








CONGRUENT NUMBERS

John Coates

1 Introduction

We say that a positive integer D is congruent if it is the area of a right-angled triangle, all
of whose sides have rational length. For example, the number D = 5 is congruent, because
it is the area of the right-angled triangle, with sides of lengths 9/6, 40/6, 41/6. The
congruent number problem is simply the problem of deciding which positive integers D
are congruent numbers. In fact, no algorithm has ever been proven for infallibly deciding
in a finite number of steps whether a given integer D is congruent or not. We can clearly
suppose that D is square free, and we shall always assume this in what follows. The
origins of this problem are buried deep in antiquity, and the written record goes back
at least one thousand years. It is the oldest unsolved major problem in number theory,
and possibly in the whole of mathematics. The ancient literature simply wrote down
examples of congruent numbers by exhibiting right-angled triangles with the desired
area. It also noted certain infinite families of congruent numbers, e.g. D = n(n2 − 1) is
a congruent number for all integers n ≥ 2, as it is the area of the right-angled triangle
whose sides have lengths 2n, n2 − 1, n2 + 1. At some point of time, it was realised that
the congruent number problem is really a question about finding non-trivial rational
points on an elliptic curve, as is shown by the following elementary lemma, whose proof
we omit.

Lemma 1.1 An integer D ≥ 1 is congruent if and only if there exists a point (x, y), with

x, y in Q and y 6= 0 on the elliptic curve

E(D) : y2 = x3 −D2x. (1)

Fermat was the first to prove that 1 is not a congruent number (for an account of his
beautiful proof, see [1]). His highly original argument led to two further developments,
which turned out to be of fundamental importance in the history of arithmetic geometry.
Firstly, Fermat himself noted that his proof shows that the equation x4 + y4 = 1 has no
solution in rational numbers x, y with xy 6= 0, and this is presumably what led him to
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his assertion that the same statement should hold when the exponent 4 is replaced by
any integer n ≥ 3. Secondly, in 1924, Mordell showed that a beautiful generalization of
Fermat’s argument proves that, for any elliptic curve E defined over Q, the abelian group
E(Q) of points on E with rational coordinates is always finitely generated. Interest in the
congruent number problem was further enhanced by the discovery of the conjecture of
Birch and Swinnerton-Dyer, when it was quickly realised that one part of the problem,
which probably had already been noted in the classical literature, is perhaps the simplest
and most down to earth example of this conjecture. Recall that the complex L-series of
the elliptic curve (1) is defined, in the half plane for which the real part of s is greater
than 3/2, by the Euler product

L(E(D), s)
∏

(q,2D)=1

(1− aqq−s + q1−2s)−1,

where, for q a prime not dividing 2D, the integer aq is such that the number of solutions
of the congruence y2 ≡ x3 −D2x modulo q is equal to q− aq. The analytic continuation
and functional equation of this particular L-series has been known since the time of
Kronecker (essentially because the elliptic curve (1) admits complex multiplication).
Put Λ(E(D), s) = (2π)−sΓ (s)L(E(D), s). Then it can be shown that Λ(E(D), s) is entire,
and satisfies the functional equation

Λ(E(D), s) = w(E(D))N(E(D))1−sΛ(E(D), 2− s),

where N(E(D)) denotes the conductor of E(D), and where the root number w(E(D)) is
equal to +1 if D ≡ 1, 2, 3 mod 8, and is equal to −1 if D ≡ 5, 6, 7mod 8. In particular,
it follows that L(E(D), s) will have a zero of odd multiplicity at the point s = 1 if and
only if D ≡ 5, 6, 7mod 8. Since it is easy to see that a rational point (x, y) on the curve
(1) has finite order if and only if y = 0, it follows that the conjecture of Birch and
Swinnerton-Dyer predicts that:-

Conjecture 1.2 Every positive integer D with D ≡ 5, 6, 7mod 8 is a congruent number.

The search for a proof of this general conjecture is unquestionably one of the major
open problems of number theory. Of course, there are congruent numbers which are not
in the residue classes of 5, 6, or 7 modulo 8, the smallest of which is 34 (it is the area
of the right angled triangle whose sides have lengths 225/30, 272/30, 353/30).

The first important progress on the above conjecture was made by Heegner [3], in a
paper which was neglected when it was initially published, but is now justly celebrated.

Theorem 1.3 (Heegner) Let N be a square free positive integer, with precisely one odd

prime factor, such that N ≡ 5, 6, 7mod 8. Then N is congruent.

Considerable efforts were made by many number-theorists to extend this theorem to
integers N with more than one prime factor, but until now nothing was established
beyond the case of N with at most two odd prime factors (see [4]). However, very
recently, Y. Tian [5,6] has at last found the new ideas needed to establish the desired
generalization.

Theorem 1.4 (Tian) Let p0 be any prime number satisfying p0 ≡ 3, 5, 7mod 8, and let M

be any square free integer of the form M = p0p1 . . . pk, where k ≥ 1, and pi ≡ 1mod 8
for 1 ≤ i ≤ k. Define KM = Q(

√
−2M), and let CM denote the ideal class group of KM .

Assume that 2CM ∩ CM [2] has order 1 or 2, according as M ≡ 3, 5mod 8 or M ≡ 7mod 8.

Let N = M or 2M be such that N ≡ 5, 6, 7mod 8. Then N is congruent, and L(E(N), s)
has a simple zero at s = 1.
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As is explained in detail at the end of [6], a well known argument then establishes the
following corollary for the first time.

Corollary 1.5 (Tian) For each integer k ≥ 1, there exist infinitely many square free con-

gruent numbers, with exactly k odd prime factors, in each of the residue classes 5, 6, 7mod 8.

Let E be the elliptic curve

y2 = x3 − x. (2)

We remark that the field Q(E[4]) generated by the coordinates of the 4-division points
on E is in fact the field Q(µ8) given by adjoining the 8-th roots of unity to Q. Thus a
prime p will split completely in the field Q(E[4]) precisely when p ≡ 1mod 8. Curiously,
this fact seems to be related to the need to take the primes pi ≡ 1mod 8, for 1 ≤ i ≤ k,
in the above theorem (see also Theorem 3.1 at the end of this lecture). Note also that
the elliptic curve E(N) is the twist of the elliptic curve E by the quadratic extension
Q(
√
N)/Q. Define E(Q(

√
N))− to be the subgroup of E(Q(

√
N)) consisting of all points

P such that the non-trivial element of the Galois group of Q(
√
N)/Q acts on P by −1.

Then we can identify E(N)(Q) with E(Q(
√
N))−, and the construction of rational points

on E(N) by both Heegner and Tian proceeds by constructing points in E(Q(
√
N))−.

2 Tian’s induction argument

The key new idea in Tian’s work is an induction argument on the number of prime
factors of N , which we now briefly explain (for full details, see [6]). Let E be the
elliptic curve (2), which has conductor 32. Define Γ0(32) to be the congruence subgroup
consisting of all matrices in SL2(Z) with bottom left hand entry divisible by 32. The
modular curve X0(32) is defined over Q, and its complex points are given by

X0(32)(C) = Γ0(32) \ (H ∪ P1(Q)),

where H denotes the upper half plans, and P1(Q) the projective line over Q. Then X0(32)
has genus 1 and the cusp at infinity [∞] is a rational point (in fact, it can easily be
shown that X0(32) is isomorphic over Q to the elliptic curve with equation y2 = x3+4x).
There is then a degree 2 rational map defined over Q

f : X0(32)→ E, (3)

with f([∞]) = O, where O is the point at infinity on E. Let K be any imaginary quadratic
field, which we always assume to be embedded in C. If z is any point in H∩K, we write Pz

for the corresponding point on X0(32). The classical theory of complex multiplication,
going back to the 19th century, then tells us that the point f(Pz) belongs to E(Kab),
where Kab denotes the maximal abelian extension of K. Moreover, it also provides an
explicit description of the action of the Galois group of Kab over K on this point.

We now explain Tian’s induction argument in the case of certain square free N lying
in the residue class of 5 modulo 8. Similar arguments (see [6]), with slightly different
details, are valid for the residue classes of 6 and 7 modulo 8. Thus we assume from now
on that p0 is a prime with p0 ≡ 5mod 8, and define

N = p0p1 . . . pk (4)
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where k is any integer ≥ 0, and p1, . . . , pk are distinct prime numbers satisfying pi ≡
1mod 8 for i = 1, . . . , k. We then define

KN = Q(
√
−2N). (5)

Let
zN =

√
−2N/8 ∈ H ∩KN ,

and write PN for the corresponding point on X0(32). Consider the point on E defined
by

wN = f(PN ) + (1 +
√

2, 2 +
√

2); (6)

here (1+
√

2, 2+
√

2) is a point on E of exact order 4. The reason for adding this point of
order 4 is the following. Define HN to be the Hilbert class field of KN . Then it can easily
be shown that wN has coordinates in HN , whereas f(PN ) itself only has coordinates
lying in a ramified extension of KN . Define

JN = KN (
√
N).

The classical theory of genera shows that JN is a subfield of the Hilbert class field HN ,
and we than define the point uN in E(JN ) by

uN = TrHN/JN
(wN ) (7)

where, of course, the trace map is taken on the elliptic curve E. In fact, it is easily seen
using the theory of complex multiplication that

uN ∈ E(Q(
√
N)). (8)

When k = 0, Heegner [3] showed, just using the theory of complex multiplication, that
uN does not belong to E(Q(

√
N))−, whereas 2uN does belong to this subgroup. As we

shall now explain, by making use of L-functions, Tian [6] beautifully extended this to
all k ≥ 1, establishing first the following unconditional result. Here E[2] denotes the
group of points of order 2 on E. It is well known and easy to see that E[2] is also the
full torsion subgroup of E(R)(Q) for any square free positive integer R.

Theorem 2.1 For all k ≥ 1, we have

uN ∈ 2k−1E(Q(
√
N))− + E[2]. (9)

We now outline the main new ingredients in the proof of this theorem. Define

FN = KN (
√
p0, . . . ,

√
pk).

By the classical theory of genera, FN is a subfield of HN , and the Artin map defines
an isomorphism from 2CN to the Galois group of HN over FN , where, as earlier, CN

denotes the ideal class group of KN . Define DN to be the set of all those positive divisors
of N , which are divisible by the prime p0. Of course, for each M ∈ DN , we have the
Heegner point uM , defined exactly as above with N replaced by M . On the other hand,
for each such M ∈ DN , we can also consider another Heegner point defined by

uN,M = Tr
HN/KN (

√
M)

(wN ).

Once again, it can be shown that uN,M belongs to E(Q(
√
M)), and plainly uN = uN,N .

The following easily proven averaging lemma is the starting point for a proof of the
above theorem by induction on k.
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Lemma 2.2 . Define WN =
∑

M∈DN
uN,M . Then, if k ≥ 2, we have WN = 2kvN , and,

if k = 1, we have WN = 2vN + #(2CN )(0, 0), where, in both cases, vN = TrHN/FN
(wN ).

Morever, vN ∈ F+
N = Q(

√
p0, . . . ,

√
pk).

We note first that, when k = 1 one verifies directly using the theory of complex
multiplication that (9) is valid, so that the induction starts. Now let us suppose k > 1,
and make the inductive hypothesis that, for all M ∈ DN with M 6= N , we have

uM ∈ 2k(M)−1E(Q(
√
M))− + E[2], (10)

where k(M) now denotes the number of prime factors of M (in the special case when
k(M) = 0, i.e. when M = p0, this is understood to mean that 2uM lies in E(Q(

√
M))−+

E[2], and this is easily verified to be true). So far, complex L-functions have not been
used anywhere in our argument, and Tian’s marvellous idea is to now exploit them to
deduce information about the Heegner points uN,M from (10). We write χM for the
non-trivial character of the the quadratic extension KN (

√
M)/KN (this extension is

non-trivial because M is always divisible by the prime p0). Let L(E/KN , χM , s) be the
complex L-series of E over K, twisted by the unramified abelian character χM of K.
A simple argument with the properties of L-function under induction, applied to the
quartic extension KN (

√
M)/Q, then establishes the following lemma.

Lemma 2.3 For each M ∈ DN , we have L(E/KN , χM , s) = L(E(2N/M), s)L(E(M), s).

Combining this lemma with the generalized Gross-Zagier formula of Zhang proven in [7]
(which is needed, rather than the classical Gross-Zagier formula, because the discrimi-
nant of KN has the factor 2 in common with the conductor of E), Tian then establishes
the following result, in which ĥ denotes the canonical Neron-Tate height function on
E(Q̄). For each positive square free integer R, define

L(alg)(E(R), 1) = L(E(R), 1)
√
R/Ω,

where Ω = 2.62206 . . . is the least positive real period of the Neron differential on E. It
is well known that L(alg)(E(R), 1) is a rational number. Moreover, L(alg)(E(2), 1) = 1/2.

Theorem 2.4 Assume that M ∈ DN , and that the Heegner point uM is not torsion. Then

E(M)(Q) has rank 1, and we have

ĥ(uN,M )/ĥ(uM ) = L(alg)(E(2N/M), 1)/L(alg)(E(2), 1). (11)

It can perfectly well happen that L(alg)(E(2N/M), 1) = 0 (for example, when N/M = 17),
but in this case we conclude from the above theorem that uN,M is itself a torsion point

in E(M)(Q), and so belongs to E[2] by the remark made earlier. On the other hand,
if uN,M is not torsion, the Gross-Zagier theorem tells us that L(E/KN , χM , s) has a

simple zero at s = 1, and so we conclude from Lemma 2.3 that L(E(M), s) also has a
simple zero at s = 1 and thus again invoking the Gross-Zagier theorem, it follows that
uM is not torsion. We are therefore in a position where we can use (11) to estimate the
height of uN,M . To do this, we invoke the following theorem of Zhao [8].

Theorem 2.5 Let R be a square free positive integer, which is a product of r ≥ 1 primes,

all of which are ≡ 1mod 8. Then, if L(E(2R), 1) 6= 0, we have

ord2(L(alg)(E(2R), 1) ≥ 2r.



6 J. COATES

When M = p0, or equivalently N/M = p1...pk, Heegner was the first to point out that
the theory of complex multiplication shows that 2uM belongs to E(Q(

√
M)−, whence,

in this case, we deduce immediately from Zhao’s theorem and (11) that

uM,N ∈ 2kE(Q(
√
M))− + E[2]. (12)

Now suppose that k(M) ≥ 1 but M 6= N . If uN,M is torsion, then it must belong to
E[2], and then (12) is clearly valid. If uN,M is not torsion, then, as remarked above,

uM is also not torsion and E(M)(Q) has rank 1. We can therefore use our induction
hypothesis (10), combined with (11) and Zhao’s theorem to conclude that (12) is again
valid. Thus we can write uM,N = 2kzM + tM , with zM ∈ E(Q(

√
M)− and tM ∈ E[2] for

all M ∈ DN with M 6= N . Hence, recalling that uN = uN,N , we conclude from Lemma
2.2 that

uN = 2k(vN −
∑

M∈DN ,M 6=N

zM ) + t,

for some t ∈ E[2]. In particular, it follows that 2uN belongs to 2k+1E(F+
N ), and so the

class of 2uN lies in the kernel of the natural map from E(Q(
√
N))/2k+1E(Q(

√
N)) to

E(F+
N )/2k+1E(F+

N ). But, by Kummer theory on the curve, this kernel is contained in

H1(Gal(E(F+
N /Q(

√
N)), E[2n+1](F+

N )). This cohomology group is killed by 2, because
any proper sub-extension of F+

N must be ramified at an odd prime, whereas only the
prime 2 can ramify in the field Q(E[2∞]), so that

E[2n+1](F+
N ) = E[2]. (13)

Therefore, we must have 4uN ∈ 2k+1E(Q(
√
N)). One deduces easily that uN = 2k−1rN modE[2]

for some rN ∈ E(Q(
√
N)), and that

rN = 2vN −
∑

M∈DN ,M 6=N

2zM + t1 (14)

for some t1 ∈ E[2]. Let τ denote the Artin symbol of the unique prime of KN above 2
for the extension HN/KN . It is easily seen that τ(

√
M) = −

√
M for all M ∈ DN . Hence

τ(zM ) = −zM for all M 6= N , and so (14) implies that

τ(rN ) + rN = 2(τ(vN ) + vN ).

However, it is easily seen that

τ(vN ) + vN = #(2CN )(0, 0), (15)

and so 2(τ(vN ) + vN ) = 0. Hence rN belongs to E(Q(
√
N)−, and and so we have finally

proven the assertion (9) by induction on k. This completes the proof of Theorem 2.1.

Tian’s theorem in the Introduction for the residue class of 5 modulo 8 now follows
by combining Theorem 2.1 with the following result.

Theorem 2.6 If the ideal class group CN of KN has no element of order 4, then

uN /∈ 2kE(Q(
√
N))− + E[2].
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Proof Suppose on the contrary that uN = 2kzN modE[2] for some zN ∈ E(Q(
√
N))−. It

then follows from Lemma 2.2 that

2kθ ∈ E[2],with θ = vN −
∑

M∈DN

zM .

Since θ ∈ F+
N , it again follows from (13) that θ ∈ E[2], and so one sees that τ(vN )+vN =

0. But, if CN has no element of order 4, then #(2CN ) is odd, and so this last equation
contradicts (15). This completes the proof. �

3 Generalization

It is natural to try and establish some analogue of these results for any elliptic curve E
over Q, in which one seeks to prove the existence of a suitably large infinite set Σ(E) of
square free integers R, which could be either positive or negative, such that the complex
L-series L(E(R), s) has a simple zero at s = 1 for all R ∈ Σ(E). Here L(E(R), s) now
denotes the complex L-series of E, twisted by the quadratic extension Q(

√
R)/Q. A first

step in this direction is carried out in [2], where a similar induction argument to the
one outlined above establishes the following result. Let E be the elliptic curve

y2 + xy = x3 − x2 − 2x− 1.

It has complex multiplication by the ring of integers of the field Q(
√
−7), and is well

known to be isomorphic to the modular curve X0(49).

Theorem 3.1 Let N = p0p1...pk be a square free positive integer, where p0 6= 7 is any

prime which is ≡ 3mod 4 and is a quadratic non-residue modulo 7, and where p1, . . . , pk are

distinct primes which split completely in the field Q(E[4]). Assume that the ideal class group

of the field Q(
√
−N) has no element of order 4. Then the complex L-series L(E(−N), s) has

a simple zero at s = 1, and consequently E(−N)(Q) has rank 1, and the Tate-Shafarevich

group of E(−N) is finite.

The field Q(E[4]) for this curve is given explicitly by Q(µ4,
4
√
−7), where µ4 denotes the

group of 4-th roots of unity. Of course, by the Chebotarev theorem, there is a positive
density of rational primes which split completely in Q(E[4]), and the ones smaller than
1000 are

113, 149, 193, 197, 277, 317, 373, 421, 449, 457, 541, 557, 809, 821, 953.

We believe that, under the conditions of the theorem, the Tate-Shafarevich group of
E(−N) should also have odd order, but we still have not proven it.
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RECENT PROGRESS ON THE GROSS-PRASAD
CONJECTURE

Wee Teck Gan

1 Introduction

The Gross-Prasad conjecture concerns a restriction or branching problem in the repre-
sentation theory of real or p-adic Lie groups. It also has a global counterpart which is
concerned with a family of period integrals of automorphic forms. The conjecture itself
was proposed by Gross and Prasad in the context of special orthogonal groups in 2 pa-
pers [GP1,GP2] some twenty years ago. In a more recent paper [GGP1], the conjecture
was extended to all classical groups, i.e. orthogonal, unitary, symplectic and metaplec-
tic groups. Though the conjecture has the same flavour for these different groups, each
of the cases have their own peculiarities which make a uniform exposition somewhat
difficult. As such, for the purpose of this expository article, we shall focus only on the
case of unitary groups.

A motivating example is the following classical branching problem in the theory of
compact Lie groups. Let π be an irreducible finite dimensional representation of the
compact unitary group U(n), and consider its restriction to the naturally embedded
subgroup U(n−1). It is known that this restriction is multiplicity-free, but one may ask
precisely which irreducible representations of U(n− 1) occur in the restriction.

To give an answer to this question, we need to have names for the irreducible rep-
resentations of U(n − 1), so that we can say something like: “this one occurs but that
one doesn’t”. Thus, it is useful to have a classification of the irreducible representa-
tions of U(n). Such a classification is provided by the Cartan-Weyl theory of highest
weight, according to which the irreducible representations of U(n) are determined by
their “highest weights” which are in natural bijection with sequences of integers

a = (a1 ≤ a2 ≤ · · · ≤ an).

Now suppose that π has highest weight a. Then a beautiful classical theorem says that:
an irreducible representation τ of U(n−1) with highest weight b occurs in the restriction
of π if and only if a and b are interlacing:

a1 ≤ b1 ≤ a2 ≤ b2 ≤ · · · ≤ bn−1 ≤ an.
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The Gross-Prasad conjecture considers the analogous restriction problem for the
non-compact Lie groups U(p, q) and their p-adic analogs. As an example, consider the
case when n = 2, where we have seen that the representation πa of U(2) contains τb
precisely when a1 ≤ b1 ≤ a2. Consider instead the non-compact U(1, 1) which is closely
related to the group SL2(R). Indeed, one has an isomorphism of real Lie groups

U(1, 1) ∼= (SL2(R)± × S1)/∆µ2.

Now let π be an irreducible representation of U(1, 1) (in an appropriate category); note
that π is typically infinite-dimensional but since U(1) is compact, the restriction of π to
U(1) is a direct sum of irreducible characters of U(1). It is known that this decomposition
is multiplicity-free, so one is interested in determining precisely which characters of U(1)
occur.

For this, it is again useful to have a classification of the irreducible representations of
U(1, 1). Such a classification has been known for a long time, and was the beginning of
the systematic investigation of the infinite-dimensional representation theory of general
reductive Lie groups, culminating in the work of Harish-Chandra, especially his con-
struction and classification of the discrete series representations. These discrete series
representations are the most fundamental representations, in the sense that every other
irreducible representation can be built from them by a systematic procedure (parabolic
induction and taking quotients).

For U(1, 1), it turns out that the discrete series representations are classified by a
pair of integers a = (a1 ≤ a2). Then one can show that a irreducible representation τb
of U(1) occurs in the restriction of π′a if and only if

b1 /∈ [a1, a2],

i.e. if and only if a and b do not interlace!
Let us draw some lessons from this simple example:

(a) to address the branching problem, it is useful, even necessary, to have some classifi-
cation of the irreducible representations of a real or p-adic Lie group. A conjectural
classification exists and is called the local Langlands conjecture.

(b) it is useful to group certain representations of different but closely related groups
together. In the example above, we see that if one groups together the representations
πa of U(2) and π′a of U(1, 1), then the branching problem has a nice uniform answer:

dim HomU(1)(πa, τb) + dim HomU(1)(π
′
a, τb) = 1

for any a and b. That the local Langlands conjecture can be expanded to allow for
such a classification was first suggested by Vogan.

(c) there is a simple recipe for deciding which of the two spaces HomU(1)(πa, τb) or
HomU(1)(π

′
a, τb) is nonzero, given by the interlacing or non-interlacing condition. In

the general case, we would like a similar such recipe. However, it will turn out that
this is a delicate issue and formulating the precise condition is the most subtle part
of the Gross-Prasad conjecture.

Let us give a summary of the paper. In Section 2, we formulate the branching
problem precisely, and recall some basic results, such as the multiplicity-freeness of the
restriction. This multiplicity-freeness result is proved only surprisingly recently, by the
work of Aizenbud-Gouretvitch-Rallis-Schiffman [AGRS], Waldspurger [W5], Sun-Zhu
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[SZ] and Sun [S] . We shall introduce the local Langlands conjecture, in its refined form
due to Vogan [V], in Section 3, where we use Vogan’s notion of “pure inner forms”.
Then we shall state the local and global GP conjecture in Section 4. In the global
setting, we also mention a refinement due to Ichino-Ikeda [II]. Finally, we describe
some recent progress on the GP conjecture in the remaining sections, highlighting the
work of Waldspurger [W1-4] and Beuzart-Plesis [BP] in the local case and the work of
Jacquet-Rallis [JR], Wei Zhang [Zh1, Zh2], Yifeng Liu [L] and Hang Xue [X1, X2] in
the global case. We conclude with listing some outstanding problems in this story in
the last section.

2 The Restriction Problem

Let k be a field, not of characteristic 2. Let σ be a non-trivial involution of k having k0
as the fixed field. Thus, k is a quadratic extension of k0 and σ is the nontrivial element
in the Galois group Gal(k/k0). Let ωk/k0 be the quadratic character of k×0 associated
to k/k0 by local class field theory.

