that
M can be exhausted by the general ellipsoid Dp via an exhausting sequence {f; : Dp —
M}. If Dp is a W B-domain, then M is biholomorphically equivalent to either Dp or
the unit ball B™.

Remark 4.2. The possibility that M is biholomorphic to the unit ball B™ is not excluded
because Dp can exhaust the unit ball B* by [EM95, Corollary 1.4].

Proof of Proposition[{.1 Let q be an arbitrary point in M. Then, thanks to the bound-
edness of Dp, after passing to a subsequence if necessary we may assume that the
sequence {f;'(g)}72, converges to a point p € Dp as j — .

We now divide the argument into two cases as follows:
Case 1. fj_l(q) — p € Dp. Then, it follows from Lemma that M is biholomorphi-
cally equivalent to Dp.
Case 2. f;'(q) — p € dDp. Let us write f;'(q) = (a},a;n) € Dp and p = (d, ay) €
0Dp. As in [NNTK19], for each j € N* we consider ¢; € Aut(Dp), defined by
1 — a"n2 1/mq 1 — a'n2 1/mp—1 Zn — Qin
77Z)](z): ( |,]‘)2 Zl)"'a( |7J|)2 n—l,fj .
(1 = @jpzn)?™ (1 — @jpzp)?/mn1 1 — @jnzn
Then ;o f;(q) = (b;,0), where
b: = < ajl a/j(n_l) ) vj c N*
' ( .. , .

T Jag PV L= Jagal?) e

Without loss of generality, one may assume that b; — be C*"* as j — oo.

Since Dp is a W B-domain, two possibilities may occur:

Subcase 1: p = (d’,a,) is a strongly pseudoconvex boundary point. In this subcase,
it follows directly from Theorem [I.2] that M is biholomorphically equivalent to B™.

Subcase 2: p = (0/,€) is a weakly pseudoconvex boundary point. In this subcase,
one must have a; — 0/ and a;, — € as j — o0. Denote by p(z) := |2,|* — 1 + P(%') a
defining function for Dp. Then dist(a;, 0Dp) ~ —p(a;) = 1 — |az|> — P(a}). Suppose
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that {a;} converges A-nontangentially to p, i.e., P(a}) ~ oa(a}) < dist(a;,0Dp), or

equivalently P(a}) < C(1 —|a;n|* — P(a})), Vj € N*, for some C' > 0. This implies that
C :
(af) < 1+—C<1 — |ajn|?), Vj € N¥,

1
and thus P(b;) = m < 1, Vj € N*. This yields 9; o fj_l(q) =
(b;,0) — (b,0) € Dp as j — o0. So, again by Lemma one concludes that M is
biholomorphically equivalent to Dp.

Now let us consider the case that the sequence {a;} does not converge A-nontangentially
to p, ie., P(a}) = c;dist(a;,dDp), Vj € N*, where 0 < ¢; — +oo. This implies that

P(a}) = ¢i(1 = |a|* — P(d})), ¥j € N*, for some 0 < ¢; — 400, and hence

C
/A < -
(a5) < 1+C

/

P(d) = —2 (1 — |apm]?), Vj € N*.
7T 1+d b

1 c;
—=P(d) = ﬁ which implies that P(b) =

Thus, one obtains that P(b;) = ’ i
J
1. Consequently, 1; o fj_l(q) converges to the strongly pseudoconvex boundary point

p = (b,0) of dDp. Hence, as in Subcase 1, it follows from Theorem that M is
biholomorphically equivalent to B™.
Therefore, altogether, the proof of Proposition [4.1| finally follows. [l

1 —|aja|?

APPENDIX

Proof of Lemma (3.1 We shall follow the proof of [Yu95, Theorem 2.1] with minor modi-
fications. To do this, let us fix compact subsets K € Mp and L € C"*!. Then it suffices
to prove that Fp, (z, X) converges to Fy,(z, X) uniformly on K x L. Indeed, suppose

otherwise. Then, there exist ¢y > 0, a sequence of points {z;,} < K, and a sequence
X, © L such that

|Fp,, (20, Xj,) = Farp (2, X)) > €0, VL= 1.

By the homogeneity of the Kobayashi metrics F'(z, X) in X, we may assume that
|X;,| = 1 for all £ > 1. Moreover, passing to subsequences, we may also assume
that z;, — 20 € K and X;, — X, € L as { — . Since Mp is taut (see [Yu93,
Theorem 3.13]), for each (2, X) € Mp x C"™! with X # 0, there exists an analytic
disc ¢ € Hol(A, Mp) such that ¢(0) = z and ¢'(0) = X/Fy, (2, X). This implies that
Fyr, (2, X) is continuous on Mp x C"*1. Hence, we obtain

FMP (ij ij) - FMP (ZO; XO):
and thus we have
(3) |Fp,, (250 Xj,) — Farp (20, Xo)| > €0/2

for ¢ big enough.
By definition, for any 6 € (0,1) there exists a sequence of analytic discs ¢;, €
Hol(A, Dj,) such that ¢, (0) = 20, ¢,(0) = A, Xj,, where );, > 0, and
1
Fng (ijXje) = )\_ — 0.

Je
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It follows from Proposition that every subsequence of the sequence {y;,} has
a subsequence converging to some analytic disc ¢ € Hol(A, Mp) such that ¢(0) =
20,9’ (0) = A Xy, for some A > 0. Thus, one obtains that

1
EFyr (20, Xo) <
N
for any such . Therefore, one has
(4) hmianD].l<Zjl,Xj£) = FMP(ZO7XO) — .

{—00

On the other hand, as in [Yu95], by the tautness of Mp, there exists an analytic disc
¢ € Hol(A, Mp) such that ¢(0) = 29, ¢'(0) = AX, where A\ = 1/F),. (20, Xo).
Now for 6 € (0, 1), let us define an analytic disc 1#?[ : A — C""! by settings:
2 (¢) = (1= 6)¢) + A1 — 8)(X;, — Xo) + (25, — 20) for all { € A.
Since ((1—4)A) is a compact subset of Mp and X, — Xy, 2;, — 20 as £ — o, it follows
that ¢?4(A) c D,, for all sufficiently large ¢, that is, @ZJ?E e Hol(A, Dj,). Moreover, by

construction, ¥3 (0) = z;, and ( ?Z)/ (0) = (1 —0)AXj,. Therefore, again by definition,
one has
1 1

FDJ'z (Zje7Xj£) < (1 — 5)/\ = (1 — 5>FMP(ZO7X0)

for all large ¢. Thus, letting 6 — 0", one concludes that

(5) hrglsup FDjZ (ijXje) < FMP<Z07XO)-
—00
By , , and , we obtain a contradiction. Hence, the proof is complete. O
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