2.1 The spaces

Let V be a finite dimensional vector space over k. Let

〈−,−〉 : V × V → k

be a non-degenerate, σ-sesquilinear form on V , which is ε-symmetric (for ε = ±1 in k×):

〈αv + βw, u〉 = α〈v, u〉+ β〈w, u〉
〈u, v〉 = ε · 〈v, u〉σ.

2.2 The groups

Let G(V ) ⊂ GL(V ) be the algebraic subgroup of elements T in GL(V ) which preserve
the form 〈−,−〉:

〈Tv, Tw〉 = 〈v, w〉.

Then G(V ) is a unitary group, defined over the field k0.

If one takes k to be the quadratic algebra k0×k0 with involution σ(x, y) = (y, x) and
V a free k-module, then a non-degenerate form 〈−,−〉 identifies the k = k0× k0 module
V with the sum V0 + V ∨0 , where V0 is a finite dimensional vector space over k0 and V ∨0
is its dual. In this case G(V ) is isomorphic to the general linear group GL(V0) over k0.
In our ensuing discussion, this split case can be handled concurrently, and is necessary
for the global case.
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2.3 Pairs of spaces

Now suppose that W ⊂ V is a nondegenerate subspace, with V = W ⊕W⊥, satisfying:

dimW⊥ =

{
1 if ε = 1;

0 if ε = −1.

One thus has a natural embedding G(W ) ↪→ G(V ) with G(W ) acting trivially on W⊥.
We set

G = G(V )×G(W ) and H = ∆G(W ) ⊂ G.

2.4 Pure inner forms

We shall assume henceforth that k is a local field of characteristic 0. A pure inner
form of G(V ) is a form of G(V ) constructed from an element of the Galois cohomology
set H1(k0, G(V )). For the case at hand, the pure inner forms are easily described and
are given by the groups G(V ′) as V ′ ranges over similar type of spaces as V with
dimV ′ = dimV .

More concretely, when k is p-adic, there are two Hermitian or skew-Hermitian spaces
of a given dimension, so that G(V ) has a unique pure inner form G(V ′) (other than
itself). When dimV is odd, the groups G(V ) and G(V ′) are quasi-split isomorphic even
though the spaces V and V ′ are not. When dimV is even, we take the convention that
G(V ) is quasi-split whereas G(V ′) is not.

When k = C and k0 = R, the pure inner forms of G(V ) are precisely the groups
U(p, q) with p+ q = dimk V .

Now given a pair of spaces W ⊂ V , we have the notion of relevant pure inner forms.
A pair W ′ ⊂ V ′ is a relevant pure inner form of W ⊂ V if W ′ and V ′ are pure inner
forms of W and V respectively, and V/W ∼= V ′/W ′. Then, in the p-adic case, W ⊂ V

has a unique relevant pure inner form (other than itself).

2.5 The restriction problem

Now we can state the restriction problem. Let π = π1 � π2 be an irreducible smooth
representation of G(k0) = G(V )×G(W ). When ε = 1, we are interested in determining

HomH(k0)(π,C) ∼= HomG(W )(π1, π
∨
2 ). (2.1)

We shall call this the Bessel case of the local GP conjecture.
When ε = −1, one needs an extra data to state the restriction problem. Since W is

skew-Hermitian, the space Resk/k0(W ) inherits the structure of a symplectic space, so
that

U(W ) ⊂ Sp(Resk/k0(W )).

The metaplectic group Mp(Resk/k0(W )) (which is an S1-extension of Sp(Resk/k0(W )))
has a Weil representation ωψ0

associated to a nontrivial additive character ψ0 of k0. It
is known that the metaplectic veering splits over the subgroup U(W ) but the splitting
is not unique since U(W ) has nontrivial unitary characters. However, a splitting can be
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specified by a pair (ψ0, χ) where χ is a character of k× such that χ|k×0 = ωk/k0 . For such

a splitting iW,ψ0,χ, we obtain a representation

ωW,ψ0,χ := ωψ0
◦ iW,ψ0,χ

of U(W ); we call this a Weil representation of U(W ).
Then one is interested in determining

HomH(k0)(π, ωW,ψ0,χ). (2.2)

We call this the Fourier-Jacobi case of the local GP conjecture. To unify notations in
the two cases, we set

ν = νψ0,χ =

{
C if ε = 1;

ωW,ψ0,χ if ε = −1.

We note that [GGP1] considers pairs of spaces W ⊂ V with arbitrary dimW⊥,
and formulates a restriction problem in this general setting, whereas we have restricted
ourselves to the case of dimW⊥ ≤ 1 in this article for simplicity.

2.6 Multiplicity-freeness

In a number of recent papers, beginning with [AGRS] and followed by [SZ] and [S], the
following fundamental theorem was shown:

Theorem 2.3 The space HomH(k0)(π, ν) is at most one-dimensional.

Thus, the remaining question is whether this Hom space is 0 or 1-dimensional.
The case when k = k0 × k0 is particularly simple. One has:

Proposition 2.4 When k = k0 × k0, the above Hom space is 1 -dimensional when π is

generic, i.e. has a Whittaker model.

The local GP conjecture gives a precise criterion for the Hom spaces above to be
nonzero. However, to state the precise criterion requires substantial preparation and
groundwork.

2.7 Periods

We now consider the global situation, where F is a number field with ring of addles
A and E/F is a quadratic field extension. Hence the spaces W ⊂ V are Hermitian or
skew-Hermitian spaces over E and the associated groups G and H are defined over F .
Let Acusp(G) denote the space of cuspidal automorphic forms of G(A). When ε = 1,
there is a natural H(A)-invariant linear functional on Acusp(G) defined by

PH(f) =

∫
H(F )\H(A)

f(h) · dh.

This map is called the H-period integral.
When ε = −1, the Weil representation ωW,ψ0,χ admits an automorphic realization

via the formation of theta series. Then one considers

PH : A(G) � ωW,ψ0,χ −→ C
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given by

PH(f ⊗ θϕ) =

∫
H(F )\H(A)

f(h) · θϕ(h) dh.

Now let

π = π1 � π2 ⊂ Acusp(G)

be a cuspidal representation of G(A). Then the restriction of PH to π defines an element
in

HomH(A)(π ⊗ ν,C).

By Theorem 2.3, one knows that these adelic Hom spaces have dimension at most 1,
and that the dimension is 1 precisely when the relevant local Hom spaces are nonzero
for all places v of F . Moreover, it is clear that the nonvanishing of these Hom spaces is
necessary for the nonvanishing of PH .

The global GP conjecture gives a precise criterion for the nonvanishing of the
globally-defined linear functional PH .

3 Local Langlands Correspondence

To understand the restriction problem described in the previous section, it will be
useful to have a classification of the irreducible representations of G(k0) in the local
case, and a classification of the cuspidal representations of G(A) in the global case.
The Langlands program provides such a classification, known as the (local or global)
Langlands correspondence. On one hand, the Langlands correspondence can be viewed
as a generalisation of the Cartan-Weyl theory of highest weights which classifies the
irreducible representations of a connected compact Lie group. On the other hand, it
can be considered as a profound generalisation of class field theory, which classifies the
abelian extensions of a local or number field. In this section, we briefly review the salient
features of the Langlands correspondence.

3.1 Weil-Deligne group

We first introduce the parametrizing set. For a local field k, let Wk denote the Weil
group of k. When k is a p-adic field, one has a commutative diagram of short exact
sequences:

1 −−−−−→ Ik −−−−−→ Gal(k/k) −−−−−→ Ẑ −−−−−→ 1∥∥ x x
1 −−−−−→ Ik −−−−−→ Wk −−−−−→ Z −−−−−→ 1

where Ik is the inertia group of Gal(k/k), and Ẑ is the absolute Galois group of the
residue field of k, equipped with a canonical generator (the geometric Frobenius element
Frobk). This exhibits the Weil group Wk as a dense subgroup of the absolute Galois
group of k. When k is archimedean, we have

Wk =

{
C× if k = C;

C× ∪C× · j, if k = R,
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where j2 = −1 ∈ C× and j · z · j−1 = z for z ∈ C×. Set the Weil-Deligne group to be

WDk =

{
Wk if k is archimedean;

Wk × SL2(C), if k is p-adic.

3.2 L-parameters

Now let LG(V ) denote the L-group of G(V ) over k0, so that

LG(V ) = GLn(C) o Gal(k/k0),

with n = dimk V and σ acting on GLn(C) as a pinned outer automorphism. By an
L-parameter (or Langlands parameter) of G(V ), we mean a GLn(C)-conjugacy class of
admissible homomorphisms

φ : WDk0 −→
LG(V )

such that the composite of φ with the projection onto Gal(k/k0) is the natural projection
of WDk0 to Gal(k/k0).

The need to work with the semi-direct product GLn(C) o Gal(k/k0) is quite a nui-
sance, but the following useful result was shown in [GGP1]:

Proposition 3.1 Restriction to Wk defines a bijection between the set of L-parameters for

G(V ) and the set of equivalence classes of Frobenius semisimple, conjugate-self-dual repre-

sentations

φ : WDk −→ GLn(C)

of sign (−1)n−1.

This means that L-parameters for unitary groups are essentially local Galois represen-
tations with some conjugate-self-duality property.

3.3 Component groups

A invariant that one can attach to an L-parameter φ is its component group

Sφ = π0(ZGLn(C)(φ)Gal(k/k0))

where we regard φ as a map WDk0 −→
LG(V ) here. Thus, Sφ is a finite group which can

be described more explicitly as follows. Regarding φ now as a representation of WDk,
let us decompose φ into its irreducible components:

φ =
⊕
i

ni · φi.

Then Sφ is an elementary abelian 2-group, i.e. a vector space over Z/2Z, which is
equipped with a canonical basis:

Sφ =
∏
i

Z/2Z · ei

where the product runs over all indices i such that φi is conjugate-self-dual of sign
(−1)n−1 (i.e. of same sign as φ).
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3.4 Local Langlands conjecture

We can now formulate the local Langlands conjecture for the groups G(V ):

Local Langlands Conjecture (LLC)

There is a natural bijection⊔
V ′

Irr(G(V ′))←→ Φ(G(V ))

where the union on the LHS runs over all pure inner forms V ′ of V and the set Φ(G(V ))
is the set of isomorphism classes of pairs (φ, η) where φ is an L-parameter of G(V ) and
η ∈ Irr(Sφ).

Given an L-parameter φ for G(V ), we let Πφ be the finite set of irreducible repre-
sentations of G(V ′), with V ′ running over all pure inner forms of V , which corresponds
to (φ, η) for some η. This is called the L-packet with L-parameter φ. So⊔

V ′

Irr(G(V ′)) =
⊔
φ

Πφ.

and an irreducible representation π of G(V ) (or its pure inner form) is of the form

π = π(φ, η)

for a unique pair (φ, η) as above. We shall frequently write π = π(η) if φ is fixed and
understood.

3.5 Status

The LLC has been established for the group GL(n) by Harris-Taylor [HT] and Henniart
[He2]. For the unitary groups G(V ), the LLC was established in the recent paper of
Mok [M] when G(V ) is quasi-split, following closely the book of Arthur [A] where the
symplectic and orthogonal groups were treated. The results of [A] and [M] are at the
moment conditional on the stabilisation of the twisted trace formula, but substantial
efforts are currently being made towards this stabilisation, and one can be optimistic
that in the coming months, the results will be unconditional. With the stabilisation at
hand, one can also expect that the results for non-quasi-split unitary groups will also
follow.

For the purpose of this article, we shall assume that the LLC has been established.

3.6 L-factors and ε-factors

Given an L-parameter φ of G(V ), one can associate some arithmetic invariants. More
precisely, if

ρ : LG(V ) −→ GL(U)

is a complex representation, then we may form the local Artin L-factor over k0:

Lk0(s, ρ ◦ φ) =
1

det(1− q−s(ρ ◦ φ)(Frobk0)|UIk0 )
,
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where q is the cardinality of the residue field of k0.
Similarly, if we are given

ρ : GLn(C) −→ GL(U),

then we have a composite ρ ◦ φ : WDk −→ GL(U) and we can form the analogous local
Artin L-factor Lk(s, ρ ◦φ) over k; here we have identified φ with its restriction to WDk.

Further, one can associate a local epsilon factor ε(s, ρ ◦ φ, ψ) which is a nowhere
zero entire function of s depending on φ, ρ and an additive character ψ of k. This local
epsilon factor is quite a subtle invariant, which satisfies a list of properties. While it
is not hard to show that this list of properties characterize the local epsilon factor,
the issue of existence is not trivial at all. Indeed, the existence of this invariant is due
independently to Deligne [De] and Langlands.

We shall mention only one key property of the local epsilon factors that we need.
If ρ ◦ φ is a conjugate symplectic representation of Wk, and ψ is a nontrivial additive
character of k/k0, then ε(1/2, ρ ◦ φ, ψ) = ±1. Moreover, this sign depends only on the
Nk×-orbit of ψ. Indeed, if dim ρ ◦ φ is even, then this sign is independent of the choice
of ψ.

This sign will play an important role in the local GP conjecture.

3.7 Characterization by Whittaker datum

Perhaps some explanation is needed for the meaning of the adjective “natural” in the
statement of the LLC. In what sense is the bijection in the LLC natural?

One possibility is that one could characterise the bijection postulated in the LLC by
requiring that it preserves certain natural invariants that one can attach to both sides.
This is the case for GL(n) where the local L-factors and local ε-factors of pairs are used
to characterise the correspondence; such a characterisation is due to Henniart [He1].

For the unitary groups G(V ), the proof of the LLC given in [M] characterises the
LLC in a different way: via a family of character identities arising in the theory of
endoscopy. This elaborate theory requires one to normalize certain “transfer factors”.
By the work of Kottwitz-Shelstad [KS] and the recent work of Kaletha [K], one can fix
a normalisation of the transfer factors by fixing a “Whittaker datum” for G(V ). Let us
explain briefly what this means.

The group G(V ) being quasi-split, one can choose a Borel subgroup B = T · U
defined over k0, with unipotent radical U . A Whittaker datum on G(V ) is a character
χ : U(k0) −→ S1 which is in general position, i.e. whose T (k0)-orbit is open, and two
such characters are equivalent if they are in the same T (k0)-orbit.

If dimV is odd, then any two generic characters of U(k0) are equivalent, so the
LLC for G(V ) is quite canonical. On the other hand, when dimV is even, there are two
equivalence classes of Whittaker data. In this case, we have:

Lemma 3.2 Using the form 〈−,−〉 on V , one gets a natural identification

Whittaker datua for G(V )

l{
Nk×-orbits on nontrivial ψ : k/k0 −→ S1, if V is Hermitian;

Nk×-orbits on nontrivial ψ0 : k0 −→ S1, if V is skew-Hermitian.
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As an illustration of the difference between the Hermitian and skew-Hermitian case,
consider the case when dimV = 2. When V is split, we may choose a basis {e, f} of
V so that 〈e, f〉 = 1. If V is Hermitian, then U(k0) ∼= {x ∈ k : Tr(x) = 0}, so that
generic characters of U(k0) are identified with characters of the trace zero elements of
k, which are simply characters of k/k0. On the other hand, if V is skew-Hermitian, then
U(k0) ∼= k0 so that generic characters of U(k0) are simply characters of k0.

3.8 Generic parameters

Having fixed a Whittaker datum (U, χ), the LLC is also fixed, and has the following
property. We say that an L-parameter φ is generic if Lk0(s,Ad ◦ φ) is holomorphic
at s = 1, where Ad denotes the adjoint representation of LG(V ). For a generic φ,
the corresponding L-packet Πφ contains generic representations. Then, relative to the
fixed Whittaker datum (U, χ), the trivial character of Sφ corresponds to a (U, χ)-generic
representation; moreover, this is the unique (U, χ)-generic representation in Πφ.

3.9 Global L-function

Now suppose we are in the global situation and π = ⊗vπv is an automorphic repre-
sentation of G(V ). Let ρ be a representation of LG(V ) as above. Then under the LLC,
each local representation πv has an L-parameter φv and so one has the local L-factor
LFv (s, πv, ρ) := LFv (s, ρ ◦ φv). Thus, one may form the global L-function

LF (s, π, ρ) =
∏
v

LFv (s, πv, ρ)

where the product converges absolutely for Re(s) >> 0. This is an instance of automor-
phic L-functions. One of the basic conjectures of the Langlands program is that such
automorphic L-functions admit a meromorphic continuation to C and satisfy a standard
functional equation relating its value at s to its value at 1 − s. One has an analogous
L-function LE(s, π, ρ) over E if ρ is a representation of GLn(C).

Now for the group G = G(V )×G(W ), we note that the groups GLn(C) and GLn−1(C)
come with a standard or tautological representation std. Thus, taking ρ = stdn�stdn−1,
we have the corresponding global L-function

LE(s, π, ρ) =: LE(s, π1 × π2) if π = π1 � π2.

By the results of [A] and [M], and the theory of Rankin-Selberg L-functions on GL(n)×
GL(n − 1), one knows that L(s, π1 × π2) has a meromorphic continuation to C and
satisfies the expected functional equation.

4 The Conjecture

After introducing the LLC in the last section, we are now ready to state the Gross-
Prasad (GP) conjecture.
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4.1 Multiplicity One

Let φ = φ1 × φ2 be a generic L-parameter for G = G(V ) × G(W ), and let Πφ be
the associated Vogan L-packet. A representation π ∈ Πφ is thus a representation of
G(V ′)×G(W ′) where V ′ and W ′ are pure inner forms of V and W respectively. We call
π relevant if W ′ ⊂ V ′ is relevant.

Local Gross-Prasad I

If φ is a generic L-parameter for G, then∑
relevant π ∈ Πφ

dim HomH(π ⊗ ν,C) = 1.

Thus, one has multiplicity one in Vogan packets: this is the generalisation of the
lesson (b) mentioned in the introduction. The next part of the conjecture pinpoints
the unique relevant π for which the associated Hom space is nonzero. This is the most
delicate part of the local GP conjecture, and we shall consider the Bessel and Fourier-
Jacobi case separately.

4.2 Distinguished character

We shall define a distinguished character on Sφ.

• Bessel case. Suppose first that ε = 1 so that dimW⊥ = 1. We need to specify a
character η of Sφ, which determines the distinguished representation in Πφ. Suppose
that φ = φ1 × φ2, with

Sφ1
=
∏
i

Z/2Z · ai and Sφ2
=
∏
j

Z/2Z · bj ,

so that Sφ = Sφ1
× Sφ2

. Then we need to specify η(ai) = ±1 and η(bj) = ±1.
We fix a nontrivial character ψ : k/k0 −→ S1 which determines the LLC for the
even unitary group in G = G(V ) × G(W ). If δ ∈ k×0 is the discriminant of the odd-
dimensional space in the pair (V,W ), we consider the character ψ−2δ(x) = ψ(−2δx).
Then we set

η(ai) = ε(1/2, φ1,i ⊗ φ2, ψ−2δ);

and

η(bj) = ε(1/2, φ1 ⊗ φ2,j , ψ−2δ).

• Fourier-Jacobi case. Suppose now that ε = −1 so that W⊥ = 0. In this case, we
need to fix a character ψ0 : k0 −→ S1 and a character χ of k× with χ|k×0 = ωk/k0 to

specify the representation νW,ψ0,χ. The recipe for the distinguished character η of
Sφ depends on the parity of dimV .

- If dimV is odd, let e = discV ∈ kTr=0, well-defined up to Nk×, and define an
additive character of k/k0 by ψ(x) = ψ0(Tr(ex)). We set{

η(ai) = ε(1/2, φ1,i ⊗ φ2 ⊗ χ−1, ψ);

η(bj) = ε(1/2, φ1 ⊗ φ2,j ⊗ χ−1, ψ).
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- If dimV is even, the fixed character ψ0 is needed to fix the LLC for G(V ) = G(W ).
We set {

η(ai) = ε(1/2, φ1,i ⊗ φ2 ⊗ χ−1, ψ);

η(bj) = ε(1/2, φ1 ⊗ φ2,j ⊗ χ−1, ψ),

where the epsilon characters are defined using any nontrivial additive character
of k/k0 (the result is independent of this choice).

4.3 Local Gross-Prasad

Having defined a distinguished character η of Sφ, we obtain a representation π(η) ∈ Πφ.
It is not difficult to check that π(η) is a representation of a relevant pure inner form
G′ = G(V ′)×G(W ′). Now we have:

Local Gross-Prasad II

Let η be the distinguished character of Sφ defined above. Then

HomH(π ⊗ ν,C) 6= 0.

4.4 Global conjecture

Suppose now that we are in the global situation, with π = π1 � π2 a cuspidal represen-
tation of G(A) = U(V )(A)×U(W )(A). It follows by [M] that π occurs with multiplicity
one in the cuspidal spectrum. The global conjecture says:

Global Gross-Prasad Conjecture

The following are equivalent:
(i) The period interval PH is nonzero when restricted to π;
(ii) For all places v, the local Hom space HomH(Fv)(πv, νv) 6= 0 and in addition,

LE(1/2, π1 × π2) 6= 0.

Indeed, after the local GP, there will be a unique abstract representation π(η) =
⊗vπv(ηv) in the global L-packet of π which supports a nonzero abstract H(A)-invariant
linear functional. This representation lives on a certain group G′A =

∏
v G(V ′v). To even

consider the period integral on π(η), one must first ask whether the group G′A arises
from a space V ′ over E, or equivalently whether the collection of local spaces {V ′v} is
coherent. A necessary and sufficient condition for this is that εE(1/2, π1 × π2) = 1.

4.5 The refined conjecture of Ichino-Ikeda

Ichino and Ikeda [II] have formulated a refinement of the global Gross-Prasad conjecture
for tempered cuspidal representations on orthogonal groups. This takes the form of a
precise identity comparing the period integral PH with a locally defined H-invariant
functional on π, with the special L-value L(1/2, π1 × π2) appearing as a constant of
proportionality. Their refinement was subsequently extended to the Hermitian case by
N. Harris [Ha].
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More precisely, suppose that π = ⊗vπv is a tempered cuspidal representation. The
Petersson inner product 〈−,−〉Pet on π can be factored (non-canonically):

〈−,−〉Pet =
∏
v

〈−,−〉v.

In addition, the Tamagawa measures dg and dh on G(A) and H(A) admit decompositions
dg =

∏
v dgv and dh =

∏
v dhv. We fix such decompositions once and for all.

For each place v, we consider the functional on π ⊗ π defined by

I#v (f1, f2) =

∫
H(Fv)

〈f1, f2〉v dhv.

This integral converges when πv is tempered, and defines an element of HomHv×Hv
(πv ⊗ πv,C). This latter space is at most 1-dimensional, as we know, and it was shown
by Waldspurger that

I#v 6= 0⇐⇒ HomHv (πv,C) 6= 0.

We would like to take the product of the I#v over all v, but this Euler product
would diverge. Indeed, for almost all v, where all the data involved are unramified, one
can compute I#v (f1, f2) when fi are the spherical vectors used in the restricted tensor
product decomposition of π and π. One gets:

I#v (f1, f2) = ∆G(V ),v ·
LEv (1/2, π1 × π2)

LFv (1, π, Ad)
,

where

∆G(V ),v =
dimV∏
k=1

L(k, ωkEv/Fv ).

Thus, though the Euler product diverges, it can be interpreted by meromorphic continu-
ation of the L-functions which appear in this formula. Alternatively, one may normalise
the local functionals by:

Iv(f1, f2) =

(
∆G(V ),v ·

LEv (1/2, π1 × π2)

LFv (1, π, Ad)

)−1

· I#v (f1, f2).

Then we may set

I =
∏
v

Iv ∈ HomH(A)×H(A)(π ⊗ π,C).

Since the period integral PH ⊗ PH is another element in this Hom space, it must be a
multiple of I.

Refined Gross-Prasad conjecture

One has:

PH ⊗ PH =
1

|Sπ|
·∆G(V ) ·

LE(1/2, π1 × π2)

LF (1, π, Ad)
· I,

where Sπ denotes the “global component group” of π (which we have not really intro-
duced before).

When V is skew-Hermitian (i.e. in the Fourier-Jacobi case)., an analogous refined
conjecture was formulated in a recent preprint of Hang Xue [X2].
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5 Recent Progress: Local Case

We now come to the more interesting part of the paper, namely the account of some
definitive recent results concerning the above conjectures.

5.1 Proof of local conjecture for Bessel model.

In a stunning series of papers [W1-4], Waldspurger has proved the Local GP conjecture
for tempered representations of orthogonal groups over p-adic fields; the case of generic
nontempered representations is then deduced from this by Moeglin-Waldspurger [MW].
Shortly thereafter, his student Beuzart-Plessis adapted the arguments to the p-adic
Hermitian case (for tempered representations) discussed in this paper. The results are
proved under the same hypotheses needed to establish the LLC for G(V ) (i.e. stabilisa-
tion of the twisted trace formula, the LLC for inner forms etc). Thus, one might state
the result as:

Theorem 5.1 Assume that k is p-adic and the LLC (in the refined form due to Vogan)

holds for G = G(V ) × G(W ). Then the local Gross-Prasad conjecture holds in the Bessel

case.

It would not be possible to give a respectable account of Waldspurger’s proof here,
but it is nonetheless useful to highlight the key idea. We will do so in a toy model which
was studied in [GGP2, §5].

5.2 Toy model over finite fields

Imagine for a moment that the field k is a finite field, so that G and H are finite groups
of Lie type. Then given an irreducible representation π of G(k0), one has:

dim HomH(k0)(π,C) = 〈χπ, 1〉H

where χπ denotes the character of π and the inner product on the RHS denotes the inner
product of class functions on H(k0). This gives a character-theoretic way of computing
the LHS, but how does this help?

We need another idea: base change to GLn. More precisely, consider the groups
G(V )(k0) = Un(k0) and G(V )(k) = GLn(k). The Galois group Gal(k/k0) acts on the
latter, and one has the notion of σ-conjugacy classes on G(V )(k), where σ is the non-
trivial element in Gal(k/k0). It turns out that there is a natural bijection between

{conjugacy classes of G(V )(k0)} ←→ {σ-conjugacy classes of G(V )(k)},

thus inducing an isomorphism of the space of class functions and the space of σ-class
functions. This isomorphism is in fact an isometry for the natural inner products on
these two spaces.

In view of the above, one expects a relation between the irreducible representations
of G(V )(k0) and the irreducible representations of G(V )(k) which are invariant under
Gal(k/k0). Such σ-invariant representations Π of G(V )(k) can be extended to a repre-
sentation Π̃ of G(V )(k)oGal(k/k0), and the restriction of χΠ̃ to the non-identity coset
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G(V )(k) · σ is a σ-class function. Now, if π is a “sufficiently regular” representation of
G(V )(k0), then there is a σ-invariant representation Π of G(V )(k) such that

χπ = χΠ̃ |G(V )(k)·σ.

Thus, one has

dim HomH(π,C) = 〈χπ, 1〉H(k0) = 〈χπ1 , χ
∨
π2
〉G(W )(k0) = 〈χΠ̃1

, χΠ̃∨2
〉G(W )(k)·σ.

Hence, one obtains the interesting identity:

dim HomH(k)oGal(k/k0)(Π̃,C) =
1

2
· dim HomH(k)(Π,C) +

1

2
· dim HomH(k0)(π,C).

In particular, if one understands the restriction problem for GLn well, one can infer
information about the restriction problem for unitary groups. For example, if we know
that dim HomH(k)(Π,C) = 1, then we deduce immediately that dim HomH(k0)(π,C) =
1, since the LHS is equal to 0 or 1!

5.3 Work of Waldspurger and Beuzart-Plessis

We can now give an impressionistic sketch of the contributions of Waldspurger and
Beuzart-Plessis. If π is an irreducible representation, its character distribution χπ is a
locally integrable function on the regular elliptic set of G(k0). One would like to integrate
this character function over H(k0) and relate this integral to dim HomH(k0)(π,C).

The first innovation is thus to give a character-theoretic computation of dim HomH(k0)(π,C).
Of course, the naive integral above does not make sense, and one has to discover the
appropriate expression. The expression discovered by Waldspurger is a sum over certain
elliptic (not necessarily maximal) tori of weighted integrals involving the character χπ.
One such torus is the trivial torus.

Now when one sums up the above expression for dim HomH(π,C) over all relevant
π’s in Πφ, one may exploit the character identities involved in the Jacquet-Langlands
type transfer between a group and its inner forms. It turns out that the sum of terms
corresponding to a fixed nontrivial torus cancels out and thus vanishes. Only the term
corresponding to the trivial torus survive and this gives local GP I (multiplicity one in
Vogan packet).

To obtain the more precise local GP II, one uses the character identities of twisted
endoscopy to relate the problem to the analogous one on GLn, which one understands
completely; this is similar to what was done in the toy model over finite fields, but it
is decidedly more involved. In particular, to be able to detect the local epsilon factors,
Waldspurger and Beuzart-Plessis needed to express the local epsilon factors (on GLn)
in terms of certain character theoretic integrals. In this way, local GP conjecture II was
deduced.

6 Rcent Progress: Global Case

In this section, we give an account of recent results on the global GP conjecture.
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6.1 Work of Ginzburg-Jiang-Rallis

Even before the GP conjectures were extended to all classical groups in [GGP1], Ginzburg,
Jiang and Rallis [GRS1-3] have studied the question of the nonvanishing of the relevant
global periods. In particular, they showed one direction of the global GP conjecture:

Theorem 6.1 Let π = π�π2 be a cuspidal representation of G(A) and assume that there is

a weak lifting of π to an automorphic representation Π = Π1 �Π2 of G(AE) (as given for

example in [M] when G is quasi-split over F ). Then, in both the Bessel and Fourier-Jacobi

cases, we have:

PH nonzero on π =⇒ LE(1/2, π1 × π2) 6= 0.

It is not clear if their approach can be used to prove the converse direction.

6.2 Relative trace formula on unitary groups

The most general method of attack for the global GP conjecture in the Hermitian case
(i.e. Bessel case) is a relative trace formula (RTF) which was developed by Jacquet-
Rallis [JR], almost concurrently as [GGP1] was being written. We shall give a brief
description of this influential approach.

Consider the action R of C∞c (G(A)) on L2(G(F )\G(A)) by right translation. For
f ∈ C∞c (G(A)), the operator R(f) is given by a kernel function

Kf (x, y) =
∑

γ∈G(F )

f(x−1γy)

on G(A)×G(A). In the usual trace formula, one is interested in computing TrR(f) and
when G is anisotropic, this trace is computed as

TrR(f) =

∫
G(F )\G(A)

Kf (x, x) dx.

When G is F -isotropic, one needs to regularise the RHS, and this is the elaborate
theory of the invariant trace formula developed by Arthur. One then develops two
expression for this integral: a spectral side involving the representations appearing in
the automorphic discrete spectrum, and a geometric side involving weighted orbital
integrals. Thus, in principle (and also in practice), the distribution f 7→ TrR(f) contains
the full information of the automorphic discrete spectrum of G.

In the relative trace formula, one is interested in detecting automorphic represen-
tations on which certain period integrals are nonzero. In the global GP conjecture, we
are interested in the nonvanishing of the period PH . Thus it is reasonable to consider
the integral

I(f) =

∫
(H(F )\H(A))2

Kf (x, y) dx dy. (6.1)

When some local conditions are placed on the test function f = ⊗vfv, the integral above
actually converges, and one can try to obtain a spectral expansion of the integral, as well
as a geometric one. Such a theory has been carried out by Wei Zhang [Zh2], building
upon the work of Jacquet-Rallis [JR].
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6.3 Spectral and geometric expansions

More precisely, we assume that:

• at some finite place v1, fv1 is the matrix coefficient of a supercuspidal representation;
• for another finite place v2, fv2 is supported on the “regular semisimple” elements

(where the notion of regular semisimple is relative to the action of H ×H on G).

Assuming f is of this form, the spectral expansion of (6.1) takes the form

I(f) =
∑
π

Jπ(f)

where the sum runs over cuspidal representations of G(A) and

Jπ(f) =
∑
φ

(∫
H(F )\H(A)

(π(f)φ)(x) dx

)
·

(∫
H(F )\H(A)

φ(x) dx

)

is the Bessel distribution associated to π, with the sum running over an orthonormal
basis of π.

On the other hand, one has a geometric expansion of (6.1) which is given by

I(f) =
∑
γ

O(γ, f)

where the sum runs over “regular semisimple” H(F ) × H(F )-orbits on G(F ) and the
orbital integral is given by

O(γ, f) =

∫
H(A)×H(A)

f(x−1γy) dx dy.

Hence one has an equality ∑
π

Jπ(f) =
∑
γ

O(γ, f).

Since G(V )(A) has nontrivial centre, it is possible to incorporate a central character χ
everywhere in the above discussion and consider the χ-part of Kf and I(f); we omit
the technical details here.

6.4 Relative trace formula on GL

As in the discussion over finite fields and local fields, we are seeking to relate the
problem of periods on G(V )(A) to the analogous problem on G(V )(AE) = GLn(AE)×
GLn−1(AE). Thus, we need to set up an analogous relative trace formula on G(V )(AE)
and compare it to the one on G(V )(A) which we have above.

Thus for f ′ = ⊗vf ′v ∈ C∞c (G(V )(AE)), we have the kernel function Kf ′ as above.
We then consider the following integral of the kernel function:

I ′(f ′) =

∫
x∈H(E)\H(AE)

∫
y∈H′(F )\H′(A)

Kf ′(x, y) · µ(y) dx, dy (6.2)
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where H ′ ∼= GLn ×GLn−1 over F and µ is an automorphic character of H ′ given by

µ = (ωn−1
E/F ◦ det)⊗ (ωnE/F ◦ det).

Once again, we should have fixed a central character χ′ and then consider the χ′-part
of Kf ′ and I ′(f ′), but we will ignore this technical issue in this paper.

The period over H(AE) is the analog of the Gross-Prasad period for general linear
groups. On the other hand, the period over H ′(A) conjecturally detects those automor-
phic representations of G(AE) which lies in the image of the base change from G(A);
this is apparently a conjecture of Flicker-Rallis. Thus, the distribution I ′ is designed
to capture automorphic representations of G(AE) which comes from the unitary group
G(A) and at the same time supports a Gross-Prasad period.

In any case, assuming that f ′ satisfies the analogous condition as f , one has an
equality ∑

Π

IΠ(f ′) =
∑
γ′

Oγ′(f
′)

where the sum on the LHS runs over all cuspidal representations of G(AE) and

IΠ(f ′) =
∑
φ

(∫
H(E)\H(AE)

(Π(f ′)φ)(x) dx

)
·

(∫
H′(F )\H′(A)

φ(x) · µ(x) dx

)

is the analogous Bessel distribution, and the sum on the RHS runs over all “regular
semisimple” elements for the action of H(E)×H ′(F ) on G(E) and

O(γ′, f ′) =

∫
H(AE)

f(x−1γ′y) · µ(y) dx dy

is the analogous orbital integral.

6.5 Transfer

Now one would like to compare the distribution I and I ′ by matching the geometric
expansion of I and I ′. As in the theory of the usual trace formula, one first considers
whether the “regular semisimple” orbits occurring in the geometric expansion of I and
I ′ are in natural bijection. This matching of “regular semisimple” orbits was done by
Jacquet-Rallis [JR]. Thus, one is led to consider the comparison of orbital integrals on
both sides. For this, one needs to introduce a transfer factor

∆v : G(Fv)rs ×G(Ev)rs −→ C

for each place v which is nonzero only on matching pairs (γ, γ′) of regular semisimple
elements. We may thus regard ∆v as a function on G(Ev)rs. Then the main properties
of ∆v are:

• (equivariance) For (x, y) ∈ H(Ev)×H ′(Fv),

∆v(xg′y) = µ(y) ·∆v(g′).

• (product formula) For γ′ ∈ G(E), ∏
v

∆v(γ′) = 1.
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It turns out that it is not hard to write down such a function. This allows us to make
the following basic definition:

Definition We say that f and f ′ are matching test functions if

∆v(γ′) ·O(γ′, f ′) = O(γ, f)

for every pair (γ, γ′) of matching regular semisimple orbits.

One is thus led to the following local problems:

• (Fundamental lemma): For almost all places v of F , let f0 and f ′0 be the unit element
in the spherical Hecke algebra of G(Fv) and G(Ev) respectively. Then f0 and f ′0 are
matching functions.

• (Transfer) For every f , one can find a matching f ′. Conversely, for every f ′, one can
find a matching f .

These two statements are straightforward when v is a place of F which splits in E.
Thus, the main issue is in the inert case.

6.6 Work of Zhiwei Yun

In [Y], Zhiwei Yun has verified the fundamental lemma over local function fields, using
geometric techniques analogous to those used by B.C. Ngo in his thesis (which verified
the Jacquet-Ye fundamental lemma for another relative trace formula). Having this, J.
Gordon has shown (in the appendix to [Y]) that this implies the desired fundamental
lemma over p-adic fields, when p is sufficiently large. Thus, we know that the funda-
mental lemma for unit elements hold.

6.7 Work of Wei Zhang

In a recent breakthrough paper [Zh1], Wei Zhang has shown that (Transfer) also holds
at any p-adic place. Let us give an impressionistic sketch of the main steps of the proof.

• Using a Cayley transform argument, one reduces the existence of transfer on the
group level to the existence of an analogous transfer on the level of Lie algebras;

• By a local characterisation of orbital integrals, one is reduced to showing the ex-
istence of transfer in a neighbourhood of each semisimple (not necessarily regular)
element;

• Using the theory of generalised Harish-Chandra descent, as developed by Aizenbud-
Gourevitch [AG], one is reduced to showing the existence of local transfer in a
neighbourhood of the zero element (of another space);

• One shows that, modulo test functions which are killed by the infinitesimal version
of I, the space of test functions is generated by those functions supported off the null
cone and their various partial Fourier transforms. This requires an uncertainty prin-
ciple type result of Aizenbud-Gourevitch on the nonexistence of certain equivariant
distributions whose various Fourier transforms (including the trivial transform) are
supported in the null cone.

• For test functions supported off the null cone, transfer is shown inductively.
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• Finally, one shows that if f and f ′ are matching functions, then their partial Fourier
transforms are also matching.

As a consequence of the fundamental lemma and the existence of transfer, one can
compare the two RTF’s and obtain an identity:∑

π

Jπ(f) =
∑
Π

IΠ(f ′)

for matching test functions f and f ′ satisfying some local conditions as specified above.
Using this, Wei Zhang showed in [Zh1] the global GP conjecture subject to certain local
conditions. This is the strongest result on the global GP conjecture known to date.

Theorem 6.4 Let π = π1�π2 be a cuspidal representation of G = G(V )×G(W ). Suppose

that

• all infinite places of F are split in E;

• for two finite places of F split in E, πv is supercuspidal.

Then the following are equivalent:

(i) LE(1/2, π1 × π2) 6= 0.

(ii) For some relevant pure inner form W ′ ⊂ V ′, and some cuspidal representation π′ of

G′ = G(V ′)×G(W ′) which is nearly equivalent to π (i.e. belongs to the same global L-packet

as π), the period integral PH is nonzero on π′.

Indeed, in view of the local GP, the pure inner form G′ and its representation π′

is uniquely determined, since there is a unique relevant representation in each local
L-packet which could support a nonzero abstract H-invariant functional.

In a sequel [Zh2], Wei Zhang was able to refine the argument to derive the refined
GP conjecture, as formulated by N. Harris [Ha].

Theorem 6.5 Let π = π1�π2 be a tempered cuspidal representation of G = G(V )×G(W ).

Suppose that

• all infinite places of F are split in E;

• for at least one finite place of F split in E, πv is supercuspidal;

• for every place v of F inert in E such that πv is not unramified, either H(Fv) is compact

or πv is supercuspidal.

Then the refined GP conjecture holds for π, with |Sπ| = 4.

6.8 Work of Yifeng Liu and Hang Xue

We have devoted considerable attention to the Bessel case of the global GP. Let us
consider the Fourier-Jacobi case now. Following the work of Jacquet-Rallis [JR], Yifeng
Liu [L] has developed an analogous relative trace formula in the skew-Hermitian case,
which compares the Fourier-Jacobi period on unitary groups with the analogous period
on general linear groups. He also showed that the fundamental lemma in this case can
be reduced to that in the Bessel case.

Building upon this, Hang Xue [X1] has recently achieved in his thesis work the
analog of [Zh1] for the Fourier-Jacobi case, thus establishing the global GP conjecture
with some local conditions in the skew-Hermitian case. In a recent preprint [X2], Xue
has formulated the refined GP conjecture in the Fourier-Jacobi case and then verified
it subject again to some local conditions, analogous to what was done in [Zh2].
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7 Outstanding Questions

After this lengthy discussion of recent progresses, it is perhaps time to take stock of
the remaining questions concerning the GP conjecture. Here are some problems which
come to mind:

(i) Archimedean case: Almost nothing is known about the local GP conjecture in
the archimedean case. The methods developed by Waldspurger is character theoretic in
nature and should apply in the archimedean case too, at least in principle. One naturally
expects that there may be greater analytic difficulties in the archimedean case, but these
should be regarded as more of a technical, rather than a fundamental, nature. Thus,
it is reasonable to expect that someone with a strong analytic background could work
through the proof of Waldspurger and Beuzart-Plessis and adapt the arguments to the
archimedean case.

(ii) Fourier-Jacobi case. What about the Fourier-Jacobi case of the local GP conjec-
ture in the p-adic case? As explained in [G], the Bessel and Fourier-Jacobi periods are
connected by the local theta correspondence, and if one knows enough about the local
theta correspondence, the Fourier-Jacobi case of the local GP will also follow. A pending
work of the author with A. Ichino, which hopefully will appear soon, should establish
this link conclusively and thus complete the proof of the Fourier-Jacobi case of local
GP.

(iii) Global conjecture for orthogonal groups. The Jacquet-Rallis trace formula has
been very successful for the Hermitian and skew-Hermitian case, but for the orthogonal
groups, which is the original case of the GP conjecture, one still does not have a strategy
which works in all cases. It will be very interesting to have a new approach. The main
difficulty in formulating a relative trace formula which compares the orthogonal groups
and the general linear groups is that there is no convenient characterisation, in terms
of periods, of automorphic representations of GL(n) which are lifted from orthogonal
groups.

(iv) Arithmetic Case. If εE(1/2, π1 × π2) = −1, the unique representation in the
global L-packet of π which supports an abstract H(A)-invariant period lives on a group∏
v G(V ′v) which is incoherent, i.e. there is no Hermitian space over E whose localisa-

tion agrees with {V ′v}. In this case, LE(1/2, π1 × π2) = 0 and the period integral PH is
automatically zero on each automorphic π′ in the global L-packet of π.

It turns out that something even more interesting happens in this case. Namely,
under some conditions, one may construct another “period integral” on π coming from
a height pairing on a certain Shimura variety associated to G, and the nonvanishing
of this arithmetic period integral is then governed by the nonvanishing of the central
derivative L′E(1/2, π1 × π2). The precise conjecture is given in [GGP1, §27].

Now as in the usual GP conjecture, one expects a refinement of this arithmetic GP
conjecture in the form of an exact formula relating the arithmetic period integral to the
locally defined functional I in the refined GP. Such a refinement has been proposed by
Wei Zhang. For the group U(2) × U(1), it specializes to the generalised Gross–Zagier
formula, which was shown in the recent book [YZZ] of Yuan-Zhang-Zhang in the parallel
weight two case.

More amazingly, Wei Zhang has suggested that the relative trace formula of Jacquet-
Rallis could be used to attack this refined arithmetic GP conjecture. This new applica-
tion of the relative trace formula is an extremely exciting development, and it remains
to be seen if it can be carried out in this case, and perhaps even in other scenarios.
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isque 347 (2012).
[W4] J.-L.Waldspurger, La conjecture locale de Gross-Prasad pour les représentations tempérées

des groupes spciaux orthogonaux, Asterisque 347 (2012).
[W5] J.-L. Waldspurger, Une variante d’un résultat de Aizenbud, Gourevitch, Rallis et Schiffmann,

Asterisuqe 346 (2012), 313-318.
[X1] H. Xue, The Gan–Gross–Prasad conjecture for U(n) × U(n), preprint (2012), available at

http://math.columbia.edu/ xuehang/ggp.pdf.
[X2] H. Xue, Fourier–Jacobi periods and the central value of Rankin–Selberg L-function, preprint

(2013).
[Y] Z. W. Yun, The fundamental lemma of Jacquet and Rallis, with an appendix by Julia Gordon,

Duke Math. J. 156 (2011), no. 2, 167-27.
[YZZ] X. Yuan, S. W. Zhang and W. Zhang, Heights of CM points I: Gross-Zagier formula, preprint,

available at http://www.math.columbia.edu/ szhang/papers/HCMI.pdf.
[Zh1] W. Zhang, Fourier transform and the global Gan-Gross-Prasad conjecture for unitary groups,

preprint, available at http://www.math.columbia.edu/ wzhang/math/online/transfer.pdf.
[Zh2] W. Zhang, Automorphic period and the central value of Rankin-Selberg L-function, available

at http://arxiv.org/abs/1208.6280.





PARABOLIC FLOWS IN COMPLEX GEOMETRY

Duong H. Phong

Abstract An informal introduction is provided to some current problems on canonical
metrics in complex geometry, from the point of view of non-linear partial differential
equations. The emphasis is on the parabolic flow approach and open problems.

1 Introduction

One of the most fundamental results in mathematics is the Uniformization Theo-
rem, which says that a compact complex curve can be characterized by a Hermi-
tian metric of constant scalar curvature and given area. This basic correspondence
between complex/algebraic geometry on one hand and differential geometry on the
other hand requires in turn on a third mathematical theory, namely the theory of non-
linear partial differential equations. Indeed, fix a metric ds20 on the complex curve and
look for the desired metric under the form ds2 = e2u(x)ds20. Since the scalar curva-
tures R0(x) and R(x) of the metrics ds20 and ds2 are related by the transformation
R(x) = e−2u(−2∆0u+R0(x)), where ∆0 is the Laplacian with respect to ds20, the prob-
lem reduces to solving the equation

2∆0u−R0(z) + ce2u = 0, c = constant. (1.1)

The picture that has emerged starting from the works of Yau [64], Uhlenbeck-Donaldson-
Yau [62] and others in the last 40 years is that the same relation between complex/algebraic
geometry, differential geometry, and partial differential equations can be expected to
hold in higher dimensions as well, albeit in a more sophisticated form: a “canonical
metric” characterizing the underlying complex/algebraic structure should still exist,
but it will have in general singularities. The singularities reflect the underlying global
geometry, and will not occur if and only if the complex/algebraic structure is “stable”
in a suitable algebraic geometric sense.
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The partial differential equations describing canonical metrics are inherently geo-
metric. But more precisely, their origin as an optimality condition on the curvature
on a given space links them directly to the equations of theoretical physics, where all
four fundamental forces in nature - electromagnetism, weak interactions, strong interac-
tions, gravitation - manifest themselves through curvature. While the metrics can differ
in signature - usually Euclidian in geometry and Lorentz in theoretical physics - the
equations can still be often related by analytic continuation processes such as tunnelling
and instanton effects, or serve as sources of inspiration for each other.

The goal of the present lecture is to describe several of the above geometric par-
tial differential equations in complex geometry, including the Yang-Mills equation, the
Hermitian-Einstein equation, the Kähler-Einstein equation, and the equation for metrics
of constant scalar curvature in a given Kähler class. Given the breadth of the subject,
and the many methods developed over the years, we have chosen to focus on one com-
mon approach, namely that of parabolic flows. In this approach, the equation at hand
is viewed as a fixed point of a dynamical system. The main questions are then to de-
termine the maximum time intervals of existence of the flow, the possible emergence of
singularities, the continuation of solutions beyond singularities whenever possible, and
the asymptotic behavior for large time. In geometry, the parabolic flow approach started
with the harmonic maps flow of Eells and Sampson [26] and the Ricci flow of Hamilton
[28]. It has been the vehicle for some of the most striking advances in geometry and
physics ever since (see e.g. [30,28,35]), and this is likely to continue far in the future.

2 Examples of Geometric Flows

Given a differential equation, there will be in general many natural ways to represent it
as the fixed point of a dynamical system. For example, for the equation (1.1), one may
wish to consider the flow u(z, t),

u̇ = 2∆0u−R0(z) + ce2u, u(x, 0) = 0 (2.1)

2.1 The Yamabe flow

One possible drawback of the flow (2.1) is that the geometric origin of the problem is
obscured, depriving us of geometric intuition. A more geometric flow is

ġij(x, t) = −(R− c)gij(x, t), gij(x, 0) = g0
ij(x) (2.2)

Here ds2(t) = gij(x, t)dx
idxj is a metric evolving with the time t, R = R(x, t) is the scalar

curvature of the evolving metric, and c is a constant. Clearly, the fixed points of this flow
are also metrics of constant scalar curvature. Since the deformation ġij is proportional
to gij , the metric gij(x, t) is conformally equivalent at all times to the original metric

g0
ij(x), and we can set gij(x, t) = e2u(x,t)g0

ij(x) for some scalar function u(x, t). Using
the same relation between scalar curvatures of conformally equivalent metrics that we
used earlier in setting up (6.2), we can rewrite the flow (2.2) as

u̇ = e−2u(2∆0u−R0 + ce2u). (2.3)

Not surprisingly, the two flows (2.1) and (2.2) have the same fixed points. But from
the point of view of partial differential equations, they are very different: the Laplacian
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∆0 occurs in (2.2) with a factor e−2u, which can diverge or go to 0 as t evolves. Thus
the right hand side of (2.2) is not uniformly elliptic. However, its geometric formulation
puts at our disposal all the tools and concepts of differential geometry.

Although our original motivation is the constant curvature problem for complex
curves, the flow (2.2) is well-defined for Riemannian manifolds of arbitrary dimensions.
It is called the Yamabe flow, and it is clearly of particular interest in the problem of
finding a metric of constant scalar curvature in a given conformal class.

2.2 The Ricci flow

In two real dimensions, the scalar curvature determines the whole curvature tensor. In
particular, the Ricci curvature can be expressed as Rij = 1

2Rgij , and the flow (2.2) can
be rewritten as

ġij = −(Rij − µgij), gij(x, 0) = g0
ij(x) (2.4)

where µ = c/2 is a constant. The flow (2.4) is Hamilton’s Ricci flow [27]. Clearly, it differs
significantly from the Yamabe flow in higher dimensions: in general it will not preserve
the conformal class of the initial metric, and its fixed points are Einstein metrics, i.e.,
metrics satisfying the equation Rij = µgij . The Ricci flow is one of the main topics in
this lecture, and we shall write it down more explicitly later in the Kähler case.

2.3 Mean curvature flows

In extrinsic geometry, there is considerable interest in finding submanifolds, say of RN ,
of constant mean curvature, of which minimal surfaces would be a prime example. For
this, we can look for the fixed points of the mean curvature flow, defined in the case of
hypersurfaces by

Ṗ (x, t) = HN , P (x, 0) ∈ S(0) (2.5)

where P (x, t) are the points of an evolving hypersurface S(t), H is the mean curvature
of S(t), and N is its unit normal. In terms of a parametrization xi → yα(x, t), 1 ≤ i ≤ n,
1 ≤ α ≤ n+ 1 ≡ N of the hypersurface S(t), the second fundamental form Πij is given
by Πα

ij = ∇i∇jyα. It turns out that it is normal to S(t) for any i, j. Thus HNα = ∆yα,
where ∆ is the Laplacian on S(t) with respect to the induced metric, and the mean
curvature flow can be written explicitly as

ẏα(x, t) = ∆yα. (2.6)

Formally, it resembles the usual heat equation, but it is non-linear, since the Laplacian
∆ depends on yα(x, t).

Similar equations can be written down for the case of submanifolds of higher codi-
mension, as well as for flows by other extrinsic notions of curvature, such as the Gaussian
curvature or the inverse mean curvature, which is of considerable interest in general rel-
ativity.
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2.4 The Yang-Mills flow

In this lecture, we shall however concentrate on flows of intrinsic structures, which
generalize in some sense the Ricci flow to higher dimensions. A prototype is the Yang-
Mills flow, which can be described as follows.

Let E → X be a smooth vector bundle of rank r over a compact smooth manifold
X of dimension n, equipped with a metric gij(x). Let Λp(X) be the bundle of p-forms
over X. A connection ∇ on E is a linear map ∇ : C∞(X,E) → C∞(X,E ⊗ Λ1) which
can be expressed locally as follows. If x = (xα) are local coordinates for X and sections
ϕ of E expressed by vectors ϕα in a local trivialization of E, then ∇ϕ = ∇jϕαdxj , with

∇jϕα(x) = ∂jϕ
α(x) +Aαjβ(x)ϕα(x). (2.7)

The curvature Fij
α
β of the connection ∇ is defined by the commutation laws

[∇i,∇j ]ϕα = −Fijαβϕβ . (2.8)

It follows readily from the definition that F (A) ≡ Fij
α
βdx

j ∧ dxi is a genuine 2-form,
valued in the bundle End(E) of endomorphisms of E, i.e. F (A) ∈ C∞(X,End(E)⊗Λ2).
When a metric Hαβ is given on the bundle E, we can also consider connections which
are unitary, in the sense that

∂j〈ϕ,ψ〉 = 〈∇jϕ,ψ〉+ 〈ϕ,∇jψ〉 (2.9)

for arbitrary sections ϕ and ψ of E, and the inner product is taken with respect to H.
If we let ea = (eαa) be a local frame for E, i.e. {ea} is an orthonormal set of smooth
sections of E and {eb} = (ebβ) is the dual frame, ebαe

α
a = δba, then sections ϕα of

E can be expressed in terms of frames by (ϕα) ↔ (ϕa), with ϕα = ϕaeαa. The same
applies for sections of E∗ and End(E). Expressed in this manner, the connection and
curvature tensor are anti-symmetric, Aajb = −Abja and Fjk

a
b = −Fjkba.

Let gij be a fixed metric on the manifold X, and Hαβ a fixed metric on the vector
bundle E. The Yang-Mills equation is the following equation for the connection A =
Aαjβdx

j ,

∇jFjkαβ = 0. (2.10)

It can be viewed as the Euler-Lagrange equation of the Yang-Mills functional,

IYM (A) =

∫
X

|F |2√g (2.11)

where |F |2 is more explicitly given by |F |2 = gjpgkqFjk
α
βFpq

γ
δHαγH

βδ, with gjp and

Hβδ the inverses of the metrics gij and Hαβ respectively. Thus the Yang-Mills equation
is, intuitively speaking, the equation for minimizing the total curvature of the vector
bundle E, measured in the L2 norm with respect to the metrics gij on X and Hαβ on
E.

The Yang-Mills flow is the gradient flow for the Yang-Mills functional. Thus we look
for a time-evolution of connections t→ Aαkβ(t, x) satisfying the equation

Ȧαkβ = −∇jFjkαβ , Aαkβ(0, x) = (A0)αkβ(x) (2.12)
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where (A0)αkβ is a given initial connection, and the dot indicates time derivatives. Clearly
the flow decreases the Yang-Mills functional, and stationary points of the flow will satisfy
the Yang-Mills equation.

It is known that the Yang-Mills flow will exist and converge to a Yang-Mills connec-
tion when X is a manifold of dimension n ≤ 3. At the other end, when the dimension of
X is n ≥ 5, it is known that the flow will develop singularities in finite time. It is still
not known at the present time if the Yang-Mills flow will develop singularities in finite
time when n = 4. The dimension n = 4 is special, since the Yang-Mills equation acquire
then an additional symmetry which is conformal invariance.

The Ricci flow can be viewed as an even more non-linear version of the Yang-Mills
flow. Indeed, if X is a Riemannian manifold, and we consider E = T (X), then the Levi-
Civita connection A evolves under the Ricci flow by the same equation (2.12). Note
however that in the case of the Yang-Mills flow, the metric gij on the base is fixed
independently of the evolving connection A, while in the Ricci flow the two are related
by the requirement that A be the Levi-Civita connection of gij .

2.5 The Calabi flow

All the flows that we have described so far are second-order flows, in the sense that they
can be written as partial differential equations of order 2. We conclude this discussion
of examples with a fourth-order flow, namely the Calabi flow defined by

ġij = ∇i∇jR, gij(0) = g0
ij . (2.13)

This flow is of considerable interest in Kähler geometry, and we shall return to it later
in this context.

3 The Yang-Mills flow and complex structures

In general, without some additional information on the geometry of the base manifold
X or of the bundle E, we have only scant information on the existence, regularity, and
general behavior of the geometric flow. Here we discuss some remarkable properties
which arise in the Yang-Mills flow when the underlying manifold X is complex. We
also assume that it is equipped with a Kähler metric, although this assumption can be
relaxed.

To motivate them, we start from a simple, but striking observation which sparked
great developments in geometry and physics in the late 1970’s: it is that a class of solu-
tions to the 4-dimensional Yang-Mills equation is provided by the so-called instantons.

For this, we need an alternative formulation of the Yang-Mills functional which ex-
hibits more clearly its topological aspects. Note first that since Fjk is an anti-symmetric
matrix, its norm can be expressed by the Killing form. More concretely,

Fjk
α
βFpq

γ
δHαγH

βδ = Fjk
a
bFpq

a
b = −FajkbF

b
pqa = −Tr (FjkFpq). (3.1)

Next, let ? be the Hodge ?-operator, defined on p-forms on X by the requirement that
A∧?B = 〈A,B〉√g dx1∧· · ·∧dxn, for A,B ∈ Λp(X). We can now rewrite the Yang-Mills
functional as

IYM (A) = −
∫
X

Tr(F ∧ ?F ) (3.2)
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Now, in 4-dimensions, the Hodge ?-operator is an endomorphism of Λ2(X) with
eigenvalues ±1 and a corresponding orthogonal eigenspace decomposition

Λ2 = Λ2
+ ⊕ Λ2

+. (3.3)

Decomposing accordingly the curvature F as F = F+ + F−, where F± are forms in Λ2
±

with values in End(E), the Yang-Mills functional takes the form

IYM (A) =

∫
X

|F+|2 +

∫
X

|F−|2. (3.4)

On the other hand, the Chern-Weil theory says that the de Rham cohomology classes
ck(E) of the 2k-forms Tr(∧kF ) are independent of A and define topological invariants
of the bundle. In particular,

〈c2(E), X〉 =

∫
X

Tr(F ∧ F ) =

∫
X

|F−|2 −
∫
X

|F+|2. (3.5)

and we obtain the lower bound

IYM (A) ≥ |〈c2(E), X〉|. (3.6)

Thus the minimum of IYM (A) is achieved when either F+ or F− vanishes, depending
on the sign of 〈c2(E), X〉. This condition is only of first order in A, and such connections
are called instantons. A first explicit instanton solution was written down by Belavin-
Polyakov-Schwarz-Tyuptin [4] for SU(2) bundles over S4.

In presence of a Kähler structure on X, the instanton equation admits a remarkable
interpretation. In this case, the eigenspaces Λ2

± can be explicitly identified as

Λ2
+ = Λ2,0 ⊕ [ω]⊕ Λ0,2, Λ2

− = Λ1,1 	 [ω]. (3.7)

Thus the condition that a connection A be an instanton, say F+(A) = 0, is equivalent
to

Fj̄k̄ = 0, Fjk = 0, gjk̄Fk̄j = 0. (3.8)

The first two conditions simply mean that the connection A is equipping the vector
bundle E → X with the structure of a holomorphic vector bundle. Indeed, a section
s of E can be defined to be holomorphic if ∇j̄s = 0, and the condition that Fj̄k̄ = 0
just means that this structure is integrable, i.e., there are enough linearly independent
holomorphic sections for the bundle to be locally holomorphically trivial. The last con-

dition gjk̄Fk̄j = 0 is an analogue of the vacuum Einstein equation Rjk = 0 in general
relativity. Because of this, it is called the Hermitian-Einstein condition. Topologically,
it requires that the degree of E, defined by deg(E) = 〈X, c1(E)∧ [ωn−1]〉 be 0. Thus we
can generalize the instanton equation to arbitrary Hermitian bundles E → (X,ω) by
taking the equation (3.8), with the third condition replaced by

ΛF − κI = 0. (3.9)

where Λ is the Hodge contraction operator defined by ΛΨk̄j ≡ g
jk̄Ψk̄j , and κ is a constant.

Integrating the equation, we find that κ is determined by the Chern class of E and the
Kähler class of ω,

κ =
1

V

∫
X
c1(E) ∧ ωn−1

rankE
(3.10)
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where V = 〈ωn, X〉 is the volume of X.

A very important property of the Yang-Mills flow is that the flow stays in the
complex orbit of the initial connection. What this means is that the complex structures
defined by ∂̄A(t) ≡ ∂j̄+Aj̄(t) are all equivalent for any t. Indeed, if g is an endomorphism
of E, we can define the gauge group action of g on a connection A by

(g ·A)k̄ = gAk̄g
−1 − (∂k̄g)g

−1

(g ·A)k = g̃Ak̄ g̃
−1 − (∂k̄ g̃)g̃

−1 (3.11)

where g̃ ≡ (g∗)−1, and g∗ is the adjoint of g with respect to the fixed metric H. We
have then ∂̄g·A = g∂̄Ag−1, so that the complex structures defined by A and g · A are
equivalent. The space of all such transformations is the complex gauge group Gc, and
the space of all {g · A} is the orbit of A. It is not difficult to check that the Yang-Mills
flow is always tangent to the orbit of A(t) for any t, and hence our earlier assertion. The
group Gc is in a sense the complexification of the gauge G defined by g̃ = g, which is the
group of gauge transformations preserving both the complex and the metric structure
of E (see e.g. [24]).

So far, we have discussed the Yang-Mills flow as a flow for a connection A, with a
Hermitian metric H ≡ H0 on E fixed, and the complex structure defined by A evolving.
There is an equivalent viewpoint, by which we fix the complex structure on E, and
evolve the metric Hk̄j according to the following flow, called the Donaldson heat flow,

H−1Ḣ = −(ΛF − µI). (3.12)

In view of the fact that the evolution of the connection A by the Yang-Mills flow
preserves the complex orbit of A, we can write A(t) = g(t) · A0 for g(t) a complex-
valued gauge transformation. If we define the endomorphism h(t) by h(t) = g(t)∗g(t),
and H(t) = H0h(t), then the metric H(t) satisfies the Donaldson heat flow. Conversely,

if H(t) = h(t)H0 satisfies the Donaldson heat flow, then the connection A(t) = h(t)
1
2A

is gauge equivalent to a solution of the Yang-Mills flow. In the complex setting, we view
then the flows (2.12) and (3.12) as equivalent.

Analytically, a first major advantage in presence of a complex structure is that the
Yang-Mills flow exists for all time. So the real issue is the asymptotic behavior of the
flow as t→ +∞. The convergence of the flow would imply the existence of a fixed point,
and hence of a solution to the Hermitian-Einstein equation (3.9). It is a remarkable
fact that this turned out to be equivalent to a deep, algebraic-geometric property of the
bundle E.

Let E → X be an irreducible holomorphic vector bundle. For each subsheaf F of
O(E), define the slope µ(F) by

µ(F) =
1

rank(F )

∫
X

c1(F) ∧ ωn−1. (3.13)

The bundle E is said to be stable in the sense of Mumford-Takemoto if for any subsheaf
F of E, we have µ(F) < µ(E) if F 6= O(E). Then the theorem of Donaldson-Uhlenbeck-
Yau [20,62] asserts that the holomorphic irreducible vector bundle E → X admits a
Hermitian-Einstein metric if and only if it is stable in the sense of Mumford-Takemoto.

The direct link that this theorem provides between PDE and algebraic geometry
can actually be made much more precise: in the paradigm of Uhlenbeck-Yau [62], the
solvability of the PDE is equivalent to an a priori C0 estimate, and it is the failure of
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this a priori estimate which gives rise to a destabilizing sheaf F of E. More concretely,
consider the following family of equations:

ΛFε − µI = −ε log hε (3.14)

for a positive endomorphism h of E, and where Fε is the curvature of the metric Hε ≡
H0hε. It is not difficult to show that for each fixed ε > 0, the equation admits a solution
hε. The question is, is the set of solutions Hε precompact in the C2 norm, so that a
subsequence can be extracted that converges in C2 norm to an endomorphism h∞ and
hence a metric Hε satisfying the Hermitian-Einstein equation? A first step in [62] is to
show that a C0 bound on hε would imply a Ck bound on hε for any k ≥ 1. By the
Arzela-Ascoli theorem, we see now that the solvability of the equation is reduced to the
existence of a C0 estimate for Hε.

Uhlenbeck-Yau [62] show that, if supXTrhε →∞, then a subsequence of the rescaled
endomorphisms h̃ε ≡ (supXTrhε)

−1hε tends in the Sobolev norm ‖ · ‖(1) to an endo-
morphism h∞, and that the projection π defined by

π = limε→0(I − hσ∞) (3.15)

is an orthogonal projection, in H(1)(X,End(E)), and satisfies the key condition

(1− π)∂̄π = 0 a.e. (3.16)

They establish another deep theorem which shows that for such a projection π, there
exists a subvariety S ⊂ X away from which π is smooth, and a coherent analytic subsheaf
F ⊂ O(E) which is holomorphic away from S and agrees there with π(E|X\S

). In the
particular case when π arises from the above construction with rescaled endomorphisms
h̃ε, they can then show that F is destabilizing.

We return now to the discussion of the Yang-Mills flow. In the original proof of
Donaldson [20], it was shown that when E is stable in the sense of Mumford-Takemoto,
then a subsequence of metrics H(t) converges weakly to a Hermitian-Einstein metric.
Although it does not appear that the detailed arguments are available in the literature,
there is little doubt that the full convergence of the flow when E is table can be estab-
lished by either a refinement of the arguments of [20] or an adaptation of the methods
of [62].

The main problem is then to determine the behavior of the flow for general holo-
morphic vector bundles. In view of the Donaldson-Uhlenbeck-Yau theorem, the limiting
behavior is necessarily singular. Let tj →∞ be a sequence of times. Define the set Zan
of analytic singularities by

Zan = ∩r>0{x ∈ X; liminfj→∞r
4−2n

∫
Br(x)

|F (A(tj)|2ωn ≥ ε} (3.17)

for a small ε > 0 (it turns out that there is a lower bound on ε depending only on X).
Thus the set of analytic singularities is the set of points where the curvature concen-
trates. It is known that it has real codimension at least 4, and that the Yang-Mills flow
will converge away from Zan [61,29], and define a holomorphic vector bundle E∞ on
X \Zan. In 2 complex dimensions, where the singular set Zan is a set of isolated points,
it is a classical theorem of Uhlenbeck [61] the bundle E∞ can be extended to a bundle
Ê∞ on the whole of X, whose topology, a fortiori whose complex structure, may be
different from that of E. The conjecture of Bando-Siu [3] goes further: it asserts that
the extension Ê∞ actually coincides with a canonical bundle determined by the complex
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structure of E, namely the double dual Grhnsω (E)∗∗ of its Harder-Narasimhan-Seshadri
filtration. The Bando-Siu conjecture was proved in complex dimension n = 2 by G.
Daskalopoulos-Wentworth [18,19]. They also found in this case a striking interpretation
of the analytic set Zan in algebraic-geometric terms: define the set Zalg of algebraic
singularities by

Zalg = {x ∈ X; Grhnsω (E)x is not free} (3.18)

Then in dimension n = 2, they showed that

Zan = Zalg. (3.19)

In particular, the set Zan is independent of the sequence of times {tj}. It is natural to
conjecture that this holds in all dimensions. Very recently, the Bando-Siu conjecture
has been proved in all dimensions, and there has also been considerable progress to-
wards proving this last conjecture on the equality of the analytic and algebraic sets of
singularities [43,31,32,16].

4 The Kähler-Ricci flow

We consider next the Kähler-Ricci. This is the Ricci flow when the underlying manifold
(X,ω) is Kähler,

ġk̄j = −Rk̄j + µgk̄j , gk̄j(z, 0) = g0
k̄j(z), (4.1)

with µ a constant which can be normalized to be 0, 1 or −1. Recall that a Hermitian
metric gk̄j is Kähler if the corresponding (1, 1)-form ω = i

2gj̄kdz
k ∧ dz̄j is closed. We

denote the cohomology class of ω by [ω]. The fixed points of the flow are Kähler-Einstein
metrics, defined to be Kähler metrics satisfying the equation

Rk̄j = µgk̄j . (4.2)

Clearly, this is a Kähler version of the Einstein vacuum equation, as well as a non-linear
version of the Hermitian-Einstein equation defined in (3.8).

The Kähler-Ricci flow has many advantages over the more general Ricci flow on
smooth manifolds, due to the cohomological properties of the Ricci curvature for Kähler
metrics. For Kähler metrics, the Levi-Civita connection is consistent with the complex
structure, and given by the Chern unitary connection,

∇j̄V
p = ∂j̄V

p, ∇kV p = gpm̄∂k(gm̄qV
q) (4.3)

The Riemann curvature tensor is obtained by the same commutation relations in (2.8),
[∇k,∇j̄ ]V

p = Rj̄k
p
qV

q, and hence

Rj̄k
p
q = −∂j̄(g

pm̄∂kgm̄q). (4.4)

It satisfies the identity Rj̄km̄q = Rm̄kj̄q = Rm̄qj̄k. Thus the Ricci curvature Rj̄k is given
by Rj̄k = Rj̄p

p
k = Rj̄k

p
p, and we find, in view of (4.4),

Rj̄k = −∂k∂j̄ log det (gp̄q). (4.5)
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Since det (gp̄q) is a metric on the anti-canonical bundle K−1
X , it follows that the Ricci

form Ric(ω) = i
2Rj̄kdz

k ∧ dz̄j = − i
2∂∂̄ log det (gp̄q) is a closed form in the cohomol-

ogy class c1(K−1
X ) ≡ c1(X). A (1, 1) de Rham cohomology class is said to be positive

(respectively negative) if it admits a smooth representative which is strictly positive
(respectively) as a current. Thus a necessary condition for the existence of a Kähler-
Einstein metric is that the class c1(X) = 0 when µ = 0, c1(X) > 0 when µ = 1, and
c1(X) < 0 when µ = −1. We say in these cases that c1(X) is definite.

Since the right hand side of (4.1) is closed, it follows that the Kähler property of gk̄j
is preserved along the flow. When c1(X) is definite, we can make sure by an appropriate
choice of original cohomology class [ω0] that the right hand side of (4.1) has vanishing
cohomology class. When c1(X) = 0, this is true for ω0 in any Kähler class. When c1(X)
is strictly positive or negative, it suffices to choose ω0 in ±c1(X). With this choice, ω(t)
will remain in the same Kähler class for all time. This allows to express the Kähler-Ricci
flow, which is a flow of metrics, as a flow of scalar functions. Indeed, by the ∂∂̄-lemma,
we can express the Kähler form ω(t) corresponding to the evolving metric gj̄k(t) as

ω(t) = ω0 +
i

2
∂∂̄ϕ (4.6)

for some potential ϕ(z, t) satisfying the plurisubharmonicity condition ω0 + i
2∂∂̄ϕ > 0.

The right hand side of the Kähler-Ricci flow can be expressed as

Ric(ω)− µω = − i
2
∂∂̄ log

ωn

ωn0
+Ric(ω0)− µω0 −

i

2
µ∂∂̄ϕ. (4.7)

By the definiteness condition on c1(X), the choice of the inital Kähler form ω0 and
again the ∂∂̄-lemma, we can write

Ric(ω0)− µω0 =
i

2
∂∂̄f, (4.8)

for some smooth scalar function f . Comparing with the left hand side of the Kähler-Ricci
flow, we can integrate, and arrive at the following parabolic Monge-Ampère equation
for the Kähler potential ϕ,

ϕ̇ = log
ωn

ωn0
− f + µϕ+ c(t), ϕ(z, 0) = c0 (4.9)

where c(t), c0 are independent of z. The choice of constants c(t), c0 is immaterial in the
end, but a convenient choice is c(t) = 0 for all t, and c0 a suitable value (see e.g. [39]).

The existence of Kähler-Einstein metrics was proved in the 1970’s by Yau [64] and
Aubin [1] when c1(X) < 0, and by Yau [64] when c1(X) = 0. This last case is also known
as the Calabi conjecture, and it plays a very important role in superstring theory [6].
In the c1(X) > 0 case, Kähler-Einstein metrics do not always exist. Surfaces which are
CP2 with one or two points blown-up are examples. A well-known conjecture is the Yau-
Tian-Donaldson conjecture [65,55,22] which says that the existence of a Kähler-Einstein
metric with positive c1(X) should be equivalent to the K-stability of the manifold X.
Very recently, a solution has been announced in the two series of independent works
[10–12] and [56]. The works [9–12] rely in an essential manner on many advances almost
as recent, including the uniform lower bounds for the Bergman kernel established in
[25], the simplification of the notion of K-stability due to [34], and particularly the deep
analogues of Brunn-Minkowski inequalities in complex geometry obtained in [5]. The
special case of toric varieties was settled earlier in [63].
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When c1(X) is definite, the Kähler-Ricci flow exists for all time [7]. So the main
problem is to determine its asymptotic behavior for t =∞. The situation here is some-
what similar now to the situation for the Yang-Mills flow for holomorphic bundles:
algebraic-geometric conditions characterizing the existence of fixed points are known,
and the task is to show the convergence of the flow when the conditions are satis-
fied, or to describe the resulting singularities when they are not. When c1(X) = 0 or
c1(X) < 0, the convergence of the Kähler-Ricci flow was also established in [7]. But for
c1(X) > 0, the convergence of the Kähler-Ricci flow has been established only under the
assumption that a Kähler-Einstein metric exists [36,57,58,38,17]. It is still not known
how to establish directly its convergence from stability conditions, unlike in the case
of the Yang-Mills flow. The general behavior of the flow under no stability conditions
is even less understood. We explain some of these issues below (see e.g. [37,42,59] and
references therein).

It is not difficult to adapt the estimates of Yau [64] for the Monge-Ampère equation
to the parabolic case, and obtain the following criterion for the convergence of the
Kähler-Ricci flow: if there exists a constant C so that

supX |ϕ| ≤ C (4.10)

for all time t > 0, then the Kähler-Ricci flow converges (in fact, exponentially [41]).
This explains why the case c1(X) < 0 is easy: in this case, at a maximum point (z0, t0)
for ϕ on any range X × [0, T ] for finite T , the derivative ϕ̇(z0, t0) must be non-negative
and the ratio of determinants ωn/ωn0 must be less than 1. Since

ϕ = log
ωn

ωn0
− f − ϕ̇ (4.11)

it follows that supX×[0,T ]ϕ = ϕ(z0, t0) ≤ ‖f‖C0(X). A lower bound for infX×[0,T ]ϕ can
be obtained in the same way, and since both bounds are independent of T , the desired
estimate (4.10) follows. In the case c1(X) = 0, it is readily seen that ϕ̇ satisfies the
heat equation (∂t − ∆)ϕ̇ = 0, with initial value ϕ̇(z, 0) = −f(z). The same maximum
principle argument shows that ‖ϕ̇‖C0(X×[0,T ]) ≤ ‖f‖C0(X) for any T . Incorporating ϕ̇

into f , the parabolic Monge-Ampère equation can be treated as a standard Monge-
Ampère equation, and the desired C0 estimate follows by Moser iteration, as in [64].

To investigate the difficult case c1(X) > 0, it is useful to refine the criteria for
convergence as the following seemingly weaker estimate,

1

V

∫
X

ϕωn0 ≤ C (4.12)

for all time t, where it is convenient to include the volume V (fixed) of X with respect
to ω0. To control the left hand side, we introduce several useful functionals in Kähler
geometry,

Kω0(ϕ) =
1

V

{∫
X

( log
ωn

ωn0
)ωn − ϕ

n−1∑
j=0

Ric(ω)ωjωn−1−j
0 + µ

n−1∑
j=0

ϕωjωn−j0

}
Fω0(ϕ) = Jω0(ϕ)− 1

V

∫
X

ϕωn0 (4.13)

where Jω0(ϕ) is defined in turn by

Jω0(ϕ) =
1

2V

n−1∑
j=0

n− j
n+ 1

∫
x

i∂ϕ ∧ ∂̄ϕ ∧ ωn−1−jωj0 (4.14)
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The functional Kω0(ϕ) is called the Mabuchi K-functional, and the functional Fω0(ϕ) is
called the Aubin-Yau functional. They are of particular interest because their variations
give respectively the constant scalar curvature and the Monge-Ampère equations,

δKω0(ϕ) = − 1

V

∫
X

δϕ (R− R̄)ωnϕ

δFω0(ϕ)0 = − 1

V

∫
X

δϕωnϕ. (4.15)

Here R̄ is the average of R(z), which is a cohomological invariant. In particular, the
following functional

Fω0(ϕ) = Fω0(ϕ)0 − log (
1

V

∫
X

ef−ϕωn0 ) (4.16)

is the functional whose Euler-Lagrange equation corresponds to the fixed points of the
Kähler-Ricci flow (4.9). Returning to the Kähler-Ricci flow proper, one can show that
the functionals Kω0(ϕ) and Fω0(ϕ) decrease along the flow, and that, also along the
flow, they are all equivalent in sizes,

|F 0
ω0

(ϕ)− Fω0(ϕ)|+ |Fω0(ϕ)−Kω0(ϕ)| ≤ C. (4.17)

Furthermore, the quantities 1
V

∫
X
ϕωn0 , Jω0(ϕ) and Kω0(ϕ) satisfy the following inequal-

ities,

1

nV

∫
X

(−ϕ)ωn0 ≤ Jω0(ϕ) ≤ 1

V

∫
X

ϕωn0

1

V

∫
X

ϕωn0 ≤ n
1

V

∫
X

(−ϕ)ωn0 − (n+ 1)Kω0(ϕ) + C (4.18)

for some constants C (c.f. [38], Lemma 9).
With these preparations, it is now easy to prove the convergence of the Kähler-Ricci

flow, if a Kähler metric is known to exist, and if X admits no holomorphic vector fields.
Indeed, in this case, the following Moser-Trudinger inequality holds [55],

Fω0(ϕ) ≥ Aγ Jω0(ϕ)γ −Bγ , (4.19)

for some strictly positive power γ, some positive constant Aγ , and all ϕ which are ω0-
plurisubharmonic (as shown in [40], γ can actually be taken to be 1). But then the
fact that Fω0(ϕ) decreases along the Kähler-Ricci flow shows that it is bounded from
above. By the Moser-Trudinger inequality, both Fω0(ϕ) and Jω0(ϕ) are bounded. By the
inequalities (4.17), Kω0(ϕ) is bounded. And by the inequalities (4.18), both

∫
X

(−ϕ)ωn0
and

∫
X
ϕωn0 are bounded. This establishes the convergence of the Kähler-Ricci flow in

this case, a result first announced by Perelman [36] and proved in [57]. Our discussion
here follows [38].

The convergence of the Käler-Ricci flow under the assumption that a Kähler-Einstein
metric exists, but allowing for the presence of non-holomorphic vector fields on X is
much more delicate. The reason is that no suitable version of the Moser-Trudinger
inequality (4.19) is available in this case. Some important ideas have been introduced
in [58], and a full proof has been obtained only rather recently [17].

Thus, despite the above progress, the original problem remains of a direct proof of the
convergence of the Kähler-Ricci flow under an algebraic-geometric stability condition,
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or of describing the singularities of the flow in general. As we had stressed earlier, the
situation here is much worse than for the Yang-Mills flow, since we do not have any
analogue of the Uhlenbeck-Yau method for producing a destabilizing object from the
failure of an a priori C0 estimate. We discuss now some attempts in this direction,
exploiting the new results of Perelman for the Kähler-Ricci flow.

In his monumental work [35], Perelman introduced an array of powerful tools for
the investigation of the Ricci flow. Among these is the entropy functional

µ(gij) = inff{W(g, f);
1

V

∫
X

e−fωn = 1},

W(g, f) =
1

V

∫
X

(R+ |∇f |2 + f − n)e−fωn (4.20)

Perelman showed that the entropy functional is monotone increasing along the Ricci
flow. For the Kähler-Ricci flow, there is a particular important scalar function u, namely
the Ricci potential, defined by

Rk̄j − µgk̄j = ∂j∂k̄u,
1

V

∫
X

e−uωn = 1. (4.21)

Using the resulting lower bound for µ(gij), and the choice of f = u, he was able to
deduce that

‖u‖C0 + ‖∇u‖C0 + ‖∆u‖C0 ≤ C (4.22)

where C is a constant independent of time. Furthermore, the diameter of X is uniformly
bounded, and we have the following no-collapse statement,

Vol(Br(x)) ≥ c r2n (4.23)

for another strictly positive constant c > 0. Since then, further development of Perel-
man’s methods have also led to a uniform bound for the Sobolev constant, and a uniform
upper bound for the growth of Vol(Br(x)) [66,67].

We can now link the convergence of the Kähler-Ricci flow to a stability condition in
the following manner. First, using Perelman’s results, we can obtain another criterion
for the convergence of the Kähler-Ricci flow; namely, the flow converges if and only if
there exists constants C, µ > 0 so that [42]

Y (t) ≡
∫
X

|∇u|2ωn ≤ C e−µt. (4.24)

Next, we apply a differential inequality which always holds for the Kähler-Ricci flow
[37]

Ẏ (t) ≤ −λtY (t)− 2λtFut(πt(∇u))−
∫
X

|∇u|2(R− u)ωn

−
∫
X

∇ju∇k̄u(Rk̄j − gk̄j)ω
n (4.25)

Here π is the orthogonal projection onto the space of holomorphic vector fields, Fut(W ) =∫
X
Wuωn is the Futaki invariant for the vector field W . The key ingredient in the for-

mula is the lowest eigenvalue λt of the Laplacian ∂̄†∂̄ on vector fields, which is defined
by

λt = infW⊥H0(X,T 1,0(X))
‖∂̄W‖2

‖W‖2 (4.26)
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Without the three additional terms on the right hand side of (4.25), it would be clear
that a strictly positive uniform lower bound for the eigenvalue λt

inft>0 λt ≥ c > 0. (4.27)

would imply the desired exponential decay for Y (t). Nevertheless, this exponential decay
can still be established under the condition (4.27) combined with another condition,
namely that the K-energy Kω0(ϕ) is bounded from below [41]. This additional condition
has been weakened since to the condition that the Futaki invariant be 0 [68].

The condition (4.27) is a stability condition. For example, if it fails, and if there
exists a family of diffeomorphisms Ft so that F ∗t (g(t)) converges, then the pull-backs
F ∗t (J) of the complex structure would converge to a complex structure J∞ which is
in the closure of the orbit of J under the group of diffeomorphisms, but which is not
equivalent to J . Thus, with such unstable points, the moduli space of complex structures
on X would not be Hausdorff.

The eigenvalue λt provides one possibility for relating the convergence of the Kähler-
Ricci flow to stability. It would be very interesting to relate the convergence even more
directly to the properties of the orbits of complex structures under the group of dif-
feomorphisms, or to other notions of stability such as K-stability. As in the case of
the Yang-Mills flow, a complementary direction is to investigate the behavior of the
flow in general. A conjecture, often referred to as the Hamilton-Tian conjecture, states
that, with suitable reparametrizations, the Kähler-Ricci flow should always converge
to a Kähler-Ricci soliton, away from a subvariety of real codimension at least 4. This
would be an analogue of the theorem of Uhlenbeck for instantons in dimension 4 [61],
with the additional complication that the analogues of the gauge transformations for
connections are here diffeomorphisms.

5 The Kähler-Ricci flow on manifolds of general type

In general, when the first Chern class c1(X) of a complex manifold is not definite, we
cannot expect the existence of a smooth Kähler-Einstein metric. Nevertheless, because
the Kähler-Ricci flow is arguably the most natural geometric flow on a Kähler manifold,
it should provide a particularly deep probe of the underlying geometry of X. This is a
very active research area at the present time, and we shall restrict ourselves to a few
brief remarks, and defer the reader to the papers [44–48], and particularly the survey
[49].

A first remark is that the Kähler-Ricci flow can still be reduced to a parabolic
Monge-Ampère equation, albeit with an evolving background metric. More precisely,
given a Kähler manifold (X,ω0), and consider the flow

ω̇(t) = −Ric(ω), ω(0) = ω0. (5.1)

Since the cohomology class of Ric(ω) is c1(X), it is clear that the cohomology class of ω(t)
is [ω0]−tc1(X), so the flow can only exist as long as [ω0]−tc1(X) remains positive. Under
this condition, we can choose a background Kähler form ω̂(t) with [ω̂(t)] = [ω0]−tc1(X),
and a volume form Ω with i

2∂∂̄Ω = ∂tω̂(t). Setting ω(t) = ω̂(t) + i
2∂∂̄ϕ, we can rewrite

the Kähler-Ricci flow as

ϕ̇ = log
(ω̂(t) + i

2∂∂̄ϕ)n

Ω
. (5.2)
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The above formulation of the flow shows that its behavior will depend very much
on the nature of the limiting Kähler class as t→ T ≡ sup{t; [ω0]− tc1(X) > 0}. A very
instructive example has been worked out in [46] for the flow on Hirzebruch surfaces,
which are projectivizations of the direct sum of the trivial line bundle on CP1 with
powers of the hyperplane bundle. Depending on the surface and on the initial Kähler
class, the flow can exhibit very different behaviors: the fiber can collapse, or the manifold
can shrink to a point, or the exceptional divisor can be contracted.

In general, one may hope that, as t → T , the flow (X,ω(t)) will converge in some
sense to a possibly different manifold (XT , ω(T )), on which the flow can be continued.
In this way, one would obtain a notion of weak solution allowing the continuation of the
flow through singularities. This would be an analogue of the “Ricci flow with surgeries”
initiated by Hamilton [28] and Perelman [35] in their approach to the Poincaré and
the Geometrization conjectures. A detailed program has in fact been laid out by Song
and Tian for the Kähler-Ricci flow on a projective algebraic variety [45]. According
to this program, the Kähler-Ricci flow will either collapse in finite time, or deform
the variety X to its minimal model through a finite number of divisorial contractions
and flips, and finally converge to a generalized Kähler-Einstein metric on the canonical
model of X. Thus the Kähler-Ricci flow would provide an analytic implementation
of Mori’s Minimal Model Program in algebraic geometry. The Song-Tian program is
ambitious and challenging, but some important progress has already been made. For
these progresses, many earlier estimates for complex Monge-Ampère equations had to
be refined, and in particular, full use had to be made of the new powerful C0 estimates
due to Kolodziej [33] for Monge-Ampère equations with Lp right hand side, p > 1.

6 The Calabi flow

In this section, we consider the flows associated with a problem which is even more
general than the preceding problem of existence of Kähler-Einstein metrics, namely: let
[ω0] be a positive Kähler class on a compact complex manifold X. When does there
exist a Kähler form ω ∈ [ω0] with constant scalar curvature?

We note that the constant value R̄ of the scalar curvature is again determined by the
cohomology class. When c1(X) is definite, we can recover the Kähler-Einstein problem
as follows. As in the Kähler-Ricci flow, let ω0 be in any Kähler class if c1(X) = 0, or
ω0 ∈ ±c1(X) id c1(X) is positive or negative. Then in all three cases, Ric(ω) − µω is
cohomologically trivial, for µ = 0, 1,−1 respectively. We can write

Ric(ω)− µω =
i

2
∂∂̄f (6.1)

for some smooth scalar function f . This implies R(ω) − µn = ∆f . If R(ω) is constant,
then ∆f is constant. Since the range of the Laplacian is orthogonal to constants, the
constant must be 0, and f itself is constant. But this implies that Ric(ω) − µω = 0,
which means that ω is actually Kähler-Einstein.

In general, it is difficult to prescribe a metric by curvature conditions, because of
possible mismatches between the numbers of degrees of freedom: the metric gij is a
symmetric two-tensor, while e.g. the full curvature tensor is a four-tensor with very
specific symmetries. The above constant scalar curvature problem in Kähler geometry
is then particularly natural, since the requirement that the Kähler form ω be in a given
class restricts it to a single degree of freedom, ω = ω0 + i

2∂∂̄ϕ. In view of the expression
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(2.4) for the Ricci curvature, the equation for constant scalar curvature can be written
explicitly as

−gjk̄∂j∂k̄ log det ((g0)q̄p + ∂p∂q̄ϕ) = R̄ (6.2)

We note that this is a 4th-order non-linear partial differential equation, which com-
bines the complex Monge-Ampère equation with its linearization. The Kähler-Einstein
equation happens to be a simpler equation, because the operator ∂∂̄ can be integrated
out in that case, resulting in a simpler 2nd-order equation. The same conjecture of
Yau-Tian-Donaldson for Kähler-Einstein metrics is expected to hold for constant scalar
curvature metrics in a given Kähler class: such a metric should exist if and only if the
class [ω0] is K-stable [22]. At the present time, it is known that the K-stability condition
is necessary [50] (at least when Aut(X,L) is discrete), but its sufficiency has only been
proved in the case of two-dimensional toric varieties [23].

Metrics of constant scalar curvature are the fixed points of the following flow, called
the Calabi flow,

ġk̄j = ∂j∂k̄R, gk̄j(0) = g0
k̄j . (6.3)

In terms of Kähler potentials, the flow is equivalent to

ϕ̇ = R− R̄. (6.4)

which shows that it is the gradient flow of the Mabuchi K-energy (see (4.14, 4.15)). In
particular,

d

dt
Kω0(ϕ) = −

∫
X

|R− R̄|2ωn ≡ −Cω0(ϕ). (6.5)

The right hand side is known as (the negative of) the Calabi energy. A direct calculation
shows that it also decreases along the Calabi flow,

d

dt
Cω0(ϕ) = −2

∫
X

|∇k̄∇j̄R|
2ωn ≤ 0. (6.6)

This formula shows that, besides metrics of constant scalar curvature which are its
minima, the Calabi energy may admit more critical points. They are defined by the
equation

∇k̄∇j̄R = 0, (6.7)

which is equivalent to the condition that the gradient ∇pR be a holomorphic vector
field. Such metrics are called “extremal metrics”.

Perhaps not surprisingly, much less is known about the Calabi flow than about any
of the other flows. We discuss briefly some of what is known.

In one complex dimension, the Calabi flow is known to exist for all time and to
converge to a metric of constant curvature [8,51,15]. Following Struwe [51], one can
see this in the following way. In one complex dimension, exploiting the fact that any
metric gij is Weyl equivalent to a metric of constant curvature g0

ij(x), we can write

gij(x) = e2u(x)g0
ij(x). Expressed in terms of u(x), the Calabi flow becomes

u̇ =
1

2
∆R =

1

2
e−2u∆0(−∆0u+R0e

−2u). (6.8)
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The key step is the following “concentration/compactness” general statement about any
sequence g` of metrics on a given compact surface X:

Let g` = e2u`(x)g0 be a sequence on X with fixed volume and uniformly bounded
Calabi energy C(g`). Then

(a) either ‖u`‖(2) ≤ C, where ‖·‖(2) denotes the Sobolev norm of order 2 with respect

to the fixed metric g0;
(b) or there exists points x1, · · · , xM and a subsequence, still denoted by {u`}, such

that for any r > 0 and any m, 1 ≤ m ≤M , we have

liminf`→+∞

∫
Br(xm)

|R`|ω` ≥ 2π. (6.9)

The number M can be bounded in terms of the maximum of the Calabi energy of g`.
Furthermore, away from the points x1, · · · , xM , either u` → −∞, or they are uniformly
bounded in the Sobolev norm of order 2.

Returning to the Calabi flow, we observe now that the Liouville energy [8]

L(u) =
1

2

∫
X

(|∇u|20 + 2R0u)ω0. (6.10)

decreases along the flow, and thus it is bounded from above. We can now sketch the
proof of the easier case, but geometrically more interesting, when the genus of the
surface is ≥ 1, and R0 ≤ 0. First note that the area of ω is constant along the flow. This
is because

d

dt
(

∫
X

ω) =

∫
X

∆Rω = 0. (6.11)

Normalizing ω so that the area is 1, we obtain

2

∫
X

uω0 ≤ log (

∫
X

e2uω0) = 0. (6.12)

The upper bound for the Liouville energy implies now that ‖∇u‖L2(ω0) is bounded from
above. The Trudinger inequality implies now∫

X

e4|u|ω0 ≤ C. (6.13)

for some constant C. The proof when X is topologically a sphere is more delicate,
because of the presence of holomorphic vector fields. It requires both a transformation
by suitable Moebius transformations and a refinement of the Moser-Trudinger inequality
due to Aubin [2].

The estimate for the L1 norm of e4|u| combined with the uniform upper bound for
the Calabi energy suffices to rule out concentration. Indeed,∫

Br(x)

|R|ω ≤ (

∫
Br(x)

|R|2ω)
1
2 (

∫
Br(x)

ω)
1
2 (6.14)

and the second factor can be estimated in turn by∫
Br(x)

ω =

∫
Br(x)

e2uω0 ≤ (

∫
Br(x)

e4uω0)
1
2 (

∫
Br(x)

ω0)
1
2 ≤ C(

∫
Br(x)

ω0)
1
2 . (6.15)

The right hand side goes to 0 as r → 0, ruling out concentration.
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Since concentration has been ruled out, we can conclude from the above concen-
tration/compactness dichotomy that the norms ‖u`‖(2) are uniformly bounded, for any
sequence u� = u(t`), t` → +∞. Since the real dimension of the manifold is 2, the
Sobolev imbedding theorem implies that the norms ‖u`‖C0 are uniformly bounded.
Thus the metrics g` = e2u`g0 are all uniformly equivalent. This was the main difficulty.
From here, it is not difficult to deduce the existence of a converging subsequence, from
which the whole sequence converges, since it is a gradient flow. Working harder, one can
show that the Calabi energy decays exponentially, and the convergence is exponential.

In higher dimensions, no general existence or convergence result for the Calabi flow
is available at the present time. In fact, even the preceding one-dimensional result, as
important as it is in itself, sheds only a limited light on what the higher dimensional
case may be like. This is because it relied on a conformal representation of the evolving
metrics instead of a representation as metrics in the same Kähler class. It also made
essential use of the fact that a metric of constant scalar curvature already exists. There
are on the other hand a wealth of existence and convergence results in higher dimensions,
but under various additional assumptions. It is not possible to even try and cite them
all here, but here are some illustrative few: existence of the flow under boundedness
assumptions on the Ricci or Riemannian curvatures [13,52]; convergence of the flow
under assumptions including smallness of the Calabi energy [14,60]; and behavior of
the flow on specific classes of Kähler manifolds [53,54]. The work in [53] is of particular
interest, as it exhibits in the case of ruled surfaces the behavior that one would expect
for the Calabi flow: if no extremal metric exists in the given class, then the Calabi
flow would either collapse, or break up the manifold into pieces which admit complete
extremal metrics.
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PERFECTOID SPACES AND THE WEIGHT-
MONODROMY CONJECTURE, AFTER PETER
SCHOLZE

Takeshi Saito

1 Weight-monodromy conjecture

The Galois representation associated to the étale cohomology of a variety defined over
a number field is a central subject of study in number theory. The Galois action on the
Tate module of an elliptic curve and the Galois representation associated to a modular
form that played the central role in the proof of Fermat’s last theorem by Wiles and
Taylor are typical examples.

To simplify the notation, we assume that a proper smooth variety X is defined over
the rational number field Q. We fix a prime number ` and consider the representation of
the absolute Galois group Gal(Q̄/Q) acting on the `-adic étale cohomology Hq(XQ̄,Q`).
As is seen in the definition of the Hasse-Weil L-function, a standard method in the study
of a Galois representation is to investigate it locally at each prime.

Let p be a prime number different from `. If X has good reduction at p, the Ga-
lois representation Hq(XQ̄,Q`) at p is almost completely understood thanks to the
Weil conjecture proved by Deligne [1]. Namely its restriction to the decomposition
group Gal(Q̄p/Qp) at p is unramified and the characteristic polynomial det(1 − Fpt :
Hq(XQ̄,Q`)) of the geometric Frobenius is determined by counting the number of points
of the reduction of X modulo p defined over Fpn for every n = 1.

However, for a prime of bad reduction, an important piece, called the weight-
monodromy conjecture, is still missing. To state it, let us recall briefly the structure
of the absolute Galois group Gal(Q̄p/Qp). Corresponding to the maximal unramified
extension and the maximal tamely ramified extension Qp ⊂ Qur

p = Qp(ζm; p - m) ⊂
Qtr
p = Qur

p (p1/m; p - m) ⊂ Q̄p, the inertia subgroup and its wild part Gal(Q̄p/Qp)
⊃ I ⊃ P ⊃ 1 are defined. The quotient Gal(Q̄p/Qp)/I is canonically identified with
Gal(F̄p/Fp) and is topologically generated by the geometric Frobenius Fp. The quotient
I/P by the pro-p Sylow subgroup P is non-canonically identified with the product of
Zp′ for p′ 6= p.

By the monodromy theorem of Grothendieck, there exists a nilpotent operator N
on V = Hq(XQ̄,Q`) such that the restriction to an open subgroup of I is given by
exp(t`(σ)N) where t` : I → Z` is a surjection. By elementary linear algebra, the nilpo-
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tent operator defines a unique finite increasing filtration W on V characterized by the
property that N(WiV ) ⊂ Wi−2V for every integer i and N i induces an isomorphism
GrWi V = WiV/Wi−1V → GrW−iV for every i = 0. Then the weight-monodromy conjec-
ture is stated as follows.

Conjecture 1.1 Let F ∈ Gal(Q̄p/Qp) be a lifting of the geometric Frobenius Fp. Then
the eigenvalues of F acting on GrWi Hq(XQ̄,Q`) are algebraic integers and the complex

absolute values of the conjugates are p(q+i)/2.

Conjecture was proved for q = 1 by Grothendieck by studying the Néron model of
an abelian variety. It is proved for q = 2 by Rapoport-Zink using the weight spectral
sequence in a semi-stable case and in general by using alteration by de Jong. For an
arbitrary q, the Weil conjecture and alteration by de Jong imply that the eigenvalues
of F acting on GrWi V are algebraic integers and the complex absolute values of the
conjugates are pn/2 for an integer n independent of the conjugates. The function field
analogue is proved by Deligne in the course of the proof of the Weil conjecture in [1].

P. Scholze introduced a new method in [7] to study the weight-monodromy conjec-
ture and proved it for smooth complete intersections in smooth toric varieties, stated
later as Theorem 6.2. The method is to construct and study the following diagram
and reduce it to the function field case already proved by Deligne. In the diagram,
k, k′,K and K[ denote finite extensions of Qp,Fp((t)),Qp(ζp∞) and of Fp((t))(t

1/p∞)
respectively.

(algebraic varieties/k)
(
algebraic varieties/k′

)
?

y yperfection

(perfectoid spaces/K)
'−−−−−→

(
perfectoid spaces/K[

)
.

(1.1)

The upper categories stay in the realm of algebraic geometry while the lower ones
are in that of rigid geometry in the sense of R. Huber [6]. A point is that we have a
canonical equivalence of categories on the lower line. Another point is that we have a
canonical isomorphism

Gal(K̄/K)← Gal(K̄[/K[). (1.2)

Since some important special cases were first introduced by Fontaine-Wintenberger [4],
the isomorphism (1.2) has been used effectively in the study of p-adic Galois represen-
tations of p-adic fields. It allows us to expect to deduce results in characteristic 0 from
the corresponding results in characteristic p > 0.

A problem is that we do not have a natural functor for the left vertical arrow in
(1.1) with ?, in general. Another problem is that we may lose some information by going
down. The morphisms Gal(k̄/k)← Gal(K̄/K) and Gal(k̄′/k′)← Gal(K̄[/K[) defined by
inclusions k ⊂ K and k′ ⊂ K[ induce isomorphisms on the quotients by the wild inertia
subgroups. Since the weight-monodromy conjecture can be regarded as a statement on
the actions of these quotients, we do not lose too much information by going down.

The purpose of the lecture is to explain the diagram and sketch the proof of the
weight-monodromy conjecture for smooth complete intersections in toric varieties. For
these varieties, one can construct the left vertical arrow with ? and recover enough
information to prove the weight-monodromy conjecture.

The contents of the notes are summarized as follows. In Section 2, we introduce a
perfectoid field and the tilting functor associating to a perfectoid field of characteristic
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0 a perfectoid field of characteristic p > 0. The canonical isomorphism (1.2) is obtained
as a special case of the almost purity theorem discussed in Section 5.

We also introduce perfectoid algebras in Section 2. The perfectoid spaces are de-
fined by patching their associated adic spaces in Section 4, after recalling briefly some
foundations on adic spaces. The key fact that the categories of perfectoid algebras over
a perfectoid field K and its tilt K[ are equivalent to each other is proved using the
language of almost commutative algebra recalled in Section 3. The idea of the proof of
the equivalence will be sketched at the end of the section.

In Section 5, we recall a crucial generalization of the almost purity theorem of
Faltings and compare the étale topology in characteristic p > 0 and characteristic 0.
Finally, we state the main result on the weight-monodromy conjecture and sketch the
proof in Section 6.

For the full detail of proof, we refer to the original article [7]. A survey [3] is written
by Fontaine.

2 Perfectoid fields and perfectoid algebras

We begin with recalling the definition of perfectoid fields and the tilting construction.
We also state an isomorphism of Galois groups of a perfectoid field of characteristic
0 and its associated perfectoid field of characteristic p > 0, whose sketch of proof is
postponed to Section 5.

Let K be a field. A mapping v : K → R ∪ {∞} = (−∞,∞] is called a(n additive)
valuation of K (of height 1) if v(a + b) = min(v(a), v(b)) and v(ab) = v(a) + v(b) for
a, b ∈ K, if v(a) = ∞ is equivalent to a = 0 and if v(K) % {0, 1}. A field K equipped
with a valuation of height 1 will be called a valuation field. The subring OK = {a ∈ K |
v(a) = 0} is called the valuation ring of OK and m = {a ∈ K | v(a) > 0} is the maximal
ideal of OK . Choosing a real number 0 < a < 1, we define a metric d(x, y) = av(x−y) on
K. The topology is independent of the choice of a.

A valuation field K of characteristic 0 is said to be of mixed characteristic (0, p) if
the residue field OK/m is of characteristic p > 0.

Definition 2.1 Let K be a valuation field such that the restriction v|K× : K× → R has
dense image and assume that K is either of characteristic p > 0 or of mixed charac-
teristic (0, p). Then K is called a perfectoid field if K is complete and if the Frobenius
endomorphism OK/pOK → OK/pOK : x 7→ xp is a surjection.

A perfectoid field K of characteristic p > 0 is a perfect field and its valuation ring
OK is a perfect ring. Let K be a perfectoid field of mixed characteristic (0, p). Then the
inverse limit lim←−OK/pOK with respect to the Frobenius endomorphism is a complete

valuation ring and its fraction field K[ is a perfectoid field of characteristic p, called the
tilt of K. For a = (an) ∈ OK[ , the limit a] = limn→∞(ãn)p

n

∈ OK , defined by taking

liftings, is independent of the choices and induces a mapping K[ → K compatible with
the multiplications and the valuations.

Example 2.2 The p-adic completion K of Qp(ζp∞) is a perfectoid field of mixed charac-
teristic (0, p). Its tilt K[ is isomorphic to the t-adic completion of Fp((t)) (t1/p

∞
).

The following fact is fundamental.
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Proposition 2.3 [7, Theorem 3.7] Let K be a perfectoid field of mixed characteristic (0, p).

Then, a finite extension L of K is also a perfectoid field and its tilt L[ is a finite (separable)

extension of K[. Further, the functor

(finite separable extensions of K)→ (finite separable extensions of K[) (2.1)

sending L to L[ is an equivalence of categories.

Proposition 2.3 is proved as a special case of Theorem 5.1 and makes an important
step of the proof. The equivalence of categories (2.1) induces a canonical isomorphism
(1.2) of absolute Galois groups. It gives a generalization of the theory of fields of norms
by Fontaine-Wintenberger [4].

We define perfectoid algebras over a perfectoid field. We fix a perfectoid field K of
characteristic p > 0 or of mixed characteristic (0, p). Let OK denote its valuation ring
and we also fix a non-zero element $ satisfying 0 < v($) 5 v(p). We take a real number
0 < a < 1 and define a norm |x| = av(x) on K. A K-algebra R is said to be a K-Banach
algebra if it is complete and separated with respect to a norm | | on the K-vector space
R compatible with multiplication. An element x of R is said to be power-bounded if the
subset {xn | n = 0} is bounded with respect to a norm. Let A denote the subring of R
consisting of power-bounded elements.

Definition 2.4 Let K be a perfectoid field of characteristic p > 0 or of mixed charac-
teristic (0, p). We say that a Banach K-algebra R is a perfectoid K-algebra if the subring
A ⊂ R consisting of power-bounded elements is bounded and if the Frobenius endomor-
phism A/$ → A/$ : x 7→ xp is surjective. A morphism of perfectoid K-algebras is a
continuous morphism of K-algebras.

Similarly as for perfectoid fields, we define tilting construction. Let K be a perfectoid
field, R be a perfectoid K-algebra and A ⊂ R be the subring as above. Then, we set

A[ = lim←−A/$A (2.2)

with respect to the Frobenius endomorphism. It is naturally an OK[ -algebra. Thus

R[ = A[ ⊗O
K[

K[ is defined as a Banach K[-algebra, called the tilt of R.

Lemma 2.5 [7, Proposition 5.9] Let K be a perfectoid field of characteristic p > 0 and R

be a Banach K-algebra such that the subring A consisting of power-bounded elements is open

and bounded. Then, the following conditions are equivalent:

(1) R is a perfectoid K-algebra.

(2) R is perfect.

(3) A is perfect.

Example 2.6 1. If k is a complete discrete valuation field of characteristic p > 0 with a

uniformizer t, the fraction field K of the t-adic completion of the perfection O1/p∞

k is
a perfectoid field. If A is a flat Ok-algebra of finite type, the t-adic completion of the
perfection A1/p∞ tensored K is a perfectoid algebra over K.

2. The $-adic completion R of K[T
1/p∞

1 , . . . , T
1/p∞

n ] is a perfectoid K-algebra, de-

noted K〈T 1/p∞

1 , . . . , T
1/p∞

n 〉. Its tilt R[ is K[〈T 1/p∞

1 , . . . , T
1/p∞

n 〉.

Now we state a key result.

Theorem 2.7 [7, Theorem 5.2] Let K be a perfectoid field of mixed characteristic (0, p).

Then, for a perfectoid K-algebra R, its tilt R[ is a perfectoid K[-algebra. Further the functor

(perfectoid K-algebras)→ (perfectoid K[-algebras) (2.3)

sending R to R[ is an equivalence of categories.
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3 Almost commutative algebra

A basic idea on almost commutative algebra in the context of perfectoid extension of a
complete discrete valuation ring is the following. Let k be a complete discrete valuation
field and Ok be the valuation ring. We consider the factorization

(Ok-modules)

��

⊗Ok
k

// (k-vector spaces)

(Ok-modules)/(torsion modules)

33ggggggggggggggggggggg

of the scalar extension functor by the quotient category. Then the slant arrow is an
equivalence of category.

Now, let K denote a perfectoid field and OK be the valuation ring. Similarly, we
consider the factorization

(OK -modules)

��

⊗OK
K

// (K-vector spaces).

(OK -modules)/(almost zero modules)

33fffffffffffffffffffffff

Here an OK -module is said to be almost zero if every element is annihilated by the
maximal ideal mK , satisfying mK = m2

K . This time, the vertical arrow is very close
to an equivalence of categories. This is analogous to ignoring infinitesimal in classical
calculus. Moreover, one can develop a theory of commutative algebra in the lower tensor
abelian category, which is called almost commutative algebra.

We work in a more general setting. Let A be a commutative ring and let m be a flat
ideal of A satisfying m2 = m. We say that an A-module M is almost zero if mM = 0.
The essential image of the natural fully faithful functor

(A/m-modules)→ (A-modules)

is the subcategory consisting of almost zero modules.

Lemma 3.1 For an A-module M , the following conditions are equivalent.

(1) M is almost zero.

(2) TorAq (m,M) = 0 for every q = 0.

(3) ExtqA(m,M) = 0 for every q = 0.

Proof Since mM is the image of the composition m⊗AM → m⊗A HomA(m,M) → M ,
either of the vanishings m⊗AM = 0 and HomA(m,M) = 0 implies mM = 0.

A free resolution of the A-module m defines spectral sequences

E2
p,q = Tor

A/m
p (TorAq (m, A/m),M)⇒ TorAp+q(m, A/m⊗A/m M),

Ep,q2 = Extp
A/m

(TorA−q(m, A/m),M)⇒ Extp+qA (m, HomA/m(A/m,M))

for an A/m-module M . Since the A-module m is assumed flat, they induce isomorphisms

Tor
A/m
p (m ⊗A (A/m),M) → TorAp (m,M) and Extp

A/m
(m ⊗A (A/m),M) → ExtpA(m,M).

Since m⊗A (A/m) = m/m2 = 0, the assertion follows. �
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Either of the conditions (2) and (3) implies that the subcategory consisting of almost
zero modules is closed under extensions.

We say that a morphism of A-modules f : M → N is an almost isomorphism if the
kernel and the cokernel of f are almost zero. For morphisms f : L → M, g : M → N of
A-modules, if two of f, g and g ◦ f are almost isomorphisms, so is the third.

Lemma 3.2 1. For an A-module M , the canonical morphisms m⊗AM →M → HomA(m,M)
are almost isomorphisms.

2. For a morphism of A-modules f : M → N , the following conditions are equivalent.

(1) f is an almost isomorphism.

(2) f∗ : m⊗AM → m⊗A N is an isomorphism.

(3) f∗ : HomA(m,M)→ HomA(m, N) is an isomorphism.

Proof 1. The exact sequence 0→ m→ A→ A/m→ 0 induces exact sequences TorA1 (A/m,M)→
m ⊗A M → M → (A/m) ⊗A M → 0 and HomA(A/m,M) → M → HomA(m,M) →
Ext1A(A/m,M) and the assertion follows.

2. Since (1) in Lemma 3.1 implies (2) and (3) in Lemma 3.1 respectively, (1) implies
(2) and (3) respectively. Conversely, the left (resp. right) square of the commutative
diagram

m⊗AM −−−−−→ M −−−−−→ HomA(m,M)y y y
m⊗A N −−−−−→ N −−−−−→ HomA(m, N)

shows that (2) (resp. (3)) implies (1) by 1. and the remark preceding Lemma. �

We define the category of almost A-modules to be the quotient category of that of A-
modules by the subcategory consisting of almost zero A-modules. We have a canonical
functor

(A-modules)→ (almost A-modules) (3.1)

sending an A-moduleM to the associated almost A-moduleMa. The category (almost A-modules)
is an abelian category and inherits tensor products and internal Hom from the category
(A-modules). Consequently, we can do linear algebra as well as multi-linear algebra and
commutative algebra in the category.

For A-modules M and N , we call a morphism in the category of almost A-modules
an almost morphism and let HomAa(Ma, Na) denote the A-module of almost morphisms.
We set ∗M = m⊗AM and N∗ = HomA(m, N).

Lemma 3.3 1. The functors M 7→ ∗M and N 7→ N∗ are adjoint to each other. The

canonical morphisms ∗M →M and N → N∗ induce isomorphisms of functors ∗(∗M)→ ∗M
and N∗ → (N∗)∗.

2. The canonical functor (3.1) admits left and right adjoint functors

(almost A-modules)→ (A-modules), (3.2)

induced by the functors M 7→ ∗M and N 7→ N∗ respectively. For A-modules M and N , we

have a canonical isomorphism HomAa(Ma, Na)→ HomA(M,N)∗.
3. The functors (3.2) are fully faithful and the essential images consist of A-modules M

such that the canonical morphism M → ∗M is an isomorphism and N such that N → N∗
is an isomorphism respectively.
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Proof 1. The canonical isomorphisms HomA(m ⊗A M,N) → HomA(M,HomA (m, N))
define an adjunction. Since the multiplication induces an isomorphism m⊗Am→ m, we
obtain an isomorphism ∗(∗M) = m ⊗A m ⊗A M → m ⊗A M = ∗M . The isomorphism
N∗ → (N∗)∗ follows from this and the adjunction.

2. By Lemma 3.2, the functors M 7→ ∗M and N 7→ N∗ induce functors (3.2). By the
definition of the quotient category and Lemma 3.2, the almost isomorphisms ∗M →M

and N → N∗ induce an isomorphism HomA(∗M,N∗) → HomAa(Ma, Na). By 1., we
obtain canonical isomorphisms HomA(∗M,N∗) → HomA(∗(∗M), N) → HomA(∗M,N)
and HomA(∗M,N∗)→ HomA(M, (N∗)∗)→ HomA(M,N∗).

Further, we have a canonical isomorphism HomA(∗M,N) = HomA(m ⊗A M,N) →
HomA(m, HomA(M,N)) = HomA(M,N)∗.

3. Since M →M∗ is an almost isomorphism and N 7→ N∗ induces the right adjoint, we
obtain canonical isomorphismsHomAa(Ma, Na)← HomAa(Ma

∗ , N
a)→ HomA(M∗, N∗).

The description of the essential image follows from the isomorphism N → (N∗)∗.
The assertion for the functor ∗M is proved similarly. �

Let R be an A-algebra. We say that an R-module M is almost locally free of finite

rank if the canonical map M ⊗R HomR(M,R) → EndR(M) is an almost isomorphism.
For an almost locally free R-module M of finite rank, the trace map is defined to be the
composition

EndR(M)→ EndR(M)∗
∼← (M ⊗R HomR(M,R))∗ → R∗,

where the last map is induced by the evaluation map x⊗ f 7→ f(x).
We say that a surjection R → S of commutative A-algebras defines an almost open

immersion if S is an almost locally free R-module of finite rank. We say that a morphism
R → S of commutative A-algebras is almost finite étale if S is an almost locally free R-
module of finite rank and if the surjection S⊗RS → S defines an almost open immersion.

A commutative ring R over A is an object of the category of (A-modules) equipped
with the multiplication R ⊗A R → R satisfying a certain set of axioms. Similarly, one
defines an almost commutative ring R over A as an object of the category of (almost
A-modules) equipped with an almost multiplication R ⊗A R → R satisfying the corre-
sponding set of axioms. It is established in [5] that one obtains a completely parallel
theory.

We will sketch the proof of the equivalence of categories (2.3). The functor ⊗OK
K :

(OK -modules) → (K-vector spaces) induces a functor ⊗Oa
K
K : (almost OK -modules)

→ (K-vector spaces). Let (Perf/K) and (Perf/K[) denote the categories of perfectoid
algebras. Theorem 2.7 is proved by constructing a diagram

(Perf/K)← (Perf/OaK)→ (Perf/(OK/$OK)a)← (Perf/O[aK )→ (Perf/K[) (3.3)

of equivalences of categories. First, we define the categories in the diagram (3.3). By
abuse of notation, for an OaK -algebra A and for a non-zero element $ ∈ mK , let

A/$1/pA denote the quotient by the principal ideal generated by an element of valua-
tion v($)/p. An almost OK -module M is said to be complete if the canonical morphism
M → (lim←−nM∗/$

nM∗)
a is an isomorphism.

Definition 3.4 Let K be a perfectoid field of characteristic p > 0 or of mixed char-
acteristic (0, p). Let OK be the valuation ring and $ be a non-zero element satisfying
0 < v($) 5 v(p).
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1. We say that a $-adically complete flat OaK -algebra A is a perfectoid OaK-algebra if

the morphism A/$1/pA→ A/$A : x 7→ xp is an isomorphism. A morphism of perfectoid
OaK -algebras is a morphism of OaK -algebras.

2. We say that a flat (OK/$OK)a-algebra Ā is a perfectoid (OK/$OK)a-algebra if
the morphism Ā/$1/pĀ → Ā : x 7→ xp is an isomorphism. A morphism of perfectoid
(OK/$OK)a-algebras is a morphism of (OK/$OK)a-algebras.

The following Lemma defines the arrows in (3.3) and shows that the first and the
last ones are equivalences of categories.

Lemma 3.5 Let K be a perfectoid field and OK be the valuation ring.

1.([7, Proposition 5.5]) Let R be a perfectoid algebra over K and A be the subring con-

sisting of power-bounded elements. Then, the Frobenius morphism induces an isomorphism

A/$1/pA→ A/$A and Aa is a perfectoid algebra over OaK .

2.([7, Lemma 5.6]) Let A be a perfectoid algebra over OaK and equip the K-algebra

R = A⊗Oa
K
K a Banach K-algebra structure such that A∗ ⊂ R is open and bounded. Then,

R is a perfectoid algebra over K and A∗ ⊂ R is the subring consisting of power-bounded

elements.

To prove that the middle arrows are equivalences of categories, we need to find lift-
ings of perfectoid (OK/$OK)a-algebras and their morphisms. This is done by using the
theory of cotangent complexes adjusted to the context of almost commutative algebras
developed in [5]. It is eventually reduced to that the cotangent complex of a perfect
Fp-algebra vanishes. One also needs to check that the composition of (3.3) is actually
given by the construction (2.2).

4 Perfectoid spaces

So far, we have studied only local pieces. We make a global construction using the
language of adic spaces in the sense of R. Huber [6]. A building block of an adic space
is a locally ringed space Spa(R,R+) defined for an affinoid k-algebra (R,R+).

Let k denote a complete valuation field. We call a topological k-algebra R a Tate

k-algebra if there exists a subring R0 (over Ok) such that aR0 for a ∈ k× form a basis of
open neighborhoods of 0. For a Tate k-algebra R, let A denote the subring consisting
of power-bounded elements. A pair (R,R+) of a Tate k-algebra R and an open and
integrally closed subring R+ ⊂ A (over Ok) is called an affinoid k-algebra.

For an affinoid k-algebra (R,R+), the underlying set of Spa(R,R+) is defined as the
set of (equivalence classes of) continuous valuations v satisfying v(f) = 0 for f ∈ R+.
For a ring R and a totally ordered additive group Γ , a mapping v : R→ Γ ∪{∞} is called
a(n additive) valuation if the following conditions are satisfied; v(xy) = v(x) + v(y) and
v(x+y) = min(v(x), v(y)) for x, y ∈ R, v(0) =∞ and v(1) = 0. If R is a topological ring,
a valuation v is said to be continuous if v−1((g,∞]) ⊂ R is open for every g ∈ Γ such
that g = v(x) for some x ∈ R.

For a valuation v, define the value group Γv to be the subgroup of Γ generated
by {g ∈ Γ | g = v(x) for some x ∈ R} and the support as a prime ideal of R by
pv = {x ∈ R | v(x) =∞}. Then, the valuation v induces a valuation of the fraction field
of R/pv. Valuations v and v′ are said to be equivalent, if there exists an isomorphism of
totally ordered groups Γv → Γv′ compatible with v and v′.

For an affinoid k-algebra (R,R+), we define the set X = Spa(R,R+) to be the
equivalence classes of continuous valuations v of R such that v(R+) ⊂ [0,∞]. We equip
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X a topology with a basis consisting of rational subsets U
(
f1, . . . , fn

g

)
= {v ∈ X | v(fi) =

v(g) for i = 1, . . . , n} defined for f1, . . . , fn, g ∈ R satisfying (f1, . . . , fn) = R.

We define the structure presheaf OX on X. Let f1, . . . , fn, g ∈ R be elements satisfy-

ing (f1, . . . , fn) = R. We define a topology on the ring R
[
f1

g
, . . . ,

fn
g

]
= R

[1

g

]
by a basis

of open neighborhood of 0 consisting of aR0

[
f1

g
, . . . ,

fn
g

]
for a ∈ k×. Let R

〈
f1

g
, . . . ,

fn
g

〉
be the completion of R

[
f1

g
, . . . ,

fn
g

]
and let R+

〈
f1

g
, . . . ,

fn
g

〉
denote abusively the com-

pletion of the integral closure of R+
[
f1

g
, . . . ,

fn
g

]
in R

[
f1

g
, . . . ,

fn
g

]
. Then, the morphism

R→ R
〈
f1

g
, . . . ,

fn
g

〉
induces a homeomorphism

Spa

(
R
〈
f1

g
, . . . ,

fn
g

〉
, R+

〈
f1

g
, . . . ,

fn
g

〉)
→ U

(
f1, . . . , fn

g

)
⊂ X = Spa(R,R+).

Further, the topological rings R
〈
f1

g
, . . . ,

fn
g

〉
and R+

〈
f1

g
, . . . ,

fn
g

〉
depend only on the

rational subset U
(
f1, . . . , fn

g

)
⊂ X = Spa(R,R+).

We define a presheaf OX on X by requiring OX(U) = R
〈
f1

g
, . . . ,

fn
g

〉
for rational

subsets U = U
(
f1, . . . , fn

g

)
. For each point x of X = Spa(R,R+), the (equivalence class

of) continuous valuation of R induces a(n equivalence class of) continuous valuation of
the local ring OX,x. We regard X = Spa(R,R+) as a topological space equipped with
the presheaf OX of topological rings together with the (equivalence class of) continuous
valuation of the local ring at each point.

If the presheaf OX is a sheaf, we call X = Spa(R,R+) equipped with these structures
an affinoid adic space. An adic space X is defined to be a topological space equipped with a
sheaf OX of topological rings together with a (equivalence class of) continuous valuation
of the local ring at each point, that is locally isomorphic to an affinoid adic space.

For a perfectoid affinoid algebra (R,R+), the presheaf OX on X = Spa(R,R+) is
a sheaf. Let K be a perfectoid field. We say that an affinoid K-algebra (R,R+) is a
perfectoid affinoid K-algebra if R is a perfectoid K-algebra. The tilting functor (2.3)
induces an equivalence of categories

(perfectoid affinoid K-algebras)→ (perfectoid affinoid K[-algebras) (4.1)

sending (R,R+) to (R[, R[+). Here R[+ denotes the open and integrally closed subalge-
bra satisfying mR[◦ ⊂ R[+ ⊂ R[◦ and corresponding to mR◦ ⊂ R+ ⊂ R◦.

Theorem 4.1 [7, Theorem 6.3] Let K be a perfectoid field, (R,R+) be a perfectoid affinoid

K-algebra and let X = Spa(R,R+) be the associated topological space equipped with the

structures as above.

1. The presheaf OX is a sheaf.

2. Assume K is of mixed characteristic (0, p) and let K[ and (R[, R[+) be the tilts of K

and (R,R+). Then, there exists a unique homeomorphism [ : X → X[ = Spa(R[, R[+) com-

patible with the construction of rational subsets U and isomorphisms OX(U)[ → OX[(U [).
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Theorem 4.1.1 is a part of an analogue for perfectoid algebras of Tate’s acyclicity
theorem in rigid geometry. Theorem 4.1.2 is proved by using the equivalence of categories
established in Theorem 2.7 and some approximation property. Theorem 4.1.1 is reduced
to the case of characteristic p > 0 by Theorem 4.1.2. In the latter case, it is proved by
reducing eventually to Tate’s acyclicity theorem in the classical case.

Theorem 4.1 enables us to define perfectoid spaces.

Definition 4.2 An adic space over a perfectoid field K is called a perfectoid space if it
is locally isomorphic to Spa(R,R+) for an perfectoid affinoid K-algebra (R,R+).

Theorem 2.7 and Theorem 4.1 immediately imply an equivalence of categories

(perfectoid spaces over K)→ (perfectoid spaces over K[) (4.2)

attaching to a perfectoid space X over K its tilt X[ over K[. Further Theorem 4.1
implies a homeomorphism X → X[ compatible with tilting construction on the structure
sheaves.

To prove (cases of) the weight-monodromy conjecture, we still need to understand
the compatibility of étale topology with the equivalence of categories (4.2).

5 Almost purity theorem and étale topology

The most important point in the theory is the following generalization of the almost
purity theorem of Faltings [2].

Theorem 5.1 [7, Theorem 7.9] Let K be a perfectoid field, R be a perfectoid K-algebra and

A be the perfectoid OaK-algebra associated to the subring of R consisting of power-bounded

elements. Then, a finite étale R-algebra S is a perfectoid K-algebra and the OaK-algebra

B associated to the subring of S consisting of power-bounded elements is a perfectoid OaK-

algebra and is almost finite étale over A.

We sketch the proof. Let R be a perfectoid K-algebra and let A be the perfectoid
OaK -algebra associated to the subring consisting of power-bounded elements. Setting
Ā = A/$A and we consider the following diagram of categories

(FÉt/R)← (FÉt/A)→ (FÉt/Ā)← (FÉt/A[)→ (FÉt/R[) (5.1)

consisting of (almost) finite étale algebras, similar to the diagram (3.3). Using the the-
ory of almost commutative algebra [5], one checks ([7, Theorem 4.17, Proposition 5.22])
that the middle two arrows are equivalences of categories, that a finite étale A-algebra is
a perfectoid OaK -algebra and that a finite étale Ā-algebra is a perfectoid (OK/$OK)a-
algebra, respectively. This implies that the middle three categories in (5.1) are sub-
categories of the corresponding categories in (3.3) and that the middle two arrows are
compatible to each other.

Using Lemma 2.5 in characteristic p > 0, it is proved rather directly ([7, Proposition
5.23]) that the last arrow in (5.1) is an equivalence of categories and is compatible with
that in (3.3). By what is already proven and by Theorem 2.7, the proof of Theorem
5.1 is reduced to showing that the composite functor from the right end to the left
end of (5.1) is essentially surjective. This is proved first in the case where R is a field.
Then, applying this to the residue field of each point and using that the local rings are
henselian, we show that we obtain an etale covering locally. Then, by using the sheaf
property, Theorem 4.1.1, we conclude the proof.
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An isomorphism of étale sites follows directly from Theorem 5.1. First, we define the
étale site. A morphism X → Y of adic spaces is said to be étale if locally on Y , there
exists an open covering by affinoids V = Spa(R) and an almost finite étale R-algebra S
such that X ×Y V → V factors through an open immersion X ×Y V → U = Spa(S) over
V .

Definition 5.2 Let X be a perfectoid space. Then, the underlying category of the étale
site Xét consists of perfectoid spaces étale over X. A family of morphisms in Xét is a
covering if the family of underlying continuous mappings is a covering.

Theorem 5.1 and Theorem 4.1.2 imply the following.

Corollary 5.3 [7, Theorem 7.12] The tilting induces an isomorphism Xét → X[
ét of the

étale sites.

This completes the construction of the bottom arrow in the diagram (1.1).

6 Complete intersections in toric varieties

We recall the definition of toric varieties. Let P be a free abelian group of finite rank
and N = Hom(P,Z) be the dual. A cone σ ⊂ NR is said to be rational if it is spanned
by a finitely many elements of N . It is said to be strongly convex if it does not contain
a line. A sub cone τ of a rational cone σ is called a face if there exists a ∈ P such that
f(a) = 0 for every f ∈ σ and τ = {f ∈ σ | f(a) = 0}. For a rational cone σ ⊂ NR, let
σ∨ ⊂ PR denote the dual {a ∈ PR | f(a) = 0 for f ∈ σ} and set Pσ = P ∩ σ∨.

A fan Σ is a finite set of strongly convex rational cones of NR such that a face τ of
an element σ of Σ is an element of Σ and the intersection σ ∩ τ of elements σ, τ of Σ is
a face of σ and of τ . We say a fan Σ is proper if the union

⋃
σ∈Σ σ is equal to NR. We

say a fan Σ is smooth, if the monoid N ∩ σ is isomorphic to the product of copies of N

for every σ ∈ Σ.
For a fan Σ and a field k, we define the toric variety XΣ,k by patching Xσ,k =

Spec k[Pσ] along Xσ∩τ,k. The toric variety XΣ,k has a natural action of the torus
T = Spec k[P ] ⊂ XΣ,k defined by k[Pσ] → k[Pσ] ⊗ k[P ] = k[Pσ × P ] induced by Pσ →
Pσ × P : a 7→ (a, a). If Σ is a proper fan, the toric variety XΣ,k is proper. If Σ is a
smooth fan, the toric variety XΣ,k is smooth. If τ is a one dimensional face of a smooth
fan Σ, the ideals of k[Pσ] generated by {a ∈ Pσ | f(a) > 0 for f ∈ τ} define a smooth
irreducible divisor Dτ of XΣ,k.

Example 6.1 Set P = Ker(sum: Zn+1 → Z) and N = Zn+1/∆Z. For a subset σ $
{0, . . . , n}, let σ also denote abusively the cone of NR spanned by the images of the
standard basis ei ∈ Zn+1 for i ∈ σ. Let Σ be the set of cones σ associated to subsets
σ $ {0, . . . , n}. For i = 0, . . . , n, set σi = {j | j 6= i}. Then, Pσi is generated by xj − xi
where xj denote the standard basis of Zn+1 ⊃ P . Thus the toric variety XΣ,k is defined

by patching Spec k
[Xj
Xi

]
and is nothing but the projective space Pnk .

Let K be a perfectoid field and Σ be a proper smooth fan. For a face σ ∈ Σ, set

P
1/p∞

σ = PZ[ 1
p ]∩σ

∨ and K〈Pσ〉,OK〈Pσ〉,K〈P
1/p∞

σ 〉 and OK〈P
1/p∞

σ 〉 be the $-adic com-

pletions. Then, we define an adic space Xad
Σ,K and a perfectoid space Xperf

Σ,K by patching

Spa(K〈Pσ〉,OK〈Pσ〉) and Spa(K〈P 1/p∞

σ 〉,OK〈P
1/p∞

σ 〉) respectively. The construction of
Xperf
Σ,K corresponds to the vertical arrow with ? in the diagram (1.1).
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Assume that K is of mixed characteristic (0, p). Then the tilt of Xperf
Σ,K is Xperf

Σ,K[ and

we obtain morphisms of étale sites;

Xad
Σ,K,ét ←−−−−− Xperf

Σ,K,ét

[−−−−−→ Xperf

Σ,K[,ét
−−−−−→ Xad

Σ,K[,ét
(6.1)

By Corollary 5.3, the middle arrow is an isomorphism. Since a surjective radicial mor-
phism induces an isomorphism on the étale site, the right arrow is also an isomorphism.
For a prime number ` 6= p, the right arrow induces an isomorphism Hq(Xad

Σ,K̄,ét
,Q`)→

Hq(Xperf

Σ,K̄,ét
,Q`) by the proper base change theorem. This means that we do not lose

too much information by going down in the diagram (1.1).
Let k be a field and Σ be a smooth proper fan. A closed subscheme Y of XΣ,k

defined by a non-zero section of an invertible sheaf defined by a linear combination of
Dτ for one-dimensional faces is called a hypersurface of XΣ,k.

Theorem 6.2 [7, Theorem 9.6] Let Y be a smooth closed subscheme of codimension c

of a smooth projective toric variety XΣ,k over a finite extension k of Qp. If there exist

hypersurfaces H1, . . . , Hc of XΣ,k such that the underlying set of Y is equal to that of the

intersection H1 ∩ . . . ∩Hc, then the weight-monodromy conjecture is true for Y .

We take a perfectoid extension K of k, for example the completion of k(ζp∞). We
prove Theorem 6.2 by constructing a proper smooth variety Z of dimension dimY

over K[ defined over a dense subfield k0 ⊂ K[ that is a function field of one variable
over Fp and a generically finite morphism Z → XΣ,K[ and an injection Hq(YK̄ ,Q`) →
Hq(ZK̄[ ,Q`) compatible with the canonical isomorphism Gal(K̄/K) ← Gal(K̄[/K[)
such that the image is a direct summand.

By the theory of étale cohomology of adic space, there exists an open neighborhood
Ỹ of Y ad

K such that the pull-back Hq(ỸK̄,ét,Q`)→ Hq(YK̄,ét,Q`) is an isomorphism for

every q = 0. Let π : Xad
Σ,K[ → Xad

Σ,K denote the composition of continuous mappings

similarly defined as (6.1). Then, by approximation, we find a closed subscheme Z0 ⊂
XΣ,K[ of codimension c defined over a subfield k0 ⊂ K[ that is a function field of one

variable over Fp such that Zad
0,K[ is contained in [(Ỹ ). By a theorem of de Jong, we find

an alteration Z → Z0 proper smooth over k0. The weight-monodromy conjecture for Z
is known by Deligne in [1].

The diagram

Hq(XΣ,K̄,ét,Q`)
'−−−−−→ Hq(XΣ,K̄[,ét,Q`)y y

Hq(ỸK̄,ét,Q`) −−−−−→ Hq([(ỸK̄)ét,Q`)

'
y y

Hq(YK̄,ét,Q`) Hq(ZK̄[,ét,Q`)

(6.2)

defines a morphism Hq(YK̄ ,Q`)→ Hq(ZK̄[ ,Q`) compatible with the isomorphism (1.2).
The Poincaré duality implies that, in order to show that it satisfies the required property,
it suffices to show that it is non-zero for q = 2 dimY . If it was zero, the composition
of the right vertical arrows would be zero. This contradicts the fact that the dimY -th
power of the class of an ample divisor of XΣ,K̄[ is non-zero in H2 dimY (ZK̄[,ét,Q`).
Since the weight-monodromy conjecture is known for Hq(ZK̄[,ét,Q`) by Deligne [1], it
also holds for a direct summand Hq(YK̄,ét,Q`).
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THE TATE CONJECTURE FOR K3 SURFACES A SURVEY
OF SOME RECENT PROGRESS

Vasudevan Srinivas

Abstract The most important open questions in the theory of algebraic cycles are
the Hodge Conjecture, and its companion problem, the Tate Conjecture. Both these
questions attempt to give a description of those cohomology classes on a nonsingular
proper variety which are represented by algebraic cycles, in terms of intrinsic structure
which is present on the cohomology of such a variety (namely, a Hodge decomposition,
or a Galois representation). For the Hodge conjecture, the case of divisors (algebraic
cycles of codimension 1) was settled long ago by Lefschetz and Hodge, and is popularly
known as the Lefschetz (1, 1) theorem, though there is little general progress beyond that
case. However, even this case of divisors is an open question for the Tate Conjecture,
in general, even for divisors on algebraic surfaces. After giving an introduction to these
problems, I will discuss the recent progress on the Tate Conjecture for K3 surfaces,
around works of M. Lieblich, D. Maulik, F. Charles and K. Pera.

1 What is the Tate Conjecture?

The goal of this article is to discuss some recent progress on the Tate Conjecture for K3

surfaces, as contained in the recent papers [14,5,19] (see also the related papers [12,
13]).

We begin by recalling what the Tate Conjecture is.

Let K be a field, which is given to be finitely generated over its prime subfield.
Thus, K is a finite algebraic extension of either Q(x1, . . . , xn) or Fp(x1, . . . , xn), where
x1, . . . .xn are algebraically independent over the prime field – we allow also the case
when n = 0, i.e., K is either an algebraic number field or a finite field, and these are
perhaps the most fundamental cases. Let K be an algebraic closure of K.

Let X be a smooth projective (or proper) variety over K. Let X = X ×K K denote
the corresponding variety over the algebraically closed field K. Note that the Galois
group G = Gal(K/K) acts on X compatibly with its action on K.
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The “Tate Conjectures” for X refer to a certain list of statements which conjecturally
describe relations between algebraic cycles on X, with rational coefficients, and the étale
cohomology of X, with its natural G-action.

More specifically, we fix a prime ` which is invertible in K, and consider on the one
hand, the étale cohomology group

H2i
et (X,Q`(i))H2i

et (X,Q`)⊗Q`
Q`(1)⊗i

which is a finite dimensional Q`-vector space with a continuous action of the Galois
group G = Gal(K/K). The Galois action is obtained as an i-fold “Tate twist” of
H2i
et (X,Q`) with its natural Galois action, induced from the action on the scheme X,

and functoriality of étale cohomology. Here Q`(1) denotes the 1-dimensional Q`-Galois
module defined by

Q`(1) =

(
lim
←−
n

µ`n

)
⊗Z Q,

where µm denotes the m-th roots of unity in K with its natural G-action. (One basic ref-
erence for this theory is Milne’s book [15]; see also the useful lecture notes [16], available
at his website, along with other interesting material related to the Tate conjecture).

On the other hand, one has the Chow group CHi(X)Q of algebraic cycles of codimen-
sion i on X, with rational coefficients1, modulo rational equivalence. If X has dimension
d, one has an intersection product

CHi(X)Q ⊗ CHd−i(X)Q → Q

which is obtained using intersections of subvarieties of X of complementary dimensions;
to show that this is well-defined, and has reasonable properties, is a prominent goal
of intersection theory in algebraic geometry (for example, this is exposed carefully in
Fulton’s book [8]).

This defines a natural equivalence relation on classes of algebraic cycles: two cycle
classes in CHi(X)Q are called numerically equivalent if they have the same intersection
number with any class in CHd−i(X)Q. It is known that the quotient

CHi
num(X)Q =

CHi(X)

numerical equivalence

is a finite dimensional Q-vector space.
We recall also that a cycle class α on X is said to be algebraically equivalent to 0 if

there is a cycle ξ on X ×Z for some irreducible projective smooth curve Z over K, and
points a, b ∈ Z, so that if iz : X ∼= X × {z} ↪→ X × Z, then α = i∗a(ξ) − i∗b(ξ). If we can
choose Z ∼= P1, this defines rational equivalence. It follows from standard properties of
intersection numbers that if a cycle is algebrically equvalent to 0, it is also numerically
equivalent to 0.

The theory of the cycle map in étale cohomology produces a natural homomorphism
for any 0 ≤ i ≤ dimX

CHi(X)Q → H2i
et (X,Q`(i)) (1)

which yields therefore a map

CHi(X)Q → H2i
et (X,Q`(i)), (2)

1 Algebraic cycles of codimension i are elements of the free abelian group on integral subschemes
of codimension i; cycles with rational coefficients are obtained by tensoring the group of cycles with
Q.
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for each 0 ≤ i ≤ dimX, obtained as a composition

CHi(X)Q ↪→ CHi(X)Q → H2i
et (X,Q`(i)).

The map (2) has the following properties:

(i) its image is contained in the subspace

H2i
et (X,Q`(i))G

of invariants for the G-action (where G = Gal(K/K))
(ii) its kernel consists of classes which are numerically equivalent to 0
(iii) the cycles algebraically equivalent to 0 all lie in the kernel.

The first property is because the cycle map (1) is in fact equivariant for the natural
action of G on both sides, from the functorial properties of the cycle class map, while
CHi(X)Q is clearly contained in the G-invariants in CHi(X)Q (in fact one can show
easily that CHi(X)Q consists precisely of the G-invariants in CHi(X)Q).

The second property is because of a compatibility between intersection numbers of
classes of algebraic cycles, and cup products of the corresponding étale cohomology
classes, i.e., there is an equality between algebraic intersection numbers and `-adic
intersection numbers.

The third property can be deduced from the defintion of algebraic equivalence, and
the Kunneth formula for the cohomology of X × Z for any smooth projective curve Z
over K.

If the ground field K has characteristic 0, and we embed K into the complex num-
ber field C, we may associate to X a complex algebraic variety XC. Then the above
statements about cycle classes have analogues, where instead of étale cohomology, we
use the singular cohomology groups H∗B(XC,Z) (also referred to in the subject as the
“Betti cohomology”) of the corresponding complex manifold X(C). This complex man-
ifold is thus an even dimensional, oriented compact topological manifold, and we have a
known compatibility between algebraic and topological intersection numbers for classes
of algebraic cycles; the property (ii) is motivated by this “more classical” statement.
Similarly (iii) follows from the Kunneth formula in topology.

The analogue of (i) for Betti cohomology is somewhat subtler. First, instead of a
Galois action, the “extra structure” for Betti cohomology is given by its Hodge decom-

position (for each 0 ≤ n ≤ 2 dimX)

Hn
B(XC,Z)⊗C = ⊕p+q=nHp,q(XC),

where we have
Hp,q(XC) = Hq,p(XC),

and natural isomorphisms

Hp,q(XC) ∼= Hq(XC, Ω
p
XC/C

)

identifying the Hodge “pieces” with certain cohomology groups of (coherent) sheaves of
(algebraic Kähler) differentials. A detailed account of this theory, along with interesting
applications, may be found in the book [22] (in 2 parts) of C. Voisin.

The properties of the Hodge decomposition are abstracted into the notion of a pure

Hodge structure (see Voisin’s book for explanations). Using this language, we may “Tate
twist” the Betti cohomology as well, defining

H2i
B (XC,Z(i)) = H2i

B (XC,Z)⊗ Z(1)⊗i,
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where Z(1) = 2πιZ ⊂ C (and ι =
√
−1), with a trivial Hodge decomposition, given by

Z(1)⊗C = (Z(1)⊗C)−1,−1

Then one may reinterpret the classical cycle map with values in singular cohomology
as yielding a map

CHi(XC)→ H2i
B (XC,Z(i))

which lands in the subgroup of Hodge cycles

Hgi(XC) = H2i
B (XC,Z(i))0,0

consisting of elements of H2i
B (XC,Z(i)) which map to the (0,0) Hodge subspace of

H2i
B (XC,Z(i))⊗C.

Viewing (as in Deligne’s article [7]) a pure Hodge structure as corresponding to
an R-representation of a certain (non-split) real torus on the real vector space V ⊗ R,
where V is a fintely generated abelian group, we note that the (0,0) part is precisely
the space of invariants for the group action. Thus, the image of the cycle map to Betti
cohomology is contained, after ⊗R, in a certain space of group invariants. We may
view this as analogous to the Galois invariance of the image of cycle classes in étale
cohomology.

The famous Hodge conjecture is the assertion that the corresponding map with ra-
tional coefficients

CHi(XC)Q → Hgi(XC)Q (3)

is surjective. That its kernel consists exactly of cycles numerically equivalent to 0 is also
a well-known conjecture, which is a consequence of Grothendieck’s Standard Conjectures

(see [9], and also [11] for an exposition, explaining also the background). This description
of the kernel has been proved in case i = 1, i.e., for the case of divisors, both for the Betti
cohomology and the étale cohomology; further, algebraic and numerical equivalence
are known to coincide for divisor classes with rational coefficients (from well-known
examples of Griffiths, this does not hold in general for cycle classes in codimensions i
with 1 < i < dimX — see [22] for more details).

The “Tate Conjecture” is the following list of statements:

(T1) The cycle map (2) induces a surjection

CHi(X)⊗Q` → H2i
et (X,Q`(i))G

for each 0 ≤ i ≤ dimX.
(T2) The image of the map in (T1) is identified with CHi

num(X)⊗Q`.
A related conjecture, attributed to Grothendieck and Serre, is:

(T3) The action of G on H2i
et (X,Q`) is semisimple.

Tate originally made these conjectures in his 1964 lecture notes [20], and explored their
consequences, e.g., for poles of zeta functions. These notes were perhaps not widely
accessible earlier, but are now available online (see Milne’s website, for example). The
survey article [21] contains more information, including motivations and important ap-
plications to the theory of motives, as well as an overview of known results, etc. Strictly
speaking, there is one set of “Tate Conjectures” for each prime ` as above; we will not
dwell on this point explicitly2.

2 Tate’s lecture notes do make this point as well, and make the additional conjecture that (T1)-
(T3) are “independent of `” in a suitable sense: that the conjectures for one ` are equivalent to the
conjectures for any `.
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Tate also points out in [21] that, for example, if X is a variety over K for which
(T1) holds (for a certain codimension i) for the base-change XL to a finite algebraic
extension L of K, then (T1) holds for X (in that same codimension i).

This remark also implies that if we make a base change instead to a finitely generated
extension field L, then the Tate conjecture for XL implies that for X over K. One way
to see this is to note, on the one hand, that there are canonical isomorphisms

CHi(X)Q/(algebraic equivalence) ∼= CHi(XL)Q/(algebraic equivalence),

H2i
et (X,Q`(i)) ∼= H2i

et (XL,Q`(i))

determined by an inclusion K → L(which determines a homomorphism Gal(L/L) →
Gal(K/K), well-defined upto conjugation), and both the isomorphisms are compatible
with the action of Gal(L/L). Now it suffices to remark that the image of homomorphism
Gal(L/L)→ Gal(K/K) has finite index.

We recall here that the Hodge conjecture for divisors (i.e., the surjectivity of (3) for
i = 1) is true, and even holds with Z-coefficients3. This is the assertion of the Lefschetz

(1,1) theorem:

Theorem Let Y be a smooth proper variety over C. The image of the cycle map

CH1(Y )→ H2
B(Y,Z(1))

coincides with Hg1(Y ).

We note that since we have also put in a Tate twist in our notion of Hodge cycle, we
should really call this the “Lefschetz (0,0) theorem”!

The standard proof of this theorem (see [22], for example) uses the exponential sheaf
sequence, and the assertion that the isomorphism classes of holomorphic and algebraic
line bundles are naturally identified (this is a particular instance of Serre’s GAGA
principle).

However, in contrast, the assertion (T1) is unknown in general, even for divisors on
a smooth projective surface. As a result, it is sometimes the practice to use the term
“Tate Conjecture” to refer to the statement (T1) alone, and that too, to the special case
i = 1. This is the sense in which “Tate Conjecture” appears in the title of this article,
and usually also in the recent papers that we intend to give an exposition of below.

2 Some earlier results: more background

One of the most important cases when (T1) is known for divisors is the following (we
remind the reader that K is finitely generated over its prime subfield).

Theorem

(i) Let X be an abelian variety over K. Then the Tate conjecture for divisors (T1) holds for

X.

3 It is known, however, that the “integral Hodge conjecture” is in general false in any codimension
i with 2 ≤ i < dimX, from examples of Atiyah-Hirzebruch and Kollár.
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(ii) If X, Y are two abelian varieties over K, and Hom(X,Y ) denotes the group of homo-

morphisms of abelian varieties, then the natural map

Hom(X,Y )⊗Q` → HomG(H1
et(Y ,Q`(1), H1

et(X,Q`(1))

(with values in the Galois equivariant homomorphisms between étale cohomologies) is an

isomorphism of Q` vector spaces.

For the case when the ground field K is a finite field, this result is due to Tate himself.
Tate also showed that the statement (i) for all abelian varieties X over K is equivalent to
the stement (ii) for all pairs X, Y over K, and further to the special case of (ii) for X = Y ,
for all X over K. The case when K is an algebraic number field is a famous theorem of
G. Faltings, which was also a key step in his first proof of the Mordell Conjecture, and
other important results. Y. Zarhin has studied the case when K is finitely generated
over its prime subfield. A recent accessible survey of these results, and other interesting
related work in the case of abelian varieties, particularly in characteristic p, may be
found in [4]. This paper also provides useful background to understand some aspects of
the papers under discussion later in this article.

We now start the discussion of the subject proper: the case of K3 surfaces. In fact,
the new results are basically for the important case of K3 surfaces over finite fields. So
we will concentrate primarily on what is needed for this case, though other cases will
be considered if they are relevant to the proofs for the finite field case. In particular,
the proofs involve the study of deformations, and liftings to characteristic 0, so it is
important for us to study properties of K3 surfaces in characteristic 0.

Recall that a K3 surface over K is a smooth projective surface X over K such that
(i) X is geometrically integral, and has trivial canonical sheaf, Ω2

X/K
∼= OX

(ii) X is algebraically simply connected, and satisfies H1(X,OX) = 0.
These conditions imply that

H0(X,OX) ∼= H2(X,OX) ∼= K

and that H2
et(X,Q`) has dimension 22 (from Noether’s formula, relating χ(OX) to Chern

numbers).
It is also useful to recall the algebraic Hodge index theorem for a K3 surface X, valid

for arbitrary K: the intersection pairing on CH1(X) ∼= Pic(X) has signature (1,−(r−1))
where r = rank Pic(X). (A similar assertion holds for the pairing on CH1

num(Y ) for an
arbitrary smooth projective surface Y over an algebraically closed field: see for example
[10], V, Theorem 1.9.) We note that r ≤ 22, and r ≤ 20 in characteristic 0 (see below).

Standard examples of K3 surfaces are
(i) smooth quartic surfaces, i.e., smooth hypersurfaces X ⊂ P3 of degree 4
(ii) smooth sextic double planes, i.e., smooth surfaces X with an involution, whose
quotient is P2, such that the fixed points map isomorphically onto a smooth curve
C ⊂ P2 of degree 6
(iii) the surface X obtained by resolving the (mild) singularities of a quotient of an
abelian variety S of dimension 2 modulo the involution given by multiplication by
−1 for the group structure on S; such an X is called a Kummer surface (if a similar
construction is made with elliptic curves instead, the quotient is P1, and we obtain the
usual representation of the elliptic curve in Weierstrass form, and the quotient rational
map is essentially the Weierstrass ℘ function).

If K ⊂ C, the corresponding complex K3 surface has Hodge groups

H0,0(XC) ∼= H2,2(XC) ∼= H2,0(XC) ∼= H0,2(XC) ∼= C, dimC H1,1(XC) = 20,



Title Suppressed Due to Excessive Length 73

and all other Hp,q(XC) vanish. Further, the cup product

H2
B(XC,R)⊗H2

B(XC,R)→ R

is a non-degenerate symmetric bilinear form with signature (3,−19) — this follows from
the (cohomological) Hodge index theorem (see [22]). The topological cycle map

Pic(X) = Pic(XC)→ H2
B(XC,Z(1))

is injective with torison-free cokernel, where H2
B(XC,Z) ∼= Z22. In particular one has

that rank Pic(XC) ≤ 20.
The Tate conjecture (T1) for divisors is known for K3 surfaces over finitely generated

fields K of characteristic 0; see [1], where, using techniques from Deligne’s proof of
Weil’s Riemann Hypothesis for K3 surfaces (prior to his proof of this in general), André
is able to reduce it to the case of abelian varieties (where it is known after Faltings
and Zarhin). We discuss this argument in more detail below, since these techniques also
motivate proofs of the recent new results.

There is one older (1973) result on the Tate conjecture for K3 surfaces over finite
fields, using methods which are apparently not directly related to the later developments
(see [3]).

Theorem (Artin, Swinnerton-Dyer) Let X be a K3 surface over a finite field K such that

X supports a pencil of elliptic curves. Then the Tate conjecture for divisors (T1) holds for

X.

Corollary Let X be a K3 surface over a finite field such that rank Pic(X) ≥ 5. Then (T1)

for divisors holds for X.

In fact, by the Hasse-Minkowski theorem4 on quadratic forms over Q, we see that
CH1(X) ∼= Pic(X) must contain a non-zero element with self-intersection 0. After mak-
ing a finite extension of the ground field, we may assume this is represented by an
element of Pic(X) which is not a nontrivial multiple of another class in Pic(X). If L is
the corresponding invertible sheaf, then from the Riemann-Roch theorem for X, and
Serre duality, we see that either L or its inverse has a non-zero global section, whose
zero scheme is an effective Cartier divisor D ⊂ X with D2 = 0, and such that |D| has
dimension 1. This gives a pencil of curves with arithemtic genus 1 (by the adjunction
formula), which is an elliptic pencil on X, except possibly in characteristics 2 or 3,
when it could be a “quasi-elliptic pencil”, i.e., a pencil of irreducible rational curves
with cuspidal singularities (in this case, in fact CH1(X)⊗Q` ∼= H2

et(X,Q`(1)), so (T1)
is easily seen to hold for X).

Another older pair of results are due to N. Nygaard [17], and to Nygaard and A.
Ogus [18]. We may associate to a K3 surface over a finite field K its formal Brauer group

B̂r(X), as follows: it is a formal group which pro-represents the functor on Artinian
local K-algebras

A 7→ ker(Br (X ×K A)→ Br (X)),

where Br (S) = H2
et(S,Gm)tors is Grothendieck’s cohomological Brauer group. Artin[2]

showed that for a K3 surface, this procedure does indeed yield a formal group, which
is commutative and 1-dimensional, and either equals Ĝa, the additive formal group
(in which case we say X has infinite height), or has finite height (which is in fact ≤ 20:

4 That any indefinite quadratic form over Q of dimension ≥ 5 has a nontrivial zero.
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however, the precise definition of height will not be relevant for our discussions below). In
the first case, we call X supersingular; in this case, in fact the G action on H2

et(X,Q`(1))
factors through a finite quotient, and so (T1) amounts to the assertion that the cycle
map

Pic(X)⊗Q` → H2
et(X,Q`(1))

is an isomorphism, or equivalently, that rankPic(X) = 22. It is this case which had not
been fully resolved, and remained an open question for some 30 years.

In the contrary case when the formal Brauer group B̂r(X) has finite height, the
results of Nygaard and Ogus imply that (T1) holds, provided K has characteristic ≥ 5.
In arbitrary characteristic, Nygaard showed earlier that if we assume the height is 0,
which more concretely means that the Frobenius action on the 1-dimensional vector
space H2(X,OX) is non-zero, then (T1) holds for divisors on X (we refer to such K3
surfaces as ordinary, by analogy with ordinary abelian varieties).

3 The Kuga-Satake construction

The basis of almost all the discussion of the Tate conjecture for divisors on K3 surfaces
(starting with the works cited of Nygaard and Nygaard-Ogus) rests on properties of the
Kuga-Satake construction, as interpreted by Deligne [6]. We now recall this construction
in a convenient form, and list some of its key properties.

Let V be a free abelian group of finite rank, which underlies a Hodge structure of
weight 0, such that VC = V ⊗C has

dimV −1,1 = dimV 1,−1 = 1, V p,−p = 0 if p 6∈ {0, 1,−1}.

Assume further that V admits a symmetric bilinear form ψ with values in Z, such that
(i) ψ : V ⊗ V → Z is a morphism of Hodge structures of weight 0, where Z is the trivial
Hodge structure (of pure type (0, 0)
(ii) ψ ⊗Q is a non-degenerate Q-bilinear form
(iii) ψ ⊗R is positive definite on

(V ⊗R) ∩ V 0,0,

and negative definite on

(V ⊗R) ∩ (V −1,1 + V 1,−1) ∼= R2.

In particular ψ ⊗R has signature (n− 2,−2), where rankV = n.
Let C+ = C+(V, ψ) ⊂ C = C(V, ψ) be the inclusion of the even subalgebra into the

Clifford algebra of V with respect to the quadratic form ψ. Then CR = C ⊗ R contains
the Clifford algebra of the 2-dimensional negative definite subspace VR∩(V −1,1+V 1,−1),
whose even part is isomorphic to C as an R-algebra. This makes C+

R into a complex vector
space (using left multiplication), and hence B(V ) := C+

R /C
+ into a compact complex

torus, and thereby endows C+ with a Hodge structure of weight −1, as the homology of
that torus. If we choose an element a ∈ C with a∗ = −a (where ∗ is the natural (anti)-
involution on the Clifford algebra), then one can show that < x, y >= Trace(ax∗y)
defines a Riemann form on C+, and so this complex torus B(V ) is in fact a complex
abelian variety. Its dual abelian variety A(V ) is the Kuga-Satake abelian variety associated
to V = (V, ψ), and is characterized by the identification H1

B(A(V ),Z(1)) = C+ as Hodge
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structures of weight −1. (We note that C itself also supports a Hodge structure of weight
0, induced from the original one on V , and this Hodge structure is isomorphic to ∧•V ).

We note that this is a transcendental construction, so it may be surprising that it
has relevance for questions related to arithmetic and characteristic p. However, Deligne
showed in [6] that it may be used to deduce Weil’s Riemann Hypothesis for K3 surfaces,
reduced mod p, from a similar assertion for abelian varieties, where it was proved earlier
by Weil.

We note first that (C+)op acts as a ring of endomorphisms for the complex abelian
variety A(V ), by right multiplication on C+(R) (which is an action through complex
linear transformations), while C+ acts through left multiplication as a ring of endo-
morphisms of the underlying real vector space, preserving the integral structure, and
commuting with this right action. Hence we obtain a ring homomorphism

C+ = C+(V, ψ)→ End(C+)op(H1
B(A(V ),Z(1)))

which is an isomorphism of finitely generated Z-algebras. Deligne shows that this is in
fact an isomorphism of Hodge structures of weight 0.

To apply this to a K3 surface XC over the complex numbers, we also choose a prim-
itive polarization η on XC, that is, an ample class in Pic(XC) (which is free abelian
of finite rank) that is not divisible by any integer > 1. Now let η ∈ H2

B(XC,Z(1)) also
denote the Chern class of this polarization (harmless abuse of notation, since Pic(XC) ⊂
H2
B(XC,Z(1))); the corresponding primitive cohomology sublattice P =< η >⊥⊂

H2
B(XC,Z(1)) ∼= Z21 supports a Hodge stucture of weight 0, with the appropriate con-

ditions on its Hodge numbers, and taking ψ to be the negative of the cup product,
we also have the non-degenerate symmetric bilinear form of signature (19,−2), by the
(cohomological) Hodge index theorem for K3 surfaces. Hence the above construction
applies to (P, ψ); the resulting abelian variety A(X, η) is the Kuga-Satake variety of the

polarized K3 surface (XC, η). The notation does not reflect that it depends (at least as
far as we have indicated so far) on the given embedding of K into C, though one may
hope that it is in fact intrinsic to (X, η) (or perhaps at least is so after we make a finite
algebraic extension of K).

André points out in [1] that a similar technique also yields a Kuga-Satake variety
associated to an irreducible hyperkähler variety over C. An irreducible hyperkähler
variety X over K is defined to be a smooth, projective geometrically integral variety X

such that
(i) dimX = 2n is even, and X is algebraically simply connected
(ii) H0(X,Ω2

X/K) is 1-dimensional, and a generator ω yields a non-degenerate symplectic

form on the cotangent sheaf Ω1
X/K

In particular the canonical sheaf Ω2n
X/K is isomorphic to OX , generated by ωn.

The term “irreducible holomorphic symplectic projective manifold” is also used to
describe the same objects.

Here again we have that if we embedK into C, the Hodge decomposition ofH2
B(XC,Z(1)

has non-zero Hodge numbers only in degree (1,−1), (0, 0) and (−1, 1) and the Hodge
groups H1,−1, H−1,1 are 1-dimensional. Further, if η ∈ Pic(X) ⊂ H2

B(XC,Z(1)) is the
class of a polarization, then

ψ(x, y) = −x ∪ y ∪ ηn−2

is a Z-valued bilinear form which is non-degenerate ⊗Q (where we identify H2n
B (XC,

Z(n)) with Z); if P denotes the orthogonal complement of η, for this pairing, then by
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the Hodge index theorem, one knows its signature is (m,−2), where the second Betti
number equals m+ 3 (in the K3 case, m = 19). The case when m is odd works exactly
like the K3 case, while there are small changes in the case when m is even, due to the
slight differences in the structure of Clifford algebras of quadratic forms in odd and even
dimensions (over an algebraically closed field).

A standard example of a hyperkähler manifold is X [n], the Hilbert scheme of 0-
dimensional subschemes of length n of a K3 surface X. A deformation of a hyperkähler
manifold is also one, and if n > 1, there are algebraic deformations of X [n] which are
not Hilbert schemes of K3 surfaces (the local moduli space may have larger dimension).

Though our main focus is K3 surfaces, ultimately over finite fields, one of the recent
developments (the work of Charles) uses an extension to the hyperkähler case to get
some results for K3 surfaces X; in some situation, he finds it convenient to prove (T1)
for divisors for X [2] instead of directly for X itself, and avoid certain technical problems
that way!

4 The Tate conjecture for K3 surfaces in characteristic 0

We now sketch an argument for the Tate conjecture (T1) for divisors for K3 surfaces
X over a finitely generated field K of characteristic 0. As pointed out in [1], the same
argument also yields
(i) the Tate conjecture for divisors, for irreducible hyperkähler manifolds
(ii) the Tate conjecture for primitive cohomology in some even degree cohomology of a
hyperkähler manifold, provided we already know the corresponding Hodge conjecture
for that same primitive cohomology.

The argument depends on the following key result, proved by Deligne [6]:

Theorem Let (X, η) be a polarized K3 surface over K. Then there is a finitely generated

extension L of K and an abelian variety A over L, so that for any embedding L ↪→ C, we

have the following.

Let

PB =< η >⊥⊂ H2
B(XC,Z(1))

be the Hodge structure which determines the (complex) Kuga-Satake variety A(XC, η). Let

P` ⊂ H2
et(X,Z`(1))

be the analogous construction of < η >⊥ in étale cohomology, which is canonically identified

with the analogous subspace PB ⊗ Z` of H2
B(XC,Z(1))⊗ Z`.

Then we may identify the Kuga-Satake variety A(XC, η) with AC = AL ×L C in such a

way that we have a commutative diagram

PB ↪→ End(H1
B(AC,Z(1))

↓ ↓
PB ⊗ Z` End(H1

B(AC,Z(1))⊗ Z`
∼=↓ ↓∼=
P` ↪→ End(H1

et(AL,Z`(1))

where the vertical isomorphisms are the comparison isomorphisms between Betti and étale

cohomology, AND such that

(i) the top horizonal map is an inclusion of Hodge structres of weight 0, while

(ii) the bottom horizontal map is an inclusion of Gal(L/L)-modules.
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This very remarkable statement easily imples the Tate conjecture (T1) for divisors, as
a consequence of the Tate conjecture for divisors on abelian vareties, as follows.

We may assume after passing to a finite extension that Gal(K/K) acts trivially on
Pic(X), and similarly that Gal(L/L) acts trvially on End(A) (where we write A for
AL). If PNS is the orthogonal for η in Pic(X) for the algebraic intersection pairing,
then we want to identify the Gal(L/L) invariants in P` with PNS ⊗ Z` (this is the
content of the assertion of (T1) for divisors in this case). But the Galois invariants
in End(H1

et(A,Z`(1))) are known to equal End(AL) ⊗ Z` = End(A) ⊗ Z`, by the Tate
conjecture for divisors on abelian varieties (as recalled above in Section §2).

Thus, we find that that the Galois invariants in PB must be contained in PB(Hodge)⊗
Z`, where PB(Hodge) is the group of Hodge cycles in PB (since PB ∩ End(AC) ⊂
End(H1

B(AC,Z(1))) consists of Hodge cycles). By the Lefschetz (1,1) theorem cited
earlier, PB(Hodge) = PBNS is exactly the orthogonal of η in Pic(X) for the algebraic
intersection pairing, and so we have the desired description of the Galois invariants.

If we are in charateristic p, say over a finite field K, we might first try to show that
the K3 surface X over K lifts to characteristic 0, along with a polarization, over a mixed
characteristic complete DVR Λ (the ring of integers in a finite extension of Qp), yielding
a polarized K3 scheme XΛ over Λ. If K(Λ) is the quotient field of Λ, and we embed K(Λ)
into C, then we may associate to the complex polarized K3 surface XΛ ×SpecΛ SpecC
its Kuga-Satake abelian variety, as above.

Ideally one would like to say that the resulting complex abelian variety is “natu-
rally” defined over K(Λ), and has good reduction over Λ, yielding an abelian scheme
over SpecΛ, whose special fiber would be an abelian variety over the original field of
characteristic p. Further, one might hope that the resulting abelian variety in charac-
teristic p is independent of the choices, and that its etale cohomology is suitably related
to the primitive cohomology of X.

From the transcendental construction of the Kuga-Satake variety given above, all
this might seem rather far fetched, but maybe not completely implausible, given Deligne’s
remarkable result above. In some fashion, the new progress on the Tate conjecture re-
sults from trying to find a way to implement something like this.

5 The Tate conjecture for K3 surfaces over finite fields

The strategy outlined at the end of the last section is carried out by Nygaard, almost
along the suggested lines, in his proof of the Tate conjecture for ordinary K3 surfaces
over finite fields. He uses the notion of a canonical lifting to the Witt ring (i.e., the integers
of the corresponding unramified extension of Qp with residue field K). This lifting was
constructed by Deligne and Illusie, as an analogue of the Serre-Tate canonical lifting
for ordinary abelian varieties, with the formal Brauer group playing a role analogous to
that of the p-divisible group.

In fact, a key step is for Nygaard to show that the Kuga-Satake variety of the
canonical lift of an ordinary K3 surface over a finite field again has good, ordinary
reduction, and is isogenous to the canonical lifting of its reduction. This proof uses a
first form of p-adic Hodge theory, as developed in more detail later by Bloch and Kato,
and a criterion for an abelian variety over a p-adic field to be isogenous to a Serre-Tate
lift. In particular, Nygaard is able to show that there is a divisor class on the canonical
lift of the K3 which, under the map to the endomorphisms of the Kuga-Satake abelian
variety, corresponds to a lifting of geometric Frobenius. Using this, he can show that
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the space of (arithmetic) Frobenius invariant classes are spanned by Hodge classes, and
concludes using the Lefschetz (1,1) theorem.

The proof of Nygaard and Ogus [18] uses a similar strategy, but with the construction
of a certain “quasi-canonical lifting”, which is characterized by the property that the
action of some power of arithmetic Frobenius is similarly related to the class of an
absolute Hodge cycle, in a suitable sense, which again reduces one to the Lefschetz (1,1)
theorem. The construction of this quasi-canonical lift is of course involved, particularly
in the case of smaller characterisics. Earlier work of Ogus on crystalline analogues of
Deligne’s result on the Kuga-Satake construction, and results of Berthelot, Fontaine
and Messing, all play a role in the discussion.

We now turn to the new results5.
An aspect of the arguments is the study of the moduli of polarized K3 surfaces (X, η),

particularly in positive and mixed characteristics. Here the degree of the polarization of
(X, η), that is, the self-intersection deg(η ∪ η) (which is always an even positive integer
2d, from Riemann-Roch) plays a role: clearly the case when p | 2d might be expected to
pose special difficulties. All the proofs use developments from p-adic Hodge theory, and
make use also of the Lefschetz (1,1) theorem.

In a sense, the difference between two approaches, due to Maulik and Charles on
the one hand, and due to Pera on the other, seem to consist in different levels of un-
derstanding of how to implement the Kuga-Satake construction (or at least its cohomo-
logical conseqences) for a polarized family of K3 surfaces over a given arithmetic base.
Pera’s approach seems to rely on a more precise version of this mixed characteristic
Kuga-Satake construction, obtained by him from the persective of integral models for
Shimura varieties, inspired by work of Kisin and others. The other approach, pursured
by Maulik, and later Charles, makes do with less refined information on this aspect, and
combines this with various other arguments from algebraic geometry, related to cycles,
the Hodge conjecture, etc.

Maulik’s main result is the following.

Theorem Let K be a finite field of characteristic p ≥ 5.

1) Let X be a supersingular K3 surface over K, admitting a polarization of degree 2d with

charK = p > 2d+ 4. Then the Picard rank of X is 22.

2) Assume that semistable reduction holds for smooth projective surfaces over discrete val-

uation rings with residue field K. Let X be a polarized supersingular K3 surface with a

polarization of degree 2d with p relatively prime to d. Then X has Picard rank 22.

Maulik’s argument is based on a result of Artin [2], that if we have a connected
family of polarized K3 surfaces, which are all supersingular, then the Picard rank of
the geometric fibers in the family does not change (the specialization maps may not
be isomorphisms, but are injective with p-primary torsion cokernels). Another idea is
that we would expect a supersingular K3 surface, defined over the quotient field of an
equicharacteristic p discrete valuation ring, to have “potentially good reduction”, since
supersingularity implies a strong condition on the Galois action on `-adic cohomology.
So we might expect to find supersingular deformations of a supersingular K3 surface
over a base consisting of a positive dimensional complete variety. Finally, it suffices
to find ample divisors on the moduli space of polarized K3 surfaces in characteristic
p which are supported on the locus of elliptic K3 surfaces. In characterstic 0, Maulik
constructs these divisors using work of Borcherds, who had constructed certain modular

5 The discussion here will be very sketchy, but we will attempt to give more details during the
lecture, and in the later, revised version of these notes.
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forms on the the period domain in question. There is then the issue of reducing these
divisors mod p, and trying to show that ampleness still holds; this involves the technical
hypotheses on p, as well as an understanding of comparing reductions of K3 surfaces
and of their associated Kuga-Satake varieties.

Assuming all this can be carried out (which Maulik manages to do, under his hy-
potheses) we would find that there is a positive dimensional connected family of polar-
ized, supersingular K3 surfaces, one of which is our original one, and another is elliptic,
and so has Picard rank 22 by the old result of Artin and Swinnerton-Dyer. Hence by
Artin’s theorem quoted at the beginning of the previous paragraph, our given K3 also
has Picard rank 22.

Charles proves the following result.

Theorem Any supersingular K3 surface over an algebraically closed field of characteristic

p ≥ 5 has Picard rank 22.

He deduces this from the following result, which is for hyperkähler varieties (also
called “irreducible holomorphic symplectic manifolds” as we remarked earlier).

Theorem Let Y be a smooth projective variety over a finite unramified extension L of

Qp, with good reducion X, such that if we embed L into C, then YC is a complex projective

irreducible holomorphic symplectic manifold of dimension 2n with second Betti number b2 ≥
5. Let η be the class of a polarization, d = η2n its degree, P ⊂ H2

B(YC,Z(1)) the orthogonal

for ξ with respect to the form defined earlier, < x, y >= deg x ∪ y ∪ η2n−2. Assume further

that the discriminant of the Beauville-Bogomolov form restricted to P is not divisible by p.

Then X satisfies Tate’s conjecture (T1) for divisors.

The Beauville-Bogomolov form q is a certain integral quadratic form which can
be defined intrisically on H2 such that the (“usual”) form defined on P using the
polarization is a positive integer multiple of the restriction of q to P . For K3 surfaces q
is given by the cup product.

Charles’ argument seems to sidestep some of Maulik’s problems about making sense
of Kuga-Satake for a mixed characteristic family, by just extending a certain map using
Zariski’s Main Theorem, instead of trying to “construct” it via some modular informa-
tion about mod p reductions of K3 surfaces, in the style of the Neron-Ogg-Shafarevich
criterion for good reduction of abelian varieties. This sort of issue arises in both proofs,
in order to check ampleness statements for Borcherd’s style divisors on the K3 moduli
space in characteristic p.

Charles’ second result above does not directly give the stated result for K3 surfaces,
in all cases (due to the discriminant condition). But Charles uses a trick: he applies his
criterion to X [2] for a K3 surface X whose polarization degree is divisible by p; from a
explicit description of X [2], and its lift Y [2], it is possible to then find a polarization on
Y [2] so that it satisfies the hypothesis of the above second result, and hence the Tate
conjecture for divisors follows for X [2] — but this easily implies it for the original X!

We now discuss the second approach, due to Pera, which yields the strongest result
on the Tate conjecture for K3 surfaces over finite fields:

Theorem Let X be a K3 surface over a finite field of odd characteristic. Then the Tate

conjecture holds for X.

Pera’s method, which does not depend on the works of Nygaard or Nygaard-Ogus, is
to prove that a suitable version of the Kuga-Satake construction can be made to work
in positive charcteristics, to yield the desired conclusions. He shows that, given a field
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K of positive odd characteristic p and a polarized K3 surface (X, η) over K, there is a
finite separable extension K′ of K and an abelian variety A over K′ which satisfies the
conclusions of the “Kuga-Satake package” (analogues of Deligne’s theorem) in a strong
enough sense, to yield the Tate conjecture by an argument somehwat like the one over
fields of characteristic 0. What seems to make the method work is that he can show
that the Kuga-Satake construction yields an étale map from (a p-integral version of) a
moduli stack of quasi-polarized K3 surfaces with polarization degree not divisible by p2

(but which may be divisible by p), to a certain integral model of the Shimura variety
associated to the family of Kuga-Satake abelian varieties; this latter intergal model
is seen to possess good mixed characteristic properties (details to be found in Pera’s
other works, and based on Kisin’s work – Pera’s paper gives additional references),
and by étaleness, induce similar good properties of the original K3 family, in a fashion
compatible with the Kuga-Satake construction over Q.

We end our account with a result due to Lieblich, Maulik and Snowden:

Theorem Let K be a finite field of characteristic p ≥ 5.

(1) There are only finitely many isomorphism classes of K3 surfaces over K which satisfy

the Tate conjecture over K.

(2) If there are only finitely many isomorphism classes of K3 surfaces over the quadratic

extension K′ of K, then every K3 surface over K satisfies the Tate conjecture over K′.

As a consequence, we see that there are only finitely many isomorphism classes of K3
surfaces over any given finite field K of characteristic p ≥ 5. The proof of this result, in
both directions, is quite interesting as well.
